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1 Introduction: local class field theory and the case of
the field Q

In this section we recall some classical results about places in number fields and state the main
results of local class field theory. We also explain Artin reciprocity in the case where the field is

Q.

1.1 Reminders about number fields

Places of a number field. Let K be a finite extension of Q, we denote by O its ring of integers.
An equivalence class of absolute values on K is called a prime (or a place) of K. Each prime
ideal p of Ok defines a place on K, which we will normalize by setting |al, := N (p) (@),
Other places are given by real embeddings and conjugate pairs of complex embeddings. Those
three categories describe all places of /. The ones given by prime ideals are called finite (or non-
archimedean) places and the real and complex ones are called infinite (or archimedean) places.

If L/K is a finite extension of number fields, p an ideal of Ok and q an ideal of Oy, such that
the restriction of | — |, to K is equivalent to | — |,, we say that q divides (or lies over) p. This is
equivalent to the fact that q divides the ideal pOy, (or equivalently, g N O = p).

Recall that if /K is a finite extension of number fields than each place v on K extends to a
finite number of places w of L and for all x in L*, we have

[T 121w = Nmp ().

wlv

For K a number field and v a place of K, we write K, for the completion of K for the norm
| - ’v'

Decomposition groups. Let K be a number field and consider L a finite Galois extension
of K. Write G := Gal(L/K). The group G acts on the set of primes of L lying over a fixed

prime v of K: if w is a place of L and g an element of GG, then g(w) is the place of L such that
|9(@)|g(w) = |alw. Note that if w = p is finite then g(w) = g(p).

If q is a finite place of L dividing p finite place of K, then the decomposition group D(q) of
q is the stabilizer of q in G, i.e. D(q) := {g € Gal(L/K) | g(q) = q}. Equivalently, it is
the set of g € Gal(L/K) that acts continuously for the g-adic topology. For g € G, we have
Dy = 9D(q)g™" and each element of D(q) extends uniquely to a continuous automorphism of
L,,. Moreover, the map D(q) — Gal(L,/K,) is an isomorphism.

Let p be a prime of K and g be an ideal of L dividing it. Recall
that the inertia group I, of D, =~ Gal(L,/K,) is defined as the group
{9 € Dy ~ Gal(Ly/K,) | g(z) = = mod qforallz € Or}. We write e(q/p) for the



ramification index, it is the exponent of q appearing in the decomposition of p in L, and f(q/p)
for the inertia degree, it is equal to [O1,/q : Ok /p]. We have the following diagram:

q LS Ly kr,
N

qr = qnN L@ 1) Lg(q) kr
f fI QT

qp = qnN LPW LP)c K, ke
] ]

p=qnNK K¢ K, ki

Recall that:

e the only prime ideal of L lying over qp is ¢,

e the prime ideal qp is unramified in L'® and f(q;/qp) = f(q/p).
e the prime ideal q; is totally ramified in L and e(q/q;) = e(q/p),

e if D, is normal in G, then we have that pO;p = [], o(qp), where o runs over a set of
representatives for G/ D,

In summary: that all the ramification of q over p takes place in the top extension, all the
residue field extension takes place in the middle extension, and (when L” is normal over K) all
the splitting takes place in the bottom extension.

The Frobenius element. Assume now ¢ is unramified over p then there is an isomorphism
D, ~ Gal(L,/K,) = Gal(kr/kx).

Recall that the Galois group Gal(ky, /kk ) is cyclic, generated by the Frobenius morphism x +— x4
(with ¢ = |kk|). We then obtain that D(q) itself is cyclic, generated by an element (q, L/ K)
called the Frobenius element. It is the unique element o of G which satisfies the following two
conditions: o(q) = q and for all z in O, o(x) = 2% mod q.

For any ¢ in G, we have
(9(q),L/K) = g(q,L/K)g".

Thus if G is abelian, then (q, L/K) does not depend on the prime q dividing p, but only on p.
We write (p, L/ K) for this element. If G is not abelian, then the set of elements (q, L/ K) for q
prime ideal dividing p defines a conjugacy class in GG, which we will also denote by (p, L/ K).



If we are in the following situation:

J\f qm
T qr
K p

with q,; unramified over p, then (qas, M/L) = (qas, M/K)7@2/?) If moreover L/K is Galois,
then (qu, M/K)|. = (qr, L/ K).

1.2 Class field theory: first cases

In class field theory we are interested in the study of abelian extension of local and global fields.
Let us first consider the case of local fields.

In the archimedean case, the abelian extensions of R are R and C and we have an isomorphism
R*/R-y — Gal(C/R)

called the local Artin map for R.

In the case where K = Q,,, we have the (local) Kronecker-Weber theorem:

Theorem 1.1. Every finite abelian extension K of Q,, is contained in Q,(() for some root of
unity C.

It follows that the maximal abelian extension ng of Q, 1is equal to

Q,(Cn, G primitive root of 1) =~ Q,(Cn, p 1 7)Qp(Gyr,m € N). Setting Q0™ := Q,(Cu,p { 1)
and Q, o = Q,((yr, 7 € N), we obtain

Gal(Q;°/Q,) = Gal(Qy™/Q,) x Gal(Qpe/Qy)
= (lm Z/nZ) x Z;
=7 x /8

=Qy,

the profinite completion of the group Q.



1.3 Finite extensions of Q,

In this subsection, we assume that K is a finite extension of Q,. We fix the following notations:
e vy is the discrete valuation normalized such that vy (K*) = Z,
e Ox = {z € K | vg(x) > 0} is the ring of integers of K,
o Ug =0 ={z € K | vg(z) = 0} is the ring of units of K,
emy = {x € K | vg(x) > 0} is the maximal ideal with uniformiser 7,

o ki := Ok /my the residue field and ¢ := |kg|.

1.3.1 Unramified extensions

An extension L/K is unramified if [L : K| = [k : kk|. This is equivalent to saying that 7x is
inert in L, i.e. that the ramification index e = vk (my) is 1. For example, if K = Q,, the only
finite unramified extensions of K are the fields Q,((,r—1). If L/K is unramified and kx = F,
then we have an isomorphism

{Gal(L/K) = Gal(ky /kx)

Frobr k= (x = 29).

We denote by K™ the union of all finite unramified finite extensions of K in K. Then the
residue field of K" is an algebraic closure of kj and we have isomorphisms

Gal(K™ /K) = Gal(kg/kg) ~ lim Z/nZ
Frob goun: = (z— 29)

Theorem 1.2 (Local reciprocity law). There exists a unique morphism
Art : K* — Gal(K*/K)
characterized by the following properties:
(i) For any uniformiser . of K, we have Art(mg)|gunr = Frobgunr.
(ii) For any finite abelian extension L/ K,
Art(Nmp, x(L7))[ = 1dg,
where Nmp i : @ = [, cqan i) o(@)-
Moreover for a finite abelian extension LK, Art induces an isomorphism
K*/Nmy, (L") = Gal(L/K).

In general, Art is an isomorphism onto Wi .= {0 € Gal(K®*/K) | 0| gur = Frobjuu, m € Z}.



We also have:

Theorem 1.3 (Local existence theorem). The norm groups Nmy, (L) C K* are exactly the
open subgroups of finite index.

Note that in particular, the Artin map Art in Theorem|[I.2]is continuous.

1.3.2 Totally ramified extensions and Lubin-Tate theory

We say that a finite extension L /K is totally ramified if e = vy (7x) = [L : K], or equivalently
if k;, = kg. Note that L/K is totally ramified if and only if L = K (a) where a is a root of an
Eisenstein polynomial in O [z]. Examples of totally ramified extensions of K = Q,, are given

by Qu(Gr) or Qu((—p)71).

We fix a unifomiser 7 := 7w of K. Let us denote by ®(X) the polynomial X7 + 7.X in
Ok|[|X|]. Then there exists a unique series Fy(X,Y) € Og[| X, Y] such that

Fs =X +Y mod (deg2terms) and PoFy = Fpo0®.

It can be shown that F defines a one dimensional commutative formal group law over Ok (i.e,
Fo(X,Y) = Fp(Y,X) and Fo(X, Fs(Y,Z)) = Fo(Fs(X,Y),Z)). Similarly if a is in O,
there exists a unique [a]e(X) € Ok[|X]|] such that

[ale(X) = aX mod (deg2terms) and [a]g 0 Fp = Fg o [ale.

Then the map
O K — End@ % (F d )
a — [ale

is a ring morphism.
Setm := [ ¢ finite Mz We endow m with the O -module structure given by:

forallz,y € mand a € Ok.

{x—l—y = Fo(z,y)
a-x:=[a]e(x)

Define A,, := ker([7"]s) = {z € m | ®"(z) = 0}. Itis a Og/nm™Ox-module. Defining
K, := K(A,), we obtain a tower

KcK cKy,c ---CK,C---CK.
It can be shown that each K,/ K is a finite Galois extension and there is an isomorphism

Xk.n: Gal(K,/K) = (O /7")*.

In particular, the extension K, /K is totally ramified of degree (¢ — 1)¢g" .
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Example 1.4. For K = Q, and 7 = p, we have A,, = p,». The group law corresponds to the
multiplication on ji,» and the Z,-module structure is induced by the map

Z[p"L X pun = fipn
(m, G) =G

Define
K. :=|JK,CcKandA:=[JA,.

We have an isomorphism
xk : Gal(K,/K) = Of.

1.3.3 The reciprocity law

We define Art, : K* — Gal(K, K" /K) in the following way: for any x = un™ in K*, with
win O, we set

Art,(2)|x,(2) =[uYs(z) forallze A.

We have the following results:

{ Artﬂ. (l') |Kunr - FrObTI?um

Theorem 1.5. (i) The field K, K" and the map Art, are independent of the choice of  and for
any uniformiser w, we have K, K" = K2,

(ii) If L/ K is a finite abelian extension, then the following diagram commutes:

Arty,

L% AN, Gal(Lo/L)

Nmy, g lRes
Artg

K* —= Gal(K*/K)
and it induces a surjective morphism:

1.4 Global fields: the case of L = Q

The goal of this course is to obtain similar results when L is any global field. Even though most
of the results still hold in the case where L is a finite extension of F,(7"), we will mostly restrict
ourselves to the case where L is a number field.

11



Let us first explain what happens in the case L = Q. An example of an abelian extension of
Q is (a subfield of) the cyclotomic field Q((,,) (where n is a positive integer and (,, is a primitive
n-th root of unity) and we have Gal(Q((,)/Q) ~ (Z/nZ)*.

Theorem 1.6 (Global Kronecker-Weber theorem). Every finite abelian extension K of Q is con-
tained in Q((,) for some positive integer n.

The above theorem will follow from its local version Theorem[I.1] Before writing the proof,
let us recall Minkowski’s theorem:

Theorem 1.7. There are no nontrivial extensions of Q which are unramified everywhere.

Proof of Theorem The statement for the global case will follow from the local one.

Let p be a prime number such that K ramifies over p and p a prime ideal of K that divides
p. By Local Kronecker-Weber theorem (Theorem [I.1]), we know that there exists an integer n,,
such that the completion K, of K is contained in Q,(y, ). Define n := [, p»(™) (note that the
product if finite since only finitely many primes ramify in K’). Our goal is to show K C Q((,).
To do that, we prove that we have in fact K((,) = Q((,). The right hand side is obviously
contained in the left hand side, so it is enough to prove that [K((,) : Q] < [Q((,) : Q].

Set L := K((,) and for any prime p, consider /, the inertia group of p in L. Take p a prime
ideal of K dividing p and q prime ideal of L dividing p. The elements of the completion L,
fixed by I, correspond to the maximal unramified extension I’ of Q,, contained in L. But since
Q,(¢m)/Qp is unramified for any m prime to p and Ly C Q,(Ciem(n,n,)) (by definition of L), we
have

Lq D) F(vap("p)) = F(vap("p)a Cn) ) KP(CN) = LCI’

50 Lg = F((puponn) and I, = Gal(F(Cuptnp)/F) C (Z/p*")Z)*. Defining I as the group
generating by all the [,,’s, we obtain

1< JT 15 < o) = 6(n) = Q&) : Q.

p prime

Now, the elements of L fixed by I correspond to an extension of Q which is everywhere unrami-
fied. By Minkowsky’s theorem, only Q satisfies such a property. This means that I ~ Gal(L/Q).
We have proved:

[L:Q] =] <[Q(¢) : Q],

as wanted. O

For K a finite abelian extension of Q, the smallest n such that K C Q((,) is called the
conductor of K.

Using the Kronecker-Weber theorem, we can then construct an Artin map for Q and deduce
a reciprocity law. Indeed, consider K/Q an abelian extension with conductor n. Let us denote

12



by S, the subgroup of Q* generated by all the primes p which do not divide n. For p in .S,,,
the extension //Q is unramified above p so the inertia group I, is trivial and the decomposition
subgroup D, C Gal(K/Q) is generated by an element Frob,, such that it is equal to z +— z?
module any p dividing p. We obtain a morphism

{Sn — Gal(K/Q)

(1.4.1)
p  +— Frob,.

But since K is contained in Q((,), we also have a surjective morphism:

(1.42) (Z/nZ)* ~ Gal(Q((,)/Q) — Gal(K/Q)
Proposition 1.8. The morphism (1.4.1) factors through the morphism (1.4.2)).

Proof. The image of an element m € (Z/nZ)* by (1.4.2) sends ¢, to (J". So for p a prime
which does not divide n, the image of m € (Z/nZ)* by is equal to Frob, if and only if
there exists a prime ideal p of K which divides p such that (" = (¥ mod p. But this is possible
only if m = p mod n (exercise). So Frob, is equal to the image of p by (1.4.2). O

1.5 Approximation theorems
Let us finish this section by recalling/stating the following approximation theorems.

Theorem 1.9 (Weak Approximation Theorem). Let K be any field and let | - |y, ..., | - | be
pairwise inequivalent non-trivial absolute values on K. Let ay,...,a, be elements in K and
€1,...,En elements in R~o. Then there exists x € K such that for all 1 < 1 < n, we have
| T — ai|z- < &;.

Proof. Exercise sheet 2. 0

Theorem 1.10 (Chinese remainders theorem). Let A be a Dedekind domain and K := Frac(A).
Let py, ..., p, be distinct nonzero prime ideals of A. Let eq, . . . , e, be integers.

(1) Let aq,...,a, bein K. Then there exists x € K such that

U, (x —a;) >e;  forl <i<n,
vg(x) >0 forallq & {p1,...,pn}

(2) There exists v € K such that

vy, () =€ forl <i<mn,
vg(x) >0 forallq & {p1,...,pn}.

13



Proof. Exercise sheet 2. []

Theorem 1.11 (Strong Approximation Theorem). Let K be a global field and let | - |o,| - |1, - . .,
| - |, be pairwise inequivalent non-trivial absolute values on K. Let ay, . . . , a, be elements in K
and €1, . . ., &, elements in R~. Then there exists v € K such that for all 1 < i < n, we have
| x — ai|; < €; and |x| < 1 for any absolute value | - | not equivalent to | -

0,

IEEEEE)

Proof. Will be proved in Section 3. []

Note that the strong approximation theorem gives a constraint for all but one equivalence class
of absolute values.

2 The global Artin map

In this section, we define Artin maps for number fields and state the main results of global class
field theory (global reciprocity law and global existence theorem).

2.1 Artin map

If K be a number field, we write Ik for its group of fractional ideals. If S is a finite set of primes
of K, we denote by I3 the subgroup of I generated by the prime ideals which are not in S. An
element a of 3 can be uniquely decomposed as a product

a=pyt---phe, withp; ¢ Sand n; € Z.

In other words, 1% is the free abelian group generated by the prime ideals which are not in S.

Let L /K a finite abelian extension. We know that for a prime ideal p of K unramified in L,
we have a Frobenius automorphism (p, L/ K') of L (uniquely characterized by the two conditions
given in Section [I.T)). Let S be a set of primes of & which contains all prime ideals that ramify
in L. Then we define the global Artin map

s — Gal(L/K)
\IIL/K . n n s e
PPyt '_>Hi:1(pi>L/K) ‘

Example 2.1. (i) Let K = Q(\/c_l) with d a square-free integer and consider the set .S of finite
primes which ramify in K. If d = 1 mod 4, then S is equal to the set of primes p dividing d. If

14



d # 1 mod 4 then S is the set of primes dividing d together with 2. In that case the Artin map
corresponds to the Legendre symbol:

o= ()

{Jg — Gal(K/Q) ~ {£1}

where () denotes the Legendre symbol.

(i) If K = Q(¢,) with , a primitive n-th root of 1 with n odd, the set S of finite primes
which ramify in K is equal to the set of all primes dividing n. For r and s in N prime to n, we
can define an element [r/s] in (Z/nZ)* by setting [r/s] = [r][s]~!. This defines a map

{Ig — (Z/nZ)*
(r/s) —[r/s]

The Artin map is given by the composition of this map with the isomorphism

{(zmzy = Gal(K/Q)

[m] = (G = ).

Recall that for any finite extension L /K, there exists a norm map Nmy, /x : I, — I uniquely
characterized by the property that for any prime ideal q of L, we have
Ny (q) = p/ @) with p := q N Ok.

Moreover, this norm map extends the usual norm in the sense that for all x in L, we have
Nmy,k((z)) = (Nmyg/k(2)).

Proposition 2.2. Let L/ K be an abelian extension and S be a finite set of primes of K containing
all primes that ramify in L.

(i) If K C K' C L is an intermediate field and S’ is the set of primes of K' lying over a prime
in S, then we have a commutative diagram:

L U
15, 25 Gal(L/K) .

NmK//Kl
S
(ii) If now S’ is the set of primes of L lying above a prime of S, then the norm group

Ny, (I7') is contained in the kernel of Vi : Iy — Gal(L/K).

15



Proof. Let p’ be a prime ideal of K’ such that p := p’ N K is not in S. Then
Urx(Nmgrr(p')) = Ur ke (p?®/P) and to prove that this is equal to U,k (p’), it suffices
to show that we have

(', L/K") = (o', L/ K)T®7P),

which is one of the properties recalled in Section[I.1}

The second point follows from the first one by taking K’ = L. [

In particular, we see that the Artin map induces a morphism
Up kI3 /Nmy g (I7) — Gal(L/K)

Note that this map cannot be injective: there are finitely many elements in Gal(L/K’) and the
left-hand side in infinite. In order to get something injective, we need to quotient out further.

2.2 Ray class groups

Reminders about ideal class group. We denote by 7 : K — [ the natural map sending a € K
to the corresponding fractional ideal aOx := {az | * € Ok}. The ideal class group is then
defined as

Cx = I [i(K™).

This defines a finite abelian group. Recall that the fact it is finite follows from the fact that we
can find a set of representatives for C'x which consists of (integral) ideals a such that

d' 4 !
@21 N(@)(= [0x/al) < ) lAxl?

where d := [K : Q], Ak is the discriminant of £ /Q and 2s is the number of complex embed-
dings of K.

For S a finite set of prime ideals, we write
K% = {a € K*|ordy(a) = 0 forall finite p € S} = {a € K* | (a) € I }.

Recall that % is the free abelian group generated by the prime ideals which are not in S.

We have:

Proposition 2.3. For any finite set S of prime ideals of Ok, there is an exact sequence:

0= 08 - K55 I8 - Cx — 0.

16



Proof. The fact that 0 — O — K = % — C is exact is clear. Let us prove that the
map [ IS< — C is surjective. Consider a class [a] of ideals in C, with a a (fractional) ideal
representing it. We can assume that a is integral: if it is not, write @ = b - ¢~! with b and ¢
integral and replace a by a - (¢) for any ¢ € ¢. So from now on, assume that a is integral. Our
goal is to construct an element a € O such that ¢~ 'a is in I2-. To do that, we first decompose a
as a product (Hpe S p™®) . o’ where a’ is in 2. Then, by Chinese remainder theorem, we know
that there exists an element a € Oy such that ord,(a) = m(p), we thus obtain e 'a € I3, as
wanted.

O

Remark 2.4. (1) Note that we can in fact represent any class of C'x by an integral ideal a € 1%
as before, write a = b - ¢! with b and ¢ integral and replace a by a - (¢) for any ¢ € ¢ N K° — the
latter being non empty by Chinese remainder theorem.

(2) For S a finite set of prime ideals of K, we claim that any element x € K can be written as
2 withy, zin Og N K?. Indeed, we can write (z) as a-b~! with a and b integral ideals in /3. By
definition, this means [a] = [b] in C'x. Choose ¢ an integral ideal of I} representing [a] ! in C,
then there exist y, 2 € O N K* such that ac = (y) and be = (z). We obtain (z) = (y)(z) .

Definition of ray class groups. A modulus m for K is a product Hp p™®) where
e m(p) is > 0 for all primes p and is O for all but finitely many p,
e if p is real then m(p) is in {0, 1} and if p is complex then m(p) is zero.

We sometimes write m = m,,my where m,, is a product of real primes and my is a product
of powers of prime ideals. In particular, my can be seen as an ideal of /. We say that a prime q
divides the modulus m = [, p™® if m(q) > 0. Denote by S(m) the set of all places (real and
finite) which divide m.

For m a modulus, we define the subgroup K, ; C K™ as

a, > 0 for all real place v dividing m

Kmlzz{aeKX|{ :
’ ord,(a — 1) > m(p) for all finite place p dividing m

Then for any x € Ky, ; and p a prime dividing m, the p-adic valuation of x is zero (to see that,
write 2 as the sum of (x — 1) and 1 and use that v,(z — 1) > v,(1)). This means that the ideal
(z)isin 1™ . We write again i : Ky 1 — [5™
modulo m as the quotient

the map a — (a). We define the ray class group
Co 1= 1™ Ji(Ky).

Example 2.5. (1) If m = 1 is trivial, we recover the usual ideal class group: C;,, = Ck.

) Ifm = Hp real place P> W€ Obtain what is called the narrow class group: Cn = CF. Tt is the
quotient of I by the principal ideal aOx with a such that o(a) > 0 for any 0 : K — R real
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embedding. It is used for solving questions regarding the representation of integers by quadratic
forms.

(3) If K = Q and m = (n)oo then S(m) is equal to the set of primes dividing n and we obtain
Cn=(Z/nZ)*.

Remark 2.6. (1) Let m be a modulus for K. Then any element of Cy, can be represented by an
integral ideal. Let a be an ideal in I2. Write a = be™! with b and c¢ integral ideals in I2. By
weak approximation theorem (Theorem @[), there exists a nonzero element c in ¢ N Ky, ;. Then
ca is integral and [ca] = [a] in Cl,.

(2) Let a and b be two integral ideals in I[S((m). Using Remark we see that [a] is equal to
[b] in C, if and only if there exist a, b in O such that

aa = bb,
a =b=1mod mg,
sgn(a,) = sgn(b,) for any real place v dividing m.

2.3 Finiteness of ray class groups
The ray class group is actually a finite group. More precisely:

Theorem 2.7. For any modulus m = mmg of K, the group C\, is finite of order

ho =D |Ug [Una |27 N(mp) - [ (1 = =),

plmo

where r is the number of real places dividing m and h is the class number of K and
Um,1 = UK N Km71.

We also set K, == K™ = {2 € K* | v,(z) = 0 for all p dividing m,}. Before proving the
theorem, let us first show:

Proposition 2.8. For any modulus m, there is an exact sequence:
0 = U /Un1 = Kun/Kui ~ Co = Cie — 0,
where the map Cy, — C'is induced by the inclusion ]}s;(m) C Ik.

Proof. For this proof only, let us write

11 : Km,l — [I‘S;(m)

i+ Ko = K5 — 15
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The kernel and cokernel of i, were computed in Proposition [2.3] By definition, the cokernel of
11 is C, and by construction, its kernel is Ux N K, 1. In summary, we have:

Ker(i1) = Uny, Coker(iy) ~ Cy
Ker(ig) = Uk, Coker(ig) ~ Ck.

The result then follow from the snake lemma applied to the exact sequences:

0—— Ky K Ko/ Ky ——0
00— ™ —=1" ———0

]

Proof of Theorem[2.7} In order to prove the theorem, we first show that there is a natural isomor-
phism

(2.3.1) Ko/Kni~ [] E13x [ (Ox/pm®)

vreal s.t. vjm p finite s.t. p|m

If v is a real place dividing m, the map to the corresponding term {1} in the product is obtained
by taking the sign of the image =, € R of x € K, via the embedding K — R given by v. If
p is a finite place of K dividing m, then by Lemma we can write any element x of K, as a
quotient ¥ withy, 2 € Og N K S(m) Tn particular, this means that p does not divide y and z and
so their images in O /p™®) are invertible. We define the map K, — (O /p™®)* by sending
x to the class of yz ! in O /p™®). We obtain a map

Eo— [] &= J[ (0x/pm®)<

v real s.t. v|m p finite s.t. pjm

By Theorem|[I.9] we know that the above map is surjective. Moreover, its kernel is equal to Ky, ;1
this is because we have the following equivalences

x, > 0 for all real place v dividing m
T € Km,l <~ . C g
ord,(z — 1) > m(p) for all finite place p dividing m

so— L1 Din [ Frx [ (O

vreal s.t. vjm p finite s.t. vjm

Note also that by Chinese remainder theorem, we have an isomorphism,

(2.3.2) [T Ox/pm® ~ Ok /m.

p finite s.t. v|m
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Let us now compute the order of Cy,. From the exact sequence of Proposition [2.8] in order
to get the expression from the statement of Theorem it suffices to prove that K,/ K, has

order 2" - N(my) - [ ], (1 — ﬁ) But from isomorphisms (2.3.1) and (2.3.2), we are left to

check that (O /p™®)* has order N (p)™®~L(N(p) — 1).

The ring O /p™®) is local with maximal ideal p/p™®) and so we have

(Ok /p™ ) = (O [p™ )\ (p/p™®).

Define the filtration
Fi((O /p™®))*) == (L+p") /p™®), for 0 < i < m(p) — 1.

The quotient gr’. is equal to (O /p)* when i = 0 and Ok /p otherwise. We get that its order is
equal to N (p)™®)~1(N(p) — 1). O

2.4 Main results of global class field theory

The two main theorems of global class field theory are the following:

Theorem 2.9 (Reciprocity Law). Let L be a finite extension abelian of K and consider S the set
of all prime ideals of K that ramify in L. Then there exists a modulus m with S = S(m) such
that i( Ky 1) is in the kernel of the Artin map Uy = I3 — Gal(L/K) and such that the induces
map

L™ ) (i(Ky) - Nmg e (1;™)) = Gal(L/K)

is an isomorphism. Here S(m)’ denotes the set of all places of L lying above a place of S(m).
Theorem 2.10 (Existence Theorem). Let m be a modulus. Then for any group H such that

i(Kn1) C H C IIS((m), there exists a finite abelian extension L/K which is unramified at the
primes not in S(m) and such that H = i(Ky 1) - NmL/K(I*Lg(m)/),

The goal of the course will be to prove these two theorems.

Let us now fix a modulus m. Theorem [2.10| shows that there exists an extension L,/K such
that the Artin map induces an isomorphism Cy, = Gal(L,/K). Then we obtain a bijection

{L/K abelian extensions s.t. L C Ly} = { subgroups H C Cy,}
L= i(Kn1) - Nmpg(15™) mod i(Kps).

Conductor. The notion of conductor introduced in the case of QQ can be extended to other
extensions of number fields as well. Consider L/ K be an abelian extension with Galois group G
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and let m be the modulus given by Theorem Then the Artin map Vr, /g : [ }S;(m) — G factors
through C,,. The exact sequence [2.8]induces a map

(O /™) <5 K /K1 5 o 2% G,

Let us write f(p) the smallest integer such that the above map factors through (O /p/®))*. The
conductor of L/ K is then defined as the modulus

Fr=HL/K) =my [[p/®.

p

This is the smallest modulus such that ¥,/ factors through Cj.

Example 2.11. (1) When m is trivial then the ray class field L,, corresponds to the Hilbert class
field, which is the maximal extension of A which is unramified everywhere (we say that a real
place in K is unramified in L if it stays real as a place in L). This result is knows as the Principal
Ideal Theorem:

Theorem 2.12. Any (fractional) ideal of K becomes principal in the Hilbert class field.

(2) When K = Q and m = (n)oo then Ly, is equal to Q((,)-

3 The ring of adeéles

We want to construct an isomorphism lim Cy, = Gal(K®*/K). However, the group hm Cy
is not very convenient to work with. Instead we will consider the group of the so-called ideles,
and @m Cw» will be a quotient of it. We will study in more details the group of ideles in the next
section. It corresponds in fact to the group of units of the ring of adeles. In this section, we focus
on the latter ring.

3.1 Topological considerations: restricted product

Recall that we can embed the ring Z into the product of its non-archimedean completions | | o Lp
via the composition
z-72~]]z,
p
Moreover, the space Hp Z,,is compact (as a product of compact spaces, by Tychonoff’s theorem).
We would like to have a similar result for rational numbers. However, topology does not work
well in that case: even though each one of the completion Q,, is locally compact, this is not true
that the product Hp Q, is so. This is because no compact set C' in Hp Q,, contains a nonempty
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open set U (otherwise, if [ ], cqpme Un X [ens Qp C C, then the projections m,(C') are
Q, for infinitely many n and Q,, is not compact). We are interested in locally compact spaces
because in that case, it comes equipped with a Haar measure (any locally compact group has a
translation-invariant measure that is unique up to scaling), which is useful. In order to get around
that problem, we need to consider restricted product.

Definition 3.1. Let (X;);c; be a family of topological spaces and let (U;);c be a family of open
sets U; C X;. The restricted product [ [, (X;, U;) is defined as the set

[, U3) == {(2:)i € [ ] X: | 2: € U; for all but finitely many i € I}
iel iel
endowed with the topology generated by the basis of open sets
B = {H Vi | V; C X, is open for all i € I and V; = U; for all but finitely many i € I}.

iel
For this topology, the natural projections 7; : [ [,.,(X;, U;) — X are continuous. As sets, we

have inclusions:

H U, C H(XZ-, U;) C HXZ-

i€l i€l i€l
However, the restricted product topology on [ [, ,(Xj, U;) is not the same as the one induced by
[1;e; Xi via the inclusion [ ], (X;,U;) C [[]];e; Xi: it has more open sets. Note also that if
we have other open sets U/ C X; such that U] = U; for all but finitely many ¢ then both as sets

and topological sets:

[0 =[x 0)).

iel iel

For S a finite subset of I, we define
(3.1.1) Xs=[[x: < [[U: c [[(x:.02)
i€s i¢S iel

Then Xg € B is open. Note that on X the direct product topology coincide with the topology
induced by the one coming from [[._,(X;, U;).

If S C T is an inclusion of finite subsets of I, then Xg¢ C X7 and we can define the direct
limit lim ; Xg. For z = (2;); € [[;;(Xi, Ui), let us denote S(x) the finite subset of / such that
i€ S(x)iff x; ¢ U;. We have:

Proposition 3.2. Let (X;);c; be a family of topological spaces and let (U;);cr be a family of open
sets U; C X;. Write X := [[,.,(X;,U;) and for any finite S C I define Xg as in (3.1.1). Then
the natural map

ri

sending x € X to the equivalence class of its image in Xg(, is an isomorphism of topological
spaces.
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Proof. Exercise. O
We can now apply the above construction in the case in which we are interested.

Proposition 3.3. Ler (X;);c; be a family of locally compact topological spaces and let (U;);cr
be a family of open subsets U; C X, such that all but finitely many U; are compact. Then the
restricted product X := [[..(X;, U;) is locally compact.

Proof. Let S C I be a finite set and consider the space X g from (3.1.T)). Since the U;’s are open
subspaces of X;, they are locally compact and they are compact except for a finite number of
them. We obtain that [ ], ns Uy is a product of an infinite product of compact spaces by a finite
product of locally compact spaces: hence, by Tychonoff’s theorem it is locally compact. Since
the X;,7 € S are also all locally compact, we see that X is locally compact.

Let now z be a point in X. Then x is in Xg(,) which is locally compact so x admits a compact
neighborhood x C U C K C Xg(,). Since K is also compact in X and U open in X (because
Xs(z) 1 open) then this defines a compact neighborhood of x in X. ]

3.2 Definition of adeles

Definition 3.4. Let K be a global field. The adele ring of K is the restricted product

Ag = H (Ky, O,),

v place of K

where we set O, := K, when v is archimedean. As a set, we then have

Ag ={(a,) € HK” | a, € O, for all but finitely many v}.

We make A g a ring by defining addition and multiplication component-wise.

If S'is a finite set of places, we define the subring of S-adeles,

A[QS = HKU X HOU

veS vgS

It is a direct product of topological ring. By Proposition we can write A ~ lim Ag g.
. . S
Since for each element x of K we have x € O, for all but finitely many v, there is a natural map

{K ‘%AK

r = (r,xx,..).

The image of K via the above morphism is called the ring of principal adeles.
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For v a place of K, the absolute value | - |, can be extended to Ak by setting |a|, := |a,]|, and
we define the adelic absolute norm as
al =] al.
v

Note that the product is well-defined because |a|, < 1 for almost all v. By the product formula,
for any non-zero principal adéle a, we have |a| = 1.

Proposition 3.5. Let K be a global field. Then the adéle ring Ak of K is locally compact and
Hausdorff.

Proof. Note that if v is finite then O, = {x € K, | |z|, < 1} is compact. Hence the fact that A x
is locally compact directly follows from Proposition [3.3] Moreover, since for any place the space
K, is Hausdorff, the product [[, K, is Hausdorff. Take z,y distinct in Ax C [[, K,. There
exist U, V open subspaces of [ [, K, suchthatz € U,y € V and UNV = (. Since the subspace
topology on A C [, K, is contained in the restricted product topology, we have that U N A g
and V' N Ak are also open in A . They contain = and y respectively and they are disjoint, hence,
A is Hausdorff. O

Example 3.6. For K' = Q, the ring of adeles Aq is the union of the rings RX [ s Qp <[ [ 05 Zp
for all S finite set of prime numbers. In other words, it is the subring of R x Hp prime Q, consisting
of sequence x such that |z|, < 1 for almost all p € {co, primes}.

Remark 3.7. We can equip the (additive) group Ay with a Haar measure p and since (Ag, +)
defines a locally compact group, we know that it is unique up to scaling. Here is how our p is
defined. For any place v, the group (K, +) can be equipped with a (unique) Haar measure s,
such that p,(O,) is 1 if v is finite and u, coincides with the Lebesgue measure ;g on R when
K, ~ R or with twice the Lebesgue measure 2.c on C ~ R x R when K, >~ C. On sets of the
form [ [, B, where each B, is a measurable set in K, such that y,(B,) < oo and B, is equal to
O, for all but finitely many v, we set

N(H By) = H 1o (B).

By construction, this defines a translation invariant measure on A g (each of the y,, are translation
invariant and the addition is defined termwise). So y is a Haar measure and it is unique (up to
scaling).

3.3 Base change of the ring of adéles
Proposition 3.8. Let L/ K be a finite extension of number fields. There is a canonical isomor-

phism of topological rings
A @ L = Ap
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such that the following diagram commutes:

K®g L———1L

[

Proof. By Proposition and using the fact that tensor products commute with colimit, we see
that A ®x L is isomorphic to

lim(Ax s @k L) = lim(] [ K, @ L x [ Oxw @0, O)
S

S wes vegS
(ap)y @ T (a, ® ),

The term on the right corresponds to the restricted product [[ (K, ®k L, Ok, ®o, Or), and
this is a topological isomorphism. Moreover, for all place v of K, we also have

K,®x L~][Ls and O, &0, O ~]]Ou.

wlv wlv

Putting everything together, we obtain isomorphisms of topological rings:

A @k L ~ H (Ky ®k L, Ok, @0, Or) ~ H (L, Oy) ~ Ap.

v place of K w place of L

The commutativity of the diagram is clear. [

In particular, if the extension L /K has degree d, then we have an isomorphism of topological
K -vector spaces (and locally compact groups)

where there is [L : K| copies of A in the direct sum. When restricted to the subring of principal
adeles, this decomposition recovers the usual decomposition

L~KOKo® - -DK.
We can now prove the following result:

Theorem 3.9. Let L/K be a finite extension of number fields. The principal adele subring
L — Ay is adiscrete subgroup of the additive group of A, and the quotient Ay, / L of topological
groups is compact.
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Proof. By (3.3.1), we see that it suffices to prove the result for L = Q. We want to show that Q
is discrete as a subgroup of Aq and to do that, it is enough to check that 0 is an isolated point.
Define

U:={a€Aq]||alr < 1and|a|, <1 forany prime p}.

If a is in Q*, then |a|r - [, |al, = 1 so necessarily, U N Q = {0}. It follows that 0 is isolated.

Let us now prove that Aq/Q is compact. We claim that it is the image by the continuous map
Aq — Aq/Q of the compact set

W= Dr(1) x [ [ Zp,
p

where Dg(1) is the closed disc of radius 1 in R. To do that, we need to show that W contains a
set of representatives of Aq/Q. Let a be in Ag. We construct an element x in Q such that a — x
isin W.

If v = pis finite and |a,|, < 1 then set x,, := 0 (so almost all z,, will be zero). If v = p is finite
and |a,|, > 1 then by Theorem[1.10} we can find ,, in Q such that a, — z,[, < 1 and |z,[, < 1
for all prime ¢ # p. If v = oo is the real place of Q, then we define x,, € Z to be the nearest

integer to G, — Zp z, € Q. Then define 7 := v, + Zp zp, € Q C Aq. We want to check that
a—axisin W, ie. |a — z|, < 1 for all place v. If v = p is finite then

la =zl = |a, — zp — va|p < max(|a, — Tplp, maXyrp|Typ) < 1
v#p

and if v = oo, then
o= aln = (000 = D)~ el £ 1
p
by definition of z,. This concludes the proof. U

3.4 Strong approximation theorem

We will now use Theorem [3.9]to prove the strong approximation theorem (Theorem [T.11]). Let
us first prove the following proposition:

Proposition 3.10. Let K/Q be a number field. There exists C' > 0 such that for any x in Ay with
norm |x| > C there exists a nonzero principal adele element y € K C Ay for which |y|, < |z|,
for any place v of K.

Proof. Recall that A g is equipped with a Haar measure o given by the product of (normalized)
Haar measures i, for the places v. Define ¢y := covol(K) for this Haar measure. By Theo-
rem[3.9] ¢ is well defined. Set

1
c1 = pu({a € Ak | |al, < 1forall v and |al, < 1 if v is infinite}) and C' := “©
1
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Let = be in Ak such that |x| > C. Since |z|, < 1 for almost all v and |z| # 0, this means that
|z|, = 1 for almost all v. Define

1
A:={a € Ak | |al|, < |z|, forall v and |a|, < Z|x|v if v is infinite}.

Then, since y is defined as the product of the 1,,, we have
p(A) =cy-|z| > ¢ - C = ¢y = covol(K)

and we can find a; # ay in A such that y := a; — ay is zero in Ag /K, i.e. y € K. We have:

[yl = a1 — asly < max(|ai|y, lazly) < |z, if v is finite,
Ylo = a1 — azly < fas]y + |azf, < %va\v if v is real,
[yl = a1 — az]y < (\/m+ lasly)? < |z, if v is complex,
as wanted. L

Theorem 3.11. Let K/Q be a number field. Let S be a finite set of places of K and vy a place of
K such that vy ¢ S. Write T for the set of places of K that are not in S U {vy}. For eachv € S,
let a, be an element of K and €, a positive real number. Then there exists x € K such that

|z — ayly < e, forallv e S,
|z|, < 1forallveT.

Proof. We have the following lemma:

Lemma 3.12. Let Wi := {a € Ak | |a|, < 1 forall place v of K'}. Then for any u in K*, we
can write A = K + ulWkg.

Proof. By the proof of Theorem [3.9)and (3.3.1)), we know that Wy contains a set of representa-
tives of Ax /K, so A = K + Wp. If u is a non-zero element of K and a an element of A ;- then
u ta is in Ax and we can write it as a sum x + y with x € K and y € W. It follows that a is
equal to ur + uy € K + ulWg as wanted. ]

Let us extend the sequence (a,)ycs as an element a of A by setting a,, = 0 when v ¢ S. For
any u € K*, we can write a = b, + ¢, with b, € K and ¢, € ulWg. Then

|av - bu'v = ‘(I - bu|v = |Cu|v < |u|v

and to prove the theorem, it suffices to show that we can find u € K such that

lul, < e, forallv € S,
lul, < 1forallv e T.
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But this follows from Proposition applied to an element x = (x,), € Ak such that
0 < |zylo <&y ifves,

0< |zl <1 ifveT,
|xUO| > O ' Hv;é'u() "T'U|71'

]

In particular, it follows from the above theorem that for K" a global field and v, any fixed place
of K, then K is dense in the restricted product [ [, (Ky, Oy).

4 The group of idéles

We define now the group of idéles [ of a number field K, which is the group of units of the ring
of adeles defined in the previous section. We will show below that T&nm Ch 1s a quotient of I .

4.1 Definition of ideles

Recall that the group K* is locally compact: a fundamental system of neighborhoods of 1 which
are open and compact is given by

l+m,Dl+mD1l4+mD---Dl+m'D---.

Local field theory and Section 2 suggest that what should appear as the source of the global Artin
map should be the group [ [, /<. As before, the problem is that the product [ [, K¢ is not locally
compact. A first guess for what should be the right topological group to consider would be the
set

{(ay)y € Ak | a, € K forall v and a, € O, for almost all v}

endowed with the subspace topology. However, for this topology, we claim that the inverse map
x +— ! is not necessarily continuous.

This problem can be easily solved by considering instead the restricted product topology:

Definition 4.1. We define the group of ideles of a global field K as the restricted product:

Ix = | (&), 0).

v

The multiplication is defined term-wise.
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Note that for this topology, we obtain that the natural injective group morphism

]IK — AK X AK
r o (zzh).

induces an isomorphism of topological spaces onto its image.
As before, if S is a finite set of primes that contains all infinite primes, we also define:
HK,S = l_If(;< X HO;(,
veS véS

endowed with the product topology and we have an isomorphism of topological groups
I ~ hﬂs Ik s by Proposition Each [k g is open in .

There is a canonical map

]IK — IK
(CLU) = Hp finite pordp(ap)

which is surjective with kernel I g, where S is the set of infinite places. The canonical
embedding K — Ay induces a canonical embedding of K~ into [ that we will denote by 1.

Proposition 4.2. Let K be a global field. The idele group 1 is a locally compact group.

Proof. In order to apply Proposition we need to check that the spaces O, are com-
pact except for a finite numbers of them. But for any nonarchimedean place p, we see that
O, = {z € K | |[z], = 1} is closed in K, which is Hausdorff, hence it is compact. Since the
K’s are all locally compact, this concludes the proof. ]

Proposition 4.3. Let K be a global field. Then K* is a discrete subgroup of I .

Proof. Consider the natural embedding K* — K x K C Ag x Ag. From Theorem we
know that K is a discrete subset of Ay, so K x K is a discrete subset of A x Ag. But the
above embedding factors through [ — A X Ag, which is a topological embedding. Hence
K™ is a discrete subgroup of I x. ]

We define the idele class group of K as the quotient Cx := I /K. The map [ — [ from
above induces a surjective morphism Cx — Ck.

Example 4.4. There is an isomorphism of topological groups (where Q* is given the discrete
topology):

Q* xR x[[,Z, —Iq

(7", )\7 (ul’)) = (T)\7 (Tup))a
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which induces an isomorphism:

Cq = Roo x [[2) ~Roo x 2%
p

Group of 1-ideles. We have a continuous surjective morphism of topological groups
’ | . HK — R>0
a = la =TI, la..

Note that since |a|, = 1 for all but a finite number of v, the product is well-defined. It is non-zero
since a, is in K¢ for all v. We denote by I}, the kernel of | - |, i.e.

IL = {a €I | |a| = 1}.

We endow it with the subspace topology. By the product formula, we know that K is contained
inside I},. We have seen before that the quotient Ay /K is compact. However, this is not true
that [ /K> is compact (since it surjects onto R~(). Our next goal is to prove that in fact the
quotient T}, /K is compact. We start by collecting a few useful lemmas.

Lemma 4.5. The subspace topologies on I}, coming from Ic and Ay coincide.

Proof. First note that the restricted product topology on [ is finer than the topology on I
coming from I C Ag.So we only need to show that any open of I}, C I is also an open of
I C Ag.

Define K := {z € K | |z|, = 1}. Let U = [[,cg Uy X [ 45 Oy be in the basis of the
restricted product topology on I. Setting U, = K if needed, we can assume that S' contains
all infinite places. We have

Unt =[[.nK) x [

veS véS

Let us define U’ := HUES U, X vazs O,. Since U, is open in K, which is open in K, we see
that U’ is open in Ak and we have

UNl =U' NI}
which concludes the proof. L

Lemma 4.6. The subgroup 1} is a closed subset of A.

Proof. We prove that Ag \ T}, is open. Let = be in A \ I}, and write Sy for the finite set of
places v such that |z|, > 1. We also denote by S the set of infinite places of /K. For S a finite
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set of places that contains Sy and S, and € := (g,), strictly positive, we define the open set of
IQKZ

Us(z,e) ={y € Ak | |x —y|, <&, forv € Sand |y|, < 1forv ¢ S}.
By construction it contains x. We will show that we can always find S and ¢ such that
Us(z,e) C Ag \ Tk

If [x] < 1 then we can find a finite set S such that S contains Sy, S and such that
[I,es|®lo < 1. For any v in S, take € < |z|,. Then for any element y of Us(x, ), we have
lyl, = max(|x — yl., |z|,) = ||, for v € S. In particular,

yl =TT lvle < [Tlwlo =[]zl < 1,

veS veS
and y is not in T}

Assume now that |z| > 1. Let M be such that [],.q [7], < M. Consider a finite set of places
S such that S contains S, So and all finite places v = p such that N (p) < 2M. This means that

if v is not in S, then either |z|, = 1 or ||, < 55;. Note also that we have

1<zl <[] lale < M <2M
veS
For any v in S, take € < |z|,. Then, as before, [, ¢ |ylo = [[,cq |2]v- Now if f y isin Ug(x, )
then either for all v not in S, we have |y|, = 1 and this gives |y| > 1. If there exists v not in S
such that |y|, < 1, then in particular, for such a v = p, we have

1
[ylo = N(p) "W < oaf Since lyl, < 1
and it follows that |y| < 1. In both cases |y| # 1. O

Theorem 4.7. Let K be a global field. The group K* is a discrete closed subgroup of the abelian
group of 1-ideles k- and the quotient group T}, / K* is compact.

Proof. First note that since K * is a discrete subgroup of I; (by Lemmal4.3), it is also a discrete
subgroup of Ik. Since Ik is Hausdorff, we obtain that K* is closed in Ik.. Moreover, by
Lemma we know that if T is a compact subspace of Ag then W NI is compact. So, to
prove that T} / K* is compact, it suffices to find a compact W C A such that W N T} surjects
onto Ik /K*.

Consider the constant C' from Proposition Let x be in A such that |x| > C'. Define
W :={a € Ak | |a|, < |z|, for all v}.

Let y be in T}.. We want to show that y can be written as a product az with @ in K* and z in
W N1Ij. But [y| = 1 implies that |#| = |z| > C' and it follows from Proposition that there

exists b in K such that [b], <[], for all v. Setting a := b~! and z := by, we obtain the desired
decomposition. n
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Remark 4.8. Theorem 4.7| can be used to give a new proof of the finiteness of the class number
for number fields and Dirichlet’s unit theorem (see Exercise sheet 3).

Norm map for ideéles. Let L/ K be a finite extension of number fields. We define a norm map
Nmy/k : I — Ik in the following way: for a = (a,), in Iz, we set Nmy x(a) = b € Ik
such that b, = [],, Nmr,x,(aw). Recall that for any place v of K, we have an isomorphism

Lok K, > wa L,, inducing the equality (as elements of K,):

Nmyk(a) = [ [ Nmp,/x, (a,) forany a € L

wlv
and in particular, the following diagram commutes:
L ——1; —— I,
NmL/Kl NmL/KJ leL/K
K* —— g —— Ig
and we obtain a commutative diagram:

(CL—>CL

NmL/Kl leL/K

(CK —_— OK.

If m is a modulus for K, we define:

@1y Wh= [ Ex JI U.x ][] Reox [] 1+

v infinite s.t. vfm v finite s.t. vfm v infinite s.t. v|m v finite s.t. vjm

where P, is the maximal ideal of O,,.. Then we have:

Proposition 4.9. Let L/ K a finite Galois extension of number fields. Then there exists a modulus
m of K such that Wy, C Nmy, /i (I1,).

Proof. This is an immediate consequence of the following facts from local class field theory:
(1) Nm¢/r(C*) = Ry,

(2) If L/K is an extension of non-archimedean local fields then Nm, / k(L) is an open sub-
group of finite index of K, in particular there exists m such that 1 + m’g C Nmp,/x (L),

(3) If L/ K is an extension of non-archimedean local fields such that L./ K is unramified, then
Nmy,/k : Up — Uk is surjective, in particular Ux C Nmyp,/x(L*). O

In particular, we have:

Corollary 4.10. Let L/ K a finite Galois extension of number fields. Then Nmy, /x (I1,) is open
in ]IK.
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4.2 Ray class groups as quotient of ideles

If m is a modulus for K, we define:

=T JI &x JI Reox [ 1+8").

v s.t. vim v infinite s.t. v|m v finite s.t. v|m

Note that with the previous notations, we have K, ; = K N I,.

Proposition 4.11. If m is a modulus for K, then the natural maps I, — I[S((m

induce isomorphisms:

)and]Im — Ig

I/Kn1 Wa = Cq
Lo/ Km1 — I/ K*.

Proof. The first isomorphism follows from the snake lemma applied to:

0—— Kns I T/ Kt —— 0,
00— g™ —=1"™ 0

using the facts that the first vertical arrow is injective and the second one is surjective with kernel
Wi

For the second isomorphism, first note that the kernel of I, — Ix /K> is K* N Ly, i.e. Ky.
This gives an injective map I, /K1 < Ix/K*. Let us prove it is surjective. For a in I, by
weak approximation theorem, we can find = in K such that a,z~ ' is in R if v is real in S(m)
and in 1 + py"”) if v is finite in S(m). Then az~ is in I, and its image in I /K * is a. 0

In the following proposition, G can be any finite abelian group (even though we will ap-
ply it to the case where GG is a Galois group). For S a finite set of places, we write
13 .= {a €lg | a, = 1 forall v € S}.

Proposition 4.12. Let S be a finite set of places of K such that it contains Ss. Let) : 12 — G a
morphism of groups such that there exists a modulus m with S(m) C S and (K1) = 1. Then
there exists a unique continuous (for the discrete topology on GG) morphism ¢ : 1 — G such that
G(K*) = 1 and on I, we have ¢ = 1 o i, where i is the natural map a = (a,), — [], porde(@),

Conversely, any continuous morphism ¢ : Iy — G such that $(K*) = 1 comes from a
morphism 1 : I — G.
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Proof. Since there exists m such that ¢( K, 1) = 1, this means that ¢ factors through Cy, — G.
Define ¢ as the composition:

e — I/ KX & Lo/ Ky — I/ Kt - W = Ca 5 G.

It is clear that ¢ is continuous and that ¢( /K *) is trivial. We also have ¢ = ) o i on I, and so on
IS,

To prove the uniqueness of such a map, it suffices to show that I3-K* is dense in I (since
then, it is determined by its image on K* and I3-). But for a in I, by approximation theorem,
we can find z in K such that x is close to a, for any v of S and we can find b in I3, such that
a, = xb, for v notin S. Then b is in [3- K> and is closed to a in the group of ideles.

Conversely, let ¢ : [; — G be a continuous morphism such that ¢(K*) is trivial. We first
prove that there exists some modulus m such that W, is contained inside Ker(¢). Since the
kernel ¢~'(1) is open (recall that G is discrete and ¢ is continuous), there exist some S finite
set of places and positive number ¢ such that Ug(1,e) C Ker(¢). Now if v is infinite, then
¢ induces a continuous morphism R* — G (respectively C* — ). Since G is discrete, ¢
is constant equals to 1 on the connected component of R* (respectively C*) which contains
1, i.e. Ry (respectively C*). So R (respectively C*) is in the kernel. This proves that
we can find W,, C Ker(¢) and so the morphism ¢ : I,,/Kn1 ~ Ix/K* — G induces a
morphism I,/ K1 - Wy — G. We then use the isomorphism I,/ K1 - Wy ~ Cl, to define
RS pALRE) O

4.3 Artin map using idéles

From local class field theory, we know that for any finite abelian extension L/K, v place of K
and w place of L dividing v, there is an Artin map:

¢, K — Gal(L,/K,) C Gal(L/K).
Lemma 4.13. The above map does not depend on the choice of the place w of L that divides v.

Proof. Let w be a place of L such that w|v. Any other prime of L lying above v is of the form
o(w) for o in Gal(L/K). Sucha o : L — L can be extended to an isomorphism L., — L)
fixing K. We have Gal(Ly(w)/K,) = 0Gal(L,/K,)o " = Gal(L,,/K,) since the extension is
abelian. O

We can then construct a global version of the Artin map for the ideles, namely:

Proposition 4.14. Let K be a number field. There exists a unique continuous morphism
ok : I — Gal(K?®/K) such that for any finite abelian extension L /K and any place w of
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L lying over a place v of K, the following diagram commutes:

KX 2 Gal(Ly,/K,)

L

Iy —— Gal(L/K),
dL/K
where ¢k is the map a — ¢x(a)lr.

Proof. Let a be in I;; and consider L/ K a finite abelian extension. We define
orx(a) = [ ¢u(av) € Gal(L/K).

This is well-defined since for a, in U, and L,,/ K, unramified we have ¢,(a,) = 1 and we see
that in the above product, almost all terms are equal to 1. Such a morphism is the unique one
making the diagram from the statement commute.

We want to show that ¢ is continuous. From local reciprocity law, we see that if L/ K’/ K is
an intermediate extension, then there is a commutative diagram:

I — Gal(L/K')

NIIIK//K\[ Jj

Iy —— Gal(L/K).

Taking K’ = L, we obtain that Nm x (I1) is contained in Ker (¢, ). It follows from Proposi-
tion|4.9|that Ker(¢,/x) contains an open subgroup of I . This proves that ¢,k is continuous.

[]

Note that we have seen in the above proof that ¢,/ (Nmp, k(1)) is trivial. More precisely,
we have:

Lemma 4.15. Let L/ K be a finite abelian extension of number fields. Then ¢, is surjective
and Nmy k(1) C Ker(¢rx).

Proof. We only have to check the surjectivity, but it follows from the surjectivity of the local
Artin maps and the fact that Gal(L/K) is generated by the Frobenius elements of the subgroups
Gal(Ly,/K,). [

Remark 4.16. If K is a function field, the Artin map is not surjective but injective.

We can now reformulate the reciprocity law and the existence theorem using the group of
ideles:
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Theorem 4.17 (Reciprocity law). The Artin map ¢y - g — Gal(K?"/K) satisfies the following
properties:

(1) o (K*) =1,
(2) for any L/ K finite abelian then ¢y induces an isomorphism

In other words, we have isomorphisms:

¢r/k  Crx/Nmy(Cp) = Gal(L/K).

Theorem 4.18 (Existence theorem). Let H C Cg be an open subgroup of finite index. Then
there exists a unique abelian extension L of K such that Nmp,, xk(Cp) = H.

Theorems and .18 have the following consequences:

Proposition 4.19. There is a bijection:

{L/K finite abelian extension } = {H C Cy open subgroup of finite index }
L— NmL/K((CL)

and we have
(1) L1 C Ly ifand inly if Nmy, ;5 (Cr,) D Nmp,/k(Cp,),
(2)Nmyp,.1,/k(Cpr,.1,) = Nmp )5 (Cpr,) N Nmp,/x(Cp,),
(3) Nmy,nro/k(Crinr,) = Nmy, /k(Cr,) - Nmy,  x (Cp,).

5 The cohomology of the idéles

In this section we compute the cohomology of the groups I and Cg. This will be used to prove
the so-called "first inequality"”, namely, for any cyclic extension L/K of number fields, we have

[L: K] <[Ck :Nmpg,r(Cp)l.

Before computing those cohomology groups, we recall some results about Galois cohomology of
local fields and explain briefly our main strategy to prove the global reciprocity law and existence
theorem.
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5.1 Cohomology of local fields
5.1.1 Tate’s theorem and main ideas of the proof

Let G be a finite group and M a G-module. Recall that the Tate cohomology groups of M are
defined as

H{(G, M), ifi >0

(G = M€ /Ng(M) ifi =0
’ Ker(Ng)/Io(M) ifi=—1
H_, (G,M) ifi < —1,

where Ng : M — M is the norm map m — > _, g -m and Ig(M) is the kernel of the
augmentation map € : Z[G] — Z,> 199 = Y ,cq Ny

If moreover G is cyclic with generator -, then
H°(G, M) = Ker(y — 1)/Im(Ng)
H™Y(G, M) = Ker(Ng)/Im(y — 1)
HY(G, M) = H**(G, M) foralli € Z.

Let us also recall Tate’s theorem:

Theorem 5.1. Let G be a finite group and M a G-module. Suppose for all subgroup H C G
(including H = G), the group H'(H, M) is trivial and H?*(H, M) is cyclic of order |H|. Let v
be a generator of H*(G, M). Then there exists an isomorphism for all i € Z,

o, : H(G,Z) = H*(G, M)

uniquely determined by the choice of v. Moreover, for any H C G, we have commutative
diagrams:

(G, Z) -2 A+2(G, M) and HI(G,Z) —22 (G, M)

lRes lRes CoResT CoResT

PRes(+) Res(7)

Hi(H,Z) =25 H+2(H, M) Hi(H,Z) == H+2(H, M)

Let L/K be finite abelian and G = Gal(L/K). Suppose that we can prove that the G-
module C, satisfies the hypothesis of Tate’s theorem. Then, it gives an isomorphism (for a fixed
generator v of H*(G,Cp)):

H(G,Z) = H(G,Cy).
The group on the left is equal to H,(G,Z) ~ Homg(Z, G*) ~ G and the one on the right is
Cx/Nmyp,x(Cp) and our Artin map is in fact the inverse of this isomorphism. Hence, our goal
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is to check that the first and second cohomology groups of the G-module C;, satisfy the right
properties to apply Tate’s theorem. We will in fact prove slightly weaker results and we will see
this is enough for our purposes.

5.1.2 Herbrand quotients

For (G a finite cyclic group and M a G-module, if H (G, M) is finite, the Herbrand quotient of
M 1is defined as: R
HY(G,M
nar) o (G
|HN(G, M)
It satisfies the following properties:

Proposition 5.2. Let GG be a finite cyclic group.

(1) Let 0 — M — M — M" — 0 be an exact sequence of G-modules.
If two of h(M'),h(M),h(M") are defined then the third one is defined as well and
h(M) = h(M")h(M").

(2) If M is a finite G-module then h(M) = 1.

(3) Let o : M — N be a morphism of G-modules such that « has finite kernel and cokernel.
Then if h(M) or h(N) is defined, the other one is also defined and h(M) = h(N).

Proof. Exercise. ]

In the following we recall a few lemmas about Galois cohomology of local fields that will be
useful to compute the cohomology of the ideles. In the rest of this sub-section, please note that
K 1s now a local field.

Lemma 5.3. Let K be a local field and L a finite Galois extension of K. Then there exists

an open subgroup U of Oy, stable for the action of the Galois group Gal(L/K) and such that
H'(G,U) is trivial for all i > 0.

Proof. Choose e in L such that {o(e) | ¢ € Gal(L/K)} is a K-basis for L. Up to
multiplying by some elements d in Ok, we can assume all the o(e)’s are in Op. Take
U = Zaegal( LK) Oko(e). Then U is stable by the action of G and for a uniformiser 7 of
Oy, there exists m such that 7™ isin U, i.e. 7O C U. Hence U is open. As GG-representations,
we have U ~ Og[G] ~ Ind{Of and it follows that U has trivial cohomology in positive de-
grees. ]

Lemma 5.4. Let K be a finite extension of Q, and L be a finite Galois extension of K. Then

there exists an open subgroup V of OF stable for the action of the Galois group G := Gal(L/K)
and such that H'(G, V) is trivial for all i > 0.
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The above lemma is also true when K is a local field of positive characteristic (exercise).

Proof. Recall that the p-adic exponential map exp : x — > ., f—, defines an isomorphism from
an open neighborhood of 0 in L onto an open neighborhood of 1 in L* with inverse given by
the logarithm log : = — 3, (~1)"*"“=1" Note that both maps commute with the action
of G. Consider U the open neighborhood of 0 given by Lemma [5.3] If 7 is a uniformiser
of Oy, then there exists m such that the exponential is well-defined on 7™ U and we can take
V = exp(n™U). O

Proposition 5.5. Let K be a local field and L a cyclic extension of K. Then h(O}) = 1 and
h(L*) =[L: K].

Proof. Consider the open V' given by Lemma Since O} is compact then O] /V is finite and
by Proposition [5.2(3), we obtain #(O}) = h(V). But the choice of V gives h(V') = 1 and so
h(Of) = 1.

For L*, recall that we can writt L* = Of - 7% =~ Of x Z. In particular,

h(L*) = h(OF) - h(Z) = h(Z). Butif n = [L : K], we have

_HY(G,Z))|

== __ = ﬁOG,Z = |Z/nld| =n.
TG.2) |H(G,Z)| = |Z/nZ|

h(Z)
O

If V is a finite dimensional R- (respectively Q-) vector space and M C V' a subgroup, we say
that M is a full lattice of V' if M 1is finitely generated over Z and R ®z M — V (respectively
Q ®z M — V) is an isomorphism. In other words, M is the Z-submodule of V' generated by an
R- or Q-basis of V.

Proposition 5.6. Let GG be a finite cyclic group and M, N two G-modules that are finitely gener-
ated as Z-modules. Assume moreover that M ®z Q and N ®z Q are isomorphic as G-modules.
Then if h(M) or h(N) is defined then the other also is and h(M) = h(N).

Proof. Let M;,s C M be the torsion subgroup. Since M is finitely generated over Z, the
group Mo is finite. Applying Proposition [5.23) to the map M — M /M., we see that
h(M) = h(M /M;qss) (and same for N). In particular, we can assume that M and N are torsion-
free.

Let us write o the isomorphism M ®z Q =+ N ®z Q. Then there exists d such that
a(M) C d'N (write the elements of the basis of (M) in the basis of N and take d a common
denominator of the coefficients). Up to replacing o by da: we can then assume o(M) C N. We

obtain an exact sequence
0= M3 N— N/a(M) -0
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with N/a(M) finite. Since o(M ) and N have same rank as lattices of Q (they have full rank)
then N/«(M) is finite. By Proposition[5.2(3) we obtain k(M) = h(N). O

Corollary 5.7. Let G be a finite cyclic group and let V' be an R-vector space with a linear action
of G. Let M and N be two G-stable full lattices in V. Then if h(M) or h(N) is defined, the
other is also defined and h(M) = h(N).

Proof. By definition, we have R-isomorphisms:
M®@zR =V < N®zR.

But since the lattices are G-stable, the above isomorphism is an isomorphism of R|G]-modules.
To apply Proposition we need to check that this is also an isomorphism of Q[G]-modules
M ®z Q ~ N ®z Q. But this follows from the following general lemma:

Lemma 5.8. Let G be a finite group and K| C K, an extension of (any) infinite fields. Let
M and N be K,|G|-modules of finite K,-dimension. Then if M Qp, Ky and N ®@, K, are

isomorphic as K»|G]-modules, then they are isomorphic as K,|G|-modules.

Proof. We claim that we can find K;[G]-morphisms fi,..., f, from M to N such that
{fi,..., fu} forms a K,-basis for the space Homp,q)(M ®x, K2, N @k, K). Indeed, is we
choose K-basis for M and N, then for all ¢ in G, there exist K;-matrices A;(g) and As(g)
such that G-equivariant K;-morphisms f : M — N correspond to K -matrices P such that
PAi(g) = As(g)P. But K3|G]-morphisms from M ®p, K, to N ®g, K, satisfy the same
equations (for the same A;(g) and As(g)). Hence, the basis we find for the K[G]-morphisms
M — N also defines a basis for the K5[G]-morphisms M ®g, Ko — N ®, Ko.

Any K,[G]-isomorphism between M ®, K> and N ®, K can be written as > ., A; f; with
A; in K5. Consider det(Z?:1 Ai fi): this is a non-zero polynomial in the \;’s with coefficients in

K. Letus write P(Ag, -, \,) € Ki[\1, ..., \,] this polynomial. Since it is non-zero and K
is infinite, this means that we can find (1, . .., i,) in K7 such that P(p, - , i,) is non-zero.
In particular, Y, u; f; defines a K [G]-isomorphism between M and N, as wanted. O

]

5.2 The first inequality

Recall that in order to apply Tate’s theorem, we would need to prove that for L./ K a finite abelian
extension, H'(G, Cy) is trivial and H*(G, Cy,) has order [L : K]. In particular, this would imply
h(Cr) = [L : K]. We will not prove this in general but the first step in our proof of Reciprocity
law will be to check that if L/K is cyclic we indeed have h(Cp) = [L : K]. It will follow that
for L /K a cyclic extension of number fields, then
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5.2.1 Preliminaries

Let L/ K be a finite Galois extension of number fields, v a prime of K. We write GG for the Galois
group of L/K. We can extend the action of G on L to [],, L.,.. Namely, let us first recall the
isomorphism:

(5.2.1) Lox K, > HLw

wlv

obtained by sending = ® y to (¢, (2)y)w, Where ¢, is the embedding L < L,,. Since G acts on L,
it acts on L ®x K, and we obtain an action of G on Hw‘v L,, via the above isomorphism. Note
that this action is continuous for the product topology on wa L,, and that it fixes the elements
of the form (z, ..., x) withz € K,. For (yu)w in [, Luw, if Y = tw(z) with z in L, then the
w-term of g((Yy)w) is given by ¢,,(g - ). More generally we have:

Lemma 5.9. For g in G and y = (Yu)w in [, Luw, then (g(y))w = 9 - Yg-1(w)-

Proof. The action on the right is clearly continuous. Using the isomorphism (5.2.1]), it suffices
to check the two actions coincide on the elements of the form (z, z, ..., x) with x in K, and on
the ones of the form (¢,,(z)),, with z € L.

If is in K, and y,, = x for all w|v, then g - Y1) = = = (9(y))w- If Yo = tw(x) with x in
L for all w|v, then g - yy-1(w) = g - (tg-1(w)()). But we have a commutative diagram:

g1
Lw B Lg—l(w)

LwT T‘g—lw)
-1

L% .

and we obtain g - (t5-1(4) (7)) = tw(g - 7), as wanted. O
The action of G'on [],,, L., induces an action of Gon [ ], L, and [, OF, . Our goal now
is to compute the cohomology groups H'(G, [, L) We have:

Proposition 5.10. Let L/ K be an extension of number fields with Galois group G, let v be a
place of K and wy a place of L lying above v. Let us denote by G,,, C G the decomposition
subgroup of wy. Then for all i,

"a, HL ~ H'(Gy,, LY,), in particular HO(G,HL:)) ~ K\

wlv wlv
(e H Of o) ~ H(Gu,, OF ), inparticular H°(G, H O,) = Ok,
wlv wlv
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Proof. Recall Shapiro’s lemma:

Lemma 5.11. For H a subgroup of a group G and N an H-module, for all i > 0, there is a
natural isomorphism

HY(G,nd%(N)) = H(H,N)
where Ind%(N) = {f : G = N | f(hg) = hf(g) forallg € Gand h € H}.

The statement of the proposition follows then from Shapiro’s lemma and the following result:

Lemma 5.12. There is an isomorphism of G-modules:

Hw\v Lw 1> Indgwo (Lwo)
x — [

where for all g in G, we define f,(g) = g - Tg-1.4y, € Lu,. Similarly, there are isomorphisms:

[Tz: 5 mag, (z:) aa JJ07, = md, (07,

w|v wlv

Proof. Let us first check that f, is indeed in Indgwo (Ly,). Take h in G, and g in G. Then,
since h is in the stabilizer of wy,

fe(hg) = (hg) - L(hg)=Lwo = h-g-xg14,="n- f(9),

as wanted. We obtain that z — f, is a morphism of G-modules [],, , L., — Indgwo (Lyy,)- Letus

construct an inverse. Starting from f in Indgw0 (Luy ), we define z(f) := (2(f)w)wlw € [y Luw
as

() =g flg") forw = g - wo.

We can easily check that f +— x and x — f, are inverse of one another. O

For L, K, v and wy as in the proposition, note that if w; is another place of L lying above v,
then we can write w; = ¢ - wp for some g in G' and we have isomorphisms

Guwy — Gu, Ly, = Ly,
and
h = ghg™! x =gl

This yields isomorphisms, for all 7 > 0,

gt H (G, L) = H' (G, L)
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Now if A is an element of G,,, and we set ¢’ := gh, we obtain a commutative diagram:

(Gwlex )i) (GmeX )

~
~ | Bin
O‘i,g’

H' (G, L)

where £3; j, is the isomorphism induced by the isomorphisms o +— hoh™! from G, to itself and
x — h™ 'z from L., to itself. It can be checked (exercise) that f3;  is in fact the identity map.
Therefore, H'(G.,, L}, ) does not depend on the choice of wy and we set

H'(GY, L") := H(Guy, L), H(G", L") := H(Gu,, L},) and H'(G",U") := H'(Guy, Uwy).

5.2.2 Galois cohomology of the ideles

Let us now come back to the computation of the cohomology of ideles. For L/K a Galois
extension of number field with Galois group G and v a place of K, we endow the group of
ideles with the action of G such that for all places v of K, the injective maps [[,,, L. — I, are
G-equivariant. Concretely, if @ = (a,,),, isin I then (g - @)y = g - ag-1(w)-

w|v

Proposition 5.13. Let L/ K be a Galois extension of number fields with Galois group G. Then,
fori >0,

YG, 1) EBHZ GY, LVX).

Proof. 1f S is a finite set of primes of K, by abuse of notation, we will write I, ¢ for the group

Is =[] (JTZs) < [T (T] V)

veES  wlv vgS  wlv
The I, s groups are stable under the action of the Galois group GG. We also have
]IL ~ COlims]ILjs,

where the limit is taken over the finite set of places S such that .S contains all infinite places and
all primes that ramify in .S. In particular, we have

H'(G,1) = colimgH' (G, I 5).

Since the cohomology commutes with infinite product, we obtain (using Proposition[5.10]to get

the second equality):
HY(GIs) = ([TH(G T]L0) < ([[H (G ][ Uw)

vES wlv vgS wlv
= (JTH'(G", L) < ([ H(G".U")).
veS vgS
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Since we have assumed that S contains all primes that ramify in L, we have that for v not in S
and w above v, the extension L,, /K, is unramified and it follows that the cohomology groups
HY(G*,U") = H (G, U,) are trivial in degree 7 > 0. Finally, using that S is finite, we get

H'(G,1,,) = colims @ H'(G", L")

vES

_ @ Hi(Gv,LU’X).

all places v

Corollary 5.14. Let L/ K be a Galois extension of number fields with Galois group G. Then,

H(G,1I;) =1k
HY(G, 1) =0
(G,1) = ,-2)/2,

where n, := [L,, : K,] for any w place of L dividing v.
Proof. Let us first compute the G-fixed elements of I,. If a = (a),, is fixed by G then for any
place v of K, the subfamily (a., )|, is fixed by G. This means that each a,, with w dividing v

depends only of v and is in K. So a comes from an element of Ix via the natural embedding
Ix < I;. We obtain H°(G, 1) = I.

The result for H'(G, 1) = 0 immediately follows from Proposition and Hilbert’s the-
orem 90. For H?*(G,1}), it follows from Proposition and the computation of the Brauer
groups H*(G, LY) = (7-Z)/Z, for any w above v. O

Using the computation done in the proof of Proposition we can also compute Herbrand
quotients of the subrings I ¢ of cyclic extension:

Proposition 5.15. Let L/ K be a finite extension of number fields and set G :== Gal(L/K). Let
S be a finite set of primes of K and T be the set of primes of L dividing the primes in S. If L/ K

is cyclic then
h(lr) = an>
where n, := [L,, : K,] for any w place of L dividing v.

Proof. We only need to compute H' and H2. By definition, we have

e = (T 2) < (ITTT 00

veS wlv vgS wlv
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Each one of the two factors is stable under the action of G and the Herbrand quotient of I, 1 is
the product of the Herbrand quotients of the factors. But we have

g Iz =1# @G T Ly) =[] B (Gu,. L),
veES wlv veS wlv veS

for any w, place of L dividing v (we have used Proposition[5.10) and we deduce that

r(ITTTZ0) =[] mEs

veES wlv veS

The latter terms were computed in Proposition we have h(L ) = n,. Similarly, we have
Hi(G> H H Uw) = H Hi(Gwva Uw, ),
vgS wlv vgS

for any w, place of L dividing v. We can then decompose the product as

[[#Gu.u)=( [  HGu.U))x( [  H(Cu.Uw))

vgS v¢ S s.t. v ramified v¢ S s.t. v unramified

where the first product is finite. The cohomology groups in the second factor are all trivial for
¢ > 0, hence the Herbrand quotient of va Sst v unramified Uw, 18 1. As for the first factor, we have
seen in Proposition [5.5] that the Herbrand quotient of each term is also 1 and we take of finite
product of them. It follows that h([ [, [T, Uw) is 1. O

5.2.3 Galois cohomology of the units

Let us now compute the Herbrand quotient of the units groups. Let L be a finite extension of K
with Galois group G. For S a finite set of primes of K, if 7" is the set of primes of L dividing the
primes in .S then we define:

U(T) :={x € L|ord,(z) =0 forallw ¢ T'}.

Note that U(T) is stable for the action of G (since T itself is).

Proposition 5.16. Let L./ K be a finite cyclic extension of number fields, with Galois group G.
For S a finite set of primes that contains S, and for T as before, the Herbrand quotient of U (T)
is well defined and satisfies the following:

[L:K]- =[]

where n, := [L,, : K,] for any w place of L dividing v.
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Proof. Consider the R-vector space V' := Maps(7, R) and we endow it with the action of G
given by:

(5.2.2) (g- f)(w) = f(g~'-w), forallge Gandw € T.

The idea is to construct two G-stable full lattices of V, one with Herbrand quotient
[L : K]-h(U(T)) and the other one with Herbrand quotient [ [, ¢ n, and then use Corollary

We start by constructing the second lattice. Let N := Maps(7,Z) endowed with G-action
defined via the same formula as in (5.2.2). For any v € .S, choose w(v) a prime in 7" dividing it.
Then we can decompose N as the sum ), . Maps(G /G (), Z) (amap f : T' — Z corresponds
to the family of maps {f, : G/Guw) — Z}ves Where f,(9Guww)) = f(g-w(v)) for g € G).
Seeing Z as a trivial G, (,)-module, we have Maps(G/G (v, Z) = Indgw(v) (Z). We obtain

W(N) =[] #(Ind,  (Z)).

vES

The Herbrand quotients above are Herbrand quotients for G-modules. But then, by Shapiro’s
lemma, we have (the first Herbrand quotient is for G-modules and the second one for G',(,)-
modules):

hG(Indgw(v)(Z)) = hayy (Z) = [Luw) : K] = n.
We obtain h(N) =[], g 7-

Let us now define the first lattice M. Consider the map

) urT) -V
=z = (w > log|z|y)

This is a G-equivariant map, let us denote by MY its image and set M := M + Z - e where
e:=(1,1,...,1) € V (note that e is fixed by the elements of ). We need to show that M is a
lattice in V' and compute its Herbrand quotient. This follows from the claim :

Lemma 5.17. M° is a lattice of the R-vector space V° := {f e V | >, f(w) = 0} and
h(M°) = h(U(T)).

Proof. The kernel of ) is equal to the set of elements x in L* such that |z|,, = 1 for all places
w of L, and it can be proved that this corresponds exactly to the group p of root of 1 in L (see
Exercise sheet 3). But y is finite so by Proposition [5.2(2), we obtain h(U(T')) = h(M°). This
proves the second statement of the lemma.

To check that M? is a lattice in V', first note that by the product formula, M° is contained
in V0. Then recall that a subgroup of a real vector space is a lattice if and only if it is discrete.
Consider B = {(zy)wer € V° | |14| < M} for some M > 0. Then B N M? is equal to the set
of z in U(T) such that |z|, < exp(M). But there are only finitely many such x (exercise). It
follows that M"Y is a lattice. O
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Since M ®z R = VO 4+ R - e = V, we obtain that M is a full lattice in V and we have
h(M) = h(M°)-h(Z) = h(M°) = h(U(T)) (recall h(Z) = 1, see proof of Proposition[5.5). [

5.2.4 The first inequality

The goal of this section is to prove:

Theorem 5.18 (First inequality). Let L/ K be a finite cyclic extension. Then
(1) h(CL) = [L : K] and,
(2) [HK K- NormL/K(]IL)] Z [L . K]

In order to prove the theorem, we will need the following lemmas.

Lemma 5.19. Let L/ K be a finite extension of number fields with Galois group G. Then the map
Cx — Cp, induces an isomorphism Cyx = (Cf.

Proof. We have a map of short exact sequences:

0 K> Ix Ck 0

L]

0 L I Cr 0

After taking cohomology and using Hilbert’s theorem 90, we obtain a commutative diagram with
exact rows:

0 le I Cx 0
0— (L)Y —— (1) —— C§¢ ——0

where the second vertical map is an isomorphism by Corollary [5.14] It follows that the map
Cx — C¢ is an isomorphism. O

Consider L/ K a cyclic extension with Galois group G. Then it follows from Lemma that
we have R
HO(G, CL) = (Cg/N(;((CL) ~ (CK/NHIL/K((CL)

and we obtain

[(CK . NmL/K(CL)] .

(5.2.3) h(Cp) = TG Gy
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Lemma 5.20. Let K be a number field and let S be a finite set of places such that S contains the
set of infinite places S, of K and a set of generators for the ideal class group C'x of K. Then,
the group of ideles can be decomposed in the following way:

Ix = K* - Igs.

Proof. Since S contains S,,, the map Ix — I sending (a,) to J perde(@2) induces an iso-
morphism I /Ix g =y IS< We have a commutative diagram:

KX —— g ——I%

|

KS

so in order to prove the lemma, it remains to check that / [S’( /K S is trivial. But this follows from
the fact that S contains a set of generators for the ideal class group C'x: any fractional ideal a
can be written as b - (c) for b in the group generated by the prime ideals in S and c in K. So if
aisin IZ then a = (c). O

We can now prove the main theorem.

Proof of Theorem[5.18} Consider S a finite set of places of / such that S contains the set of
infinite places S, of K, all the primes that ramify in L and all the prime ideals of the form
p = qN Ok for q in a set of generators of the ideal class group C,. Denote by 7' the set of places
of L lying above the places of S. By Lemma [5.20} we can write I;, = I, 7 - L* and so

(CL = HL,T . LX/L>< >~ ]IL’T/(LX N HL,T)-
But, by definition,
L*Nlpr={r €L |ordy(z)=0forallw ¢ T} = U(T)

This yields
(I 1)
hU(T))

and from Proposition and Proposition [5.16] we obtain h(Cj) = [L : K| as wanted.

Now the inequality [Cx : Nmy/(Cp)] > [L : K] follows from (5.2.3), since the order of
HY(G,Cp)is > 1. O

h(Cr) =
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5.3 Consequences of the first inequality

Recall that we say that a finite extension of number fields L/ K is solvable if it is Galois and the
Galois group G is solvable, i.e. it has a composition series whose factors are all cyclic groups of
prime order. Theorem has the following useful consequence:

Proposition 5.21. Let L be a finite solvable extension of K. If there exists a subgroup D of [
such that D C NmL/K(]IL) and K* - D is dense in I then L is equal to K.

Proof. Suppose L # K. Since L/K is solvable, there exists a field K’ C L such that K'/K is
cyclic and K’ # K. We have

NHIK//K(HK/) D) NmK//K(NmL/K/(]IL)) = NHlL/K(]IL) O D.

Since K* - D is dense in [ then K* - NmK//K(]IK/) is dense in [ as well and it is open (this
is the union of the translates of Nmy/x (Ix/) which is open by Corollary . Since open
subgroups of a topological group are also closed, we deduce that K* - Nmg /x (Ix) is dense and
closed in I, so they are equal. But then the inequality from Theorem 5.18]implies that K’ = K,
contradiction. []

In particular, we obtain:

Theorem 5.22. Let L be a finite solvable extension of K such that L. # K. Then there are
infinitely many primes of K that do not split completely in L.

Proof. Suppose that there exists only a finite number of primes of K that do not split completely
in L and take S a finite set of places that contains S, and all the primes that do not split com-
pletely. Consider the subgroup of [ x:

D :={(a,) €lg | a, =1forallv € S}.

We claim that D satisfies the conditions of Proposition The fact that D is contained in
Nmy,/k (I) follows from the fact that if v is not in S then for any w place of L above v, we have
L., = K, so any a, is equal to Nmy, x, (a,). We need to check that K - D is dense in I . Let
a = (a,), be in [k and £ > 0. By weak approximation theorem, there exists = in K * such that
la, — x|, < & for v in S. Define b = (b,) in D such that b, = z~'a, for v ¢ S.Then if we set
a :=zbe K*- D, wehave

la, —all, = la, — z|, < eifv €S,

la, — dl|, = |ay, — a,|, =0ifv & S.

This concludes the proof. ]
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We will see later (using complex analysis) a stronger version of this theorem, which states that
the result is true for any finite L/ K.

Corollary 5.23. Let L/ K be a finite solvable extension with Galois group G and let S be a finite
set of prime ideals of K containing those that ramify in L. Let T be the set of places of L lying
above the places of S. Then the set of Frobenius elements {(q, L/K),q ¢ T} generates G.

Proof. Without loss of generality, we can assume that 7" is stable under the action of the group
G (if T is not stable, replace 7' by a larger set). We denote by H the group generated by
{(q,L/K),q ¢ T}. Then H is a normal subgroup of G. Consider the extension K’ := L.
For p a prime ideal of K and q a prime ideal of L dividing p, recall that we have

(quI7K//K> = (q7L/K)‘K/-

But if q is not in 7, then (q, L/ K')| k- is the identity, so (p’, K’/ K) is the identity for any p’ in K’
not lying under a prime of 7'. This means that if p does not lie under a prime of 7" then it splits
completely in K’. Theorem implies that X' = K’ and by Galois theory, G = H. O

We can now prove the surjectivity of the Artin map for number fields:

Corollary 5.24. Let L/K be a finite abelian extension of number fields and S a finite set of
places of K that contains S, and all the places that ramify in L. Then the Artin map

. {1;3 — Gal(L/K)

p = (p, L/K)

is surjective.

Proof. The group 1?7 i ) contains all the Frobenius (q, L/K) for q not lying above a prime
of S. But by Corollary [5.23] this generates G. O

6 The second inequality

In this section, we prove the following theorem:

Theorem 6.1 (Second Inequality). Let L/K be a finite extension of number fields with Galois
group G. Then the following statements hold:

(1) The index I : K* - Normyp, /i (I.)] is finite and divides [L : K].
(2) The group H*(G, Cy) is trivial.
(3) The group H*(G, Cy) is finite and its order divides [L : K.
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6.1 First reductions

Note that for any Galois group GG, we have

HK/KX . NmL/K(]IL) >~ CK/NHIL/K(CL) = ]E\[O(G, CL>
Lemma 6.2. It suffices to prove Theorem[6.1lwhen G is a p-group, for all prime p.

Proof. Recall the following general result about cohomology of finite groups:

Proposition 6.3. Let G be a finite group, and let G, be its Sylow p-subgroup. Then for any
G-module M, the restriction map

Res : H'(G, M) — H(G,, M)

is injective on the p-primary component of H G, M) (i.e. the subgroup of elements of order a
power of p).

Assume that Theorem is true when p-groups for all prime p and let L/ K be a finite exten-
sion of number fields with Galois group G. For a fixed prime p, let G, the Sylow p-subgroup of
G and write L, := LS. By hypothesis the theorem holds for L/ L,,. In particular, we have that:

o the order of H 0(G,, Cr) is a power of p dividing the order of G,, and in particular, [L : K7,
o the group H'(G,, Cy) is trivial,
o the order of H ?(Gp, Cy) is a power of p dividing the order of G,, and in particular, [L : K.

We apply the proposition to the group GG and the module C;. The three bullet points above
imply:

o the power of p dividing the order of H%(G, Cy) is less that the power of p dividing [L : K],
o the prime p does not divide the order of H (@G, Cy),
e the power of p dividing the order of H2(G, Cy) is less that the power of p dividing L : K].

Since the three statements are true for all prime p, we obtain that Theorem|6.1] holds for L/ K
as well. ]

Lemma 6.4. I1 suffices to prove Theorem[6.1jwhen G is a cyclic group of order p (for all prime
).

Proof. Assume that Theorem is true for cyclic groups of order p, for all prime p. Let L/ K

be a Galois extension of number fields with Galois group G and let p be a fixed prime number.
From Lemma we can assume that G is a p-group. We prove the theorem by induction on
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the order of GG. Since G is a p-group, we can find H a normal subgroup of GG of index p. Write
K' .= L1,

Let us first prove statement (1) in Theorem We have
[(CK . NmL/K(CL)] = [CK . NmK//K((CK/)] . [NmK//K((CK/) . NIHL/K((CL)]
But G//H is a cyclic group of order p, so by Theorem [6.1(1), [Cx : Nmg/)x (Cg-)] divides p.
Moreover, by induction, [Cx+ : Nmy,x/(Cp)] divides [L : K'] and we have a surjection
NmK//K : CK//NI'HL/K/((CL) — NmK//K((CK/)/NmL/K((CL),
50 [Nmg//x(Ckr) : Nmyx(Cp)| divides [L : K']. We obtain that [Cx : Nmy,x(Cp)] divides
[L : K], as wanted.

Now, since (Cp ) = Cg (Lemmal5.19) the inflation-restriction exact sequence can be written

as
Inf Res

0— Hl(G/H, CK/) — Hl(G,(CL) — Hl(H, CL)

By Theorem [6.1(2), H'(G/H,Cg/) is trivial and by induction H'(H,Cy) is also trivial. It
follows H'(G, Cyr) = 0. This proves (2).

Since H'(G,Cr) = 0, the inflation-restriction exact sequence holds in degree 2 as well:

0 — HX(G/H,Cr) 25 H2(G,Cp) 2 g2(H,C)).

By Theorem [6.1(3) for group of order p, we know that the order of H*(G/H,Cg/) divides
[K' : K] and in particular, it divides [L : K], and by induction the order of H?*(H,Cp) divides
[L : K'] and in particular [L : K]. It follows that the order of H?(G, C) divides [L : K], as
wanted. This proves (3). O

In the case where G is a cyclic group we moreover have the following result:

Proposition 6.5. If L./ K is a cyclic extension then statements (1), (2) and (3) in Theoremare
equivalent and we have

[Ix : K Normpr(I;)] = |[H*(G,Cp)| = [L: K].
Proof. If G is cyclic then PAIO(G, Cp) =~ I?IQ(G, Cr) and we see that statements (1) and (3) are
equivalent. From Theorem 1), we know that h(Cp) = [L : K], so (2) is equivalent to (1)
(and (3)). O]

Combining Proposition [6.5] and Lemma [6.4] we see that in order to prove Theorem [6.1] it
suffices to prove that for L/ K cyclic extension of order p, then

(6.1.1) [Ck : Nmy,x(Cp)] divides [L : K] = p.

We can make one further reduction:
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Lemma 6.6. To prove (6.1.1)) for any L/ K cyclic extension of order p, it suffices to prove it in
the case where K contains a p-th root of 1.

Proof. Let L/K be a cyclic extension of degree p. Let ( be a primitive p-th root of 1, set
K':=K((), L := K'- L = L({) and assume that (6.1.1) is true for the extension L'/ K. Since
¢ is a primitive p-th root, then the degree [K’ : K| divides p — 1 and in particular, it is coprime to
p. It follows that [K’ N L : K] = 1 and so K’ N L = K and we have an isomorphism of groups
Gal(L'/K) = Gal(L/K) x Gal(K'/K).

Since Gal(L/K) ~ Gal(L'/K') and Gal(L'/L) ~ Gal(K'/K), then the norm maps (defined
by x — [] ;9 -« where the sum if taken over the Galois groups) fit into a commutative diagram:

NmL/K

(CL (CK CK/NHIL/K((CL)—>O

le Nmy /g lZK l

CLI / CK’ (CK//NH'IL//K/(CL/)—)O
NmL//Ll leK’/K l

(CLNmL/K(CK CK/NIDL/K((CL)—>O

where i7, and i are induced by the maps II;, — I;» and I — Ix-. But both the maps Nmy/ /7, 01,
and Nmy i o i are given by (-)" %1 5o the right vertical map

CK/NIDL/K((CL) — CK//NHIL//K/<CL/) — CK/NITIL/K((CL)

is also given by ()K" But if z is in Cx/Nmy x(Cy), we have 27 = Nmy k() (recall
[L : K] = p)so (-)P kills Cx /Nmp,/x(Cr) and since [K' : K| and p are coprime, we obtain that
(-)I€"K] is an automorphism of Cx /Nmy,x (Cy). It follows that

Ce /Ny (Cr) = Cre/Nmy i (Cr)

is surjective. In particular, [Cx : Nmy x(Cp)] divides [Cxs : Nmy/ /g (Cr/)]. Since we have
assumed that (6.1.1)) is true for the extension L’/ K", it follows that [Cx : Nmy,/x (Cp)] divides
p, as wanted. ]

6.2 Kummer theory

Assume that / is a field containing a primitive n-th root of the unity ¢. This means in particular
that K is of characteristic 0 or characteristic p > 0 for p not dividing n. We denote by i, the
group of the n-th roots of 1 in K. This is a cyclic group of order n with generator (.

Proposition 6.7. Let L = K (a) where o € K is such that a == o™ € K and o™ ¢ K for all

m < n. Then L is a Galois extension of K with cyclic Galois group of order n. Conversely, if L
is cyclic extension of K of degree n, then L = K («) for some a € K such that o" € K.
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Proof. The first assertion comes from the fact that the root of the polynomials X" — a are of
the form (’a for i € {0,...,n — 1}, so for g in the Galois group @ is in u,. The hypothesis
a™ ¢ K for all m < n implies that the morphism

G —up

is an isomorphism. This proves that L/ K is cyclic of order n.

Assume now that L/ K is cyclic of order n and take g a generator of GG and ( a generator of
tn- To prove that L can be written as K («) with o™ in K, it suffices to show that there exists «
in L* such that g(o) = ('« (because it this is true, then o™ ¢ K for any 0 < m < n). Recall
that for L a field and G a group, any finite set of characters G — L* is linearly independent
over K. In particular, the character Z?:_OI C'g" is non-zero and there exists 5 in L such that

S Clg'(B) # 0. Take a = C'g'(3).
]

Note that if we fix an algebraic closure K of K, then K(a) C K depends only on a := a"
and we denote it by K (ax).

1

Proposition 6.8. Two cyclic extensions K (a%) and K (bw) are equal if and only if there exist r
in Z prime ton and A\ € K> such that a = \" - 0" (in other words, a and b generate the same
subgroup of K* | K*").

1

Proof. If a = \"-b" for some  prime to n and ) in K then we obviously have K (aw) = K (bw).

Conversely, assume L := K(a) = K(5) with " = a and " = b. Let g be a generator of
Gal(L/K) and let ¢ be a primitive n-th root of 1 such that g(«) = (v and g(3) = ¢*(3 for i prime
to n. Since B isin L = K(a), we can write § = Z?:_g Ajad, with \; € K. Applying g(-) to the
latter formula and comparing g(3) with ¢*3, we obtain (*\; = ¢J); forall 0 < j < n. It follows
that \; = 0if j # i, i.e. § = \;a" as wanted.

O
The above result can be reformulated in the following way:

Corollary 6.9. Let n be an integer and K be a field containing a primitive n-th root of 1. Fix K
an algebraic closure of K. There is a one-to-one correspondance

{K C L C K cyclic of order n} — {H C K*/K*" cyclic subgroup of order n}
L KX QL KX,

The extension corresponding to a cyclic subgroup H C K*/K*" is K (a%) where a is a gener-
ator of H.
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We can in fact extend the results of Corollary [6.9] to all abelian extensions of exponent n.
Recall that the exponent of a finite group G is the smallest integer n such that ¢" = 1 for all
g € G. A finite abelian group of exponent n is isomorphic to a subgroup of (Z/nZ)".

For any finite Galois extension L /K with Galois group G, the Kummer exact sequence

™

0—pp, > L ——L"—=0

induces an exact sequence (using Hilbert’s Theorem 90 to get H' (G, L*) = 0)

r—x™

0— pp — K 225 KX N L*" — HY(G, i) ~ Hom(G, p1,,) — 0.

This yields the isomorphism:

KX X7 [ Xn ~ H
(6.2.1) { m / - Om(G7 Mn)

a »—>(g'—>M)

[0}

and if we moreover assume that G has exponent n, then Hom(G, p,,) and G are (non-canonically)
isomorphic and it follows that

(6.2.2) [L:K]=[K*NL": K.

Theorem 6.10. Let n be an integer and K be a field containing a primitive n-th root of 1. Fix K
an algebraic closure of K. There is a one-to-one correspondance

{K C L C K finite abelian extension of exponent n} — {H C K*/K*" finite subgroup}
L— K*NL*"/K*".
The extension corresponding to a finite subgroup H C K* /K*" is K[H %], the smallest subfield

of K containing K and an n-th root of each element of H.

Moreover; for an extension L corresponding to a subgroup H, we have
[L: K|]=[H:K*"].

Proof. First note that for any H C K such that H contains K *" as a subgroup of finite index,
if {a,...,a,} is a set of generators for H/K*", then

1 1 1 1

K(HY) = K(a}) - K(a3)- - K(a?)

and we see that L/ K is a finite abelian extension of exponent n.

For L/K a finite Galois extension, set H(L) := K* N L*". Then for any L, we have

K(H(L)») C L. Forany H C K* such that H contains K *™ as a subgroup of finite
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index, we have H C H(K(H=)). Note that with this notation, Equation becomes
[H(F): K*"| = [F : K] for all F'/K of exponent n. It follows that

3=

[L: K] > [K(H(L)"): K] = [H(K(H(L)")) : K*"] > [H(L) : K7,

where the equality in the middle holds because K (H(L)x)/K has exponent n by the remark
above. Since we also have [L : K| = [H(L) : K*"], it follows than the inequalities are in fact
equalities and we obtain K (H(L)w) = L.

Now, if we start from a subgroup H C K such that A contains K *" as a subgroup of finite
index and define L := K(H %), we have already seen that L is a finite abelian extension of K
with exponent n. Let us write G := Gal(L/K). The isomorphism

H(L)/K*™ = Hom(G, )

from (6.2.1)) induces an isomorphism

~

H/K*" — Hom(G/Hy, ptn), where Hy:={g€c G | g(a%) = ax foralla € H}.

But by definition of L, if g is in H, then g = Id . Therefore, the two above isomorphisms are in
fact equal and H (K (H=)) = H(L) = H, as wanted. O

Example 6.11. (1) The theorem states that quadratic extensions of R are in one-to-one corre-
spondence with the subgroups of R* /R*? ~ {+1}.

(2) The finite abelian extensions of QQ of exponent 2 are in one-to-one correspondence with
the finite subgroups of

Q/Q* ~ {£1} x |] z/22.

p prime

We also have:

Proposition 6.12. Let K be a number field, and let L = K (aj,...,a"). Let v be a finite place
of K. If na; is a unit in K, for all 1 <1 < r, then L is unramified at v.

Proof. By induction, we can reduce the proof to the case L = K (a%) of degree n. But we have
Disc(X" — a) = £Nmp, x P'(a) = £n"a" "

Hence if na is a unit in K, this means that the associated prime ideal p, does not divide
Disc(X™ — a) and so, L is unramified at v. O
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6.3 Second inequality for abelian extensions of exponent p

The goal of this section is to prove the following theorem:

Theorem 6.13. Let K be a number field that contains a primitive p-th root of unity and let L/ K
be a finite abelian extension with exponent p. Then [l : K* - Nmy, i (I.)] divides [L : K.

Using the reduction results proved in Section [6.1] this would in particular conclude the proof
of the second inequality (Theorem [6.1).

Let us fix K a number field that contains a primitive p-th root of unity and let L/K be a
finite abelian extension with exponent p. Let r be such that Gal(L/K) ~ Z/p"Z. Then by

Theorem [6.10, we know that we can write L = K (a?,... a’) withay, ..., a,in K. Let S be a
finite set of places of /K such that

(i) S contains the infinite places of K,

(ii) S contains all the places that divide the prime p,

(iii) the a;’s are all in U(.5), i.e. ord,(a;) = 0 forallv ¢ S,

(iv) S contains a set of generators for the ideal class group of K.

Note that by Proposition conditions (ii) and (iii) imply that S contains all the places that
ramify in L. By Lemma condition (iv) implies [ = K™ - [ ¢. Using the compactness of
I}./K* we can prove that U(S) can be decomposed as a product U(S)iors X Z57! with s = | S|
(the proof is the same as the one of Dirichlet’s units theorem seen in Sheet 3, Exercise 4 — we just
need to replace S, by S), where U(S)ors is cyclic. But we also have that U (.S is @ p-group
SO

(6.3.1) U(S)/U(S) ~ (Z/pZ)*~" x (Z/pZ) = (Z/pZ)*.

Consider the Kummer extension M := K(U(S )%) corresponding (via the correspondance of
Theorem [6.10)) to the group
US) - K*P/K*P ~U(S)/(US)NK*?) ~U(S)/U(S)? ~ (Z/pZ)*.

Hence [M : K] = p°. Note that since the q;’s are in U(S), we have that M contains L: in fact,
M/ L also corresponds (via Theorem for extensions of L) to the group

U(S) - L /L% ~ U(S)/(U(S) N L*P).

We define t := s — r such that [M : L] = p’. We have the following result:

Proposition 6.14. Let K, L and S as above. Then
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(1) There exists a finite set of places T of K disjoint from S such that the set
{(p, M/K) | p € T} forms a basis of the ¥ ,-vector space Gal(M/L).

(2) For this T, any element a in U(S) becomes a p-th power in L if and only if a becomes a
p-th power in K, forall v € T.

(3) For this T, the subgroup of 1

w(s,T)=[[&7 < [[&: = [ U

veS veT vgSUT

is contained in Nmp, i (Ir).

Proof. We start by constructing the set 7. Let p be a prime of K, q; a prime of L dividing p
and q,, a prime of M dividing q,. If p is not in .S then by Proposition [6.12] and hypothesis on S,
the extension M,,, /K, is unramified so Gal(M,,,/K,) is cyclic. But since M /K has exponent
p and Gal(M,,,/K,) C Gal(M/K), we see that M,,, /K, is cyclic of exponent p. Hence it is
either trivial or cyclic with order p. In particular, we obtain that if A/, is not equal to L, then
Ly, = K,.

Write S’ the finite set of the places of L which lie above the places of S. From Corol-
lary we know that {(qa, M/L) | qu does not divide places of S’} generates the group
Gal(M/L). So we can extract a finite subset T' of places of K such that TN S = () and
{(qar, M/L) | qar above places of T’} generates the F,-vector space Gal()M/L). We can also
choose 7" such that (g, M /L) # 1 for places of 7', and in particular M,,, # L,,. Then if q,
a place of L dividing p € 7" and q,; a place of M above q, the above paragraph tells us that
L,, = K, and we obtain (q5;, M /L) = (qa, M/K). This finishes the proof of (1).

Let us now prove the second point. Assume first that a is in U(S) such that @ = b* for bin L.
For all places w of L, a,, = b% in L. If w = q is a place dividing some p place of 7', then by
the above, we have L, = K, so a, = b{; in pr as wanted. Conversely, let a be in U (S) such that
for any p in 7', there exists ¢, in K| pX with a, = cf,’ . By definition of M, we also know that a = b?
for some b € M. For q a place of M dividing a place p of T', we can assume b, = ¢, (since K
contains (). In particular b is fixed by (p, M/K) for all p in 7', and so it is fixed by Gal(M/L).
We obtain b € L. This proves (2).

To prove (3), take a = (a,) an element of W (S,T"). We want to show that for each v, the
component a, is on the corresponding norm group. If v is in 7" and w a place of L dividing v, we
have seen that L,, = K, so a, is clearly in the image of Nmy, /. If v isin S and w a place of
L dividing v, then we know that the local Artin map induces an isomorphism:

K} /Nmy, k, (Ly) = Gal(L,/K,).

But since L,,/ K, has exponent p, it follows that the exponent of the group KX /Nmy, /k, (L)
is p as well, and in particular, K7 is contained in Nmy, ,x, (L} ), as wanted.
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If v is not in S U T then L,,/ K, is unramified and we know that for unramified extensions of
local fields, the norm map Nm;, /k, : U, — U, is surjective. This concludes the proof of the
proposition. L

It follows from the third point of Proposition [6.14] that, in order to prove that
Mg : K* - Nmp,g(I)] divides [L : K| = p", it suffices to prove that [Ix : K* - W(S,T]
divides p" (since [Ix : K - Nmp,x(I.)] divides [Ix : K* - W(S,T)]). But by Lemma[5.20] we
still have [ = K™ - [k sur and so we are reduced to show that

(6.3.2) (K™ I sur : K™ - W(S,T)] divides p".
This follows from the following three propositions (recall that p” = p*~):

Proposition 6.15. We have:

[]IK,SUT : W(S, T)]

B Arsor = B2 WS = s Uy o n (s )

Proposition 6.16. We have [l sur : W(S,T)] = p*.

Proposition 6.17. We have [U(SUT) : K* NW(S,T)] = p**..

6.3.1 Proof of Proposition

Since U(S,T) = I sur N K™, Proposition immediately follows from the following general
lemma:

Lemma 6.18. Let H be an abelian group and H,, Hy and Hs subgroups of H such that Hy, C H,.

If two of the indexes [Hy : Hs|, [H, - Hy : Hy - H3| and [Hy N Hy : Hy N Hs] are finite then so is
the third one and

[Hl : HQ] == [Hl mHg : H2 mHg][Hl . H3 : H2 Hg]

Proof. This follows from the commutative diagram with exact rows and colums (the third row is
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exact by snake lemma):

0 0 0
O—>H2mH3 H2 (HQHg)/H3—>O
00— H\ N Hy , (H, - Hy)/H; ———0

0—— (Hy N H3)/(HyN H3) — Hy/Hy —— (H; - H3)/(Hy - H3) —— 0

6.3.2 Proof of Proposition [6.16|

We will need the following general result:

Proposition 6.19. (1) Let p be a prime number, if K is a finite extension of Q, and pu,(K) the
groups of n-th roots of 1 in K*, then we have
" 1
U Ukl = 7= [ (K)].
Ik
(2) If K is a local field of characteristic 0, we have

(K K] = ﬁ (K-

Proof. For the first point, we regard Uy as an Z/nZ-module with trivial action. Then by defini-
tion of the Herbrand quotient,

[Uk - Ug] = h(Uk) - [1n (K)].

It remains to compute h(Ux ). We have the following claim:

Proof of the claim. We have seen in the proof of Lemma [5.4] (and Proposition [5.5) that there
exist subgroups of finite index V) C Ok and Vi, C Uk such that the exponential map defines an
isomorphism between V; and V5. In particular, h(V}) = h(V5).

From Proposition [5.23), it also follows that h(V;) = h(Ok) and h(Vs) = h(Uk). Hence the
desired equality. ]
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Since Ok has no n-torsion, we have h(Ok) = [Of : nOk] which is by definition the inverse
of the norm of n. This proves that

h(Uk) = Tle

as wanted.
Let us now prove the second point. In the case where K is a finite extension of Q,, we can
write K™ ~ Uy x Z and we have
1
(K2 K = (22U UR) = o (K

by point (1). If K = C, then C" = C and |u1,,(C)| = n. Since |n|c = n?, (2) is satisfied in that
case. Finally, assume K’ = R. Then

1 ifnisodd,

2 ifniseven,

1 ifnisodd,

2 if niseven.

R* R = { and  [ju,(R)| = {
Since |n|g = n, both formulas are clearly equal. O

We can now use the above proposition to compute [Ix s r : W (S, T)].

Proof of Proposition[6.16] Recall that we want to prove [Ix sur : W (S, T)] = p* where s = |S]

and
Ixsor = [[ K <[] KX < ] U

veS veT vgSUT
WS, T) =] K> < [[ &S = ] U
ves veT vg SUT

We clearly see that
L sur : W(S,T)] = H[KUX KT
veS
By Proposition |6.19] we have (there are exactly p p-th roots of 1 in K,)

P 2

Pl

()] = 2

Pl

K 2 K] =

Since we have assumed that .S contains all the places v such that |p|, # 1 then

ITlel =] lpl =1

veS all v

by the product formula. We have proved
[HK,SUT . W(S7 T)] = p28.
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6.3.3 Proof of Proposition 6.17
Lemma 6.21. Let K, L, S and T as in Proposition Then the natural map
us) — [[v./ur
veT

is surjective.

Proof. We write H for the kernel of this map. We want to show that

U(S): H = [[U,: U2

veT

By Proposition[6.19] for any v € T,

v+ 7] = PR ) =

since by hypothesis on S and 7, the norm |p|, is 1 and K, is non-archimedean. So
[LerlUs: US] = p'.

Let us compute the left hand side. We have seen in Proposition [6.14(2) that H is equal to
U(S)NL*?.SoU(S)/H ~U(S)/(U(S) N L*?) and this group corresponds via Theorem|6.10|
to the extension M /L. Since [M : L] = p', we obtain [U(S) : H] = p', as wanted. O

Finally we will use the following consequence of Proposition [5.21}

Proposition 6.22. Let K be a number field containing a primitive n-th root of 1. Let S be a set
primes containing the infinite primes S, the primes that divide n and a set of representatives of
the ideal class group of K. Let T be a set of primes disjoint from S such that

u(s) — vy
veT
is surjective.

If x is an element of K* which is an n-th power in K, for all v in S and a unit outside S U T,
then x is in fact in K*".

Proof. Assume that x is an element of K> which is an n-th power in K, for all v in S and in
U(SUT). Letus set L := K (). We will use Proposition to show that L = K. Consider
the subgroup

D:=][&; x[[vr= [] U

veES veT vg SUT
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We need to check that D is contained in Normy,/x (Iz) and D - K is dense in I .

Let a = (a,) be an element of D C . If v is in S, then a, is in K we have K,(z7) = K,
(by definition of z) so a, = Normy,, /k,(a,). If v is in T, then a, can be written b} with b, in
U, We know from local CFT that [K : Norm 1 /KU(KU(;,;%)X)] — [K,(x7) : K,]. But the
degree [K,(z7) : K,] divides n, so (—)" kills K> /NormKU(x%)/KU(KU(a:%)X) and we obtain
that a,, = b}} is in the norm group. If v is not in S nor 7', then a, is in U, and nz is a unit in K.
From Proposition we see that K, (xl) /K is unramified at v and we know that in that case

the norm map is surjective on the units. Hence a, is in the norm group. This proves that D is
contained in Normy,/x (I,).

We now show that D - K* = Ilx. By definition, we have g /D =[], .y
we have assumed that the map U (S) — [[, ., U,/U is surjective, we obtain

U,/U! and since

]IK,S ~D. U(S)
By Lemma [5.20| we have [ ~ Ik ¢ - K, hence

Iy ~D US)-K*=D-K*.

We can now prove Proposition

Proof of Proposition[6.17} We want to show [U(SUT) : K* NW(S,T)] = p**'. Recall that
we have U(SUT)/U(SUTY ~ (Z/pZ)*t so [U(SUT) : USUT)?| = p*tt. More-
over we clearly have an inclusion U(S U T)? C K* N W(S,T). So it suffices to prove that
K*NW(S,T) C U(SUT)P. But this follows from Proposition[6.22] O

7 Brauer groups

In this section, we make use of the computation of the cohomology groups of C, to obtain results
about Brauer groups of number fields. This will be used later, in the proof of the reciprocity
law. We also prove the fundamental exact sequence of global class field theory and construct a
fundamental class in the Brauer group.

7.1 Brauer group of nhumber fields

For L/ K a Galois extension of (any) fields and K an algebraic closure of K, we set:

Br(L/K) := H*Gal(L/K),L*) and Br(K):= H*(Gal(K/K),K").
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Recall that if /& is a non-archimedean local field, then there exists a canonical isomorphism

(7.1.1) invg : Br(K) = Q/Z

such that for any finite Galois extension of degree d, there is a commutative diagram with exact
rows
0 — Br(L/K) — Br(K) 2= Br(L)

inVKJN NJinvL

0——12/2 ——Q/Z2—2-Q/Z
In particular, this induces isomorphisms
~ 1
(7.1.2) vy g : Br(L/K) — EZ/Z'
Moreover, if K is the field of real numbers R, then we have

invg : Br(K) = %Z/Z.

Let L/K be a finite abelian extension of number fields. Recall that if v is a place of K and
w a place of L dividing v, we have seen that Br(L,,/K,) depends only on v and we denote by
Br(L"/K,) this group.

Theorem 7.1. Let L/ K be a finite Galois extension of number field. There is a natural injective
map

Br(L/K) = €D Br(L'/K,).

v place of K

Similarly, there is a natural injective map

Br(K) —» €P Br(K,).

v place of K

Note that the above maps land in the direct sum, hence if /5 is an element of Br(K), we see
that the images 3, of 5 in Br(K,) are zero for almost all v’s.

Proof. Let us first assume that L./ K is a finite Galois extension. From Theorem 2), we know
that H'(G, Cy) is trivial and in Proposition|5.13| we have computed

2(G,1) = @m (G", L") = @B Br(L/K,).

Hence, taking the cohomology of the short exact sequence:

0—=L" =1, -C;,—=0
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we obtain an injective map:

H*(G,L*) — H*(G,1,) = @Br L'/K,),

as wanted.

We then obtain the result for K by passing to the limit (we use the result from Exercise Sheet
5, stating that H*(G, Iz) = @, Br(K,) where Iz = colimy, k1) . O

Let us collect a few facts about cyclic cyclotomic extensions. Let p be a prime number and
r > 1. Recall that for (,~ a primitive p”-th root of 1, there is a natural isomorphism of groups:

{(szzv % Gal(Q(¢r)/Q)

U = Gy

Recall also that we have a decomposition (Z/p"Z)* ~ A, x Z/p™Z where A, ~Z/(p — 1)Z
if pis odd and Z/2Z when p = 2, and n, = r — 1 if pis odd and r — 2 if p = 2. We define
K®r = Q((,r)?" so that Gal(K®"/Q) ~ Z/p™Z is cyclic. A cyclic cyclotomic extension
of Q is the composite of some K P when p and r vary.

Let us pass to infinite cyclic cyclotomic extension. Define K = U,>1 Q((pr) where the
(pr’s are primitive p"-roots of 1. The above isomorphism of finite groups induces an isomorphism
of topological groups

2 = Gal(K™/Q)
and we have a decomposition Z; ~ A, xZ, where A,, is as before. Define K (P = (K, ép )’OO)AP

so that Gal(K P> /Q,) ~ Z,. The infinite cyclic cyclotomic extension of Q is the composite:

with Galois group [ ], Z;, ~ Z.

If we have a finite extension K" of Q then K - Q¢ is a Galois extension of K with Galois group
isomorphic to a subgroup of finite index in Z. Such a subgroup is open (note that this is not true
if the Galois group is not Z, we are using here that Z is topologically finitely generated) so it
is isomorphic to some nZ for n > 1. Hence it is in fact isomorphic to Z itself and we obtain
Gal(K - Q°/K) ~ Z. We choose such an isomorphism and we consider kK, the extension of
K corresponding to mZ. Then we have that K,, /K is cyclic of order m and it is contained in a
composite of some K (()’s where the (’s are primitive roots of 1. A cyclic cyclotomic extension
of K is the composite of such K ,,’s.

We have the following result:
Lemma 7.2. Let K be a number field and let S be a finite set of primes in K. Then for any

integer m > 0 there exists a cyclic cyclotomic extension L/ K such that for all v € S, the integer
m divides the degree [L" : K.
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Proof. See Exercise Sheet 6. []
We derive from the lemma the following result:

Proposition 7.3. Let K be a number field and (3 an element in Br(K). Then there exist a cyclic

cyclotomic extension L/ K such that the image of (3 by the restriction map Res : Br(K) — Br(L)

is zero.

Proof. From Theorem we know that there is a commutative diagram with exact rows:

0 0 0
| | |
0 Br(L/K) Br(K) Br(L)

J l l

0— @v place of K BI'(LU/K,U) - @v place of K BT(KU) - @w place of L BI'(Lw)

Hence, to show that the image of (3 is zero Br(L) for some extension L, it suffices to show that
for any place v of K, the image of 3 in Br(K,) maps to zero in Br(L,,) for w|v. Using the
invariant map, it suffices to show that inv,,(Res(3)) is zero in Q/Z for all w place of L. But we
have

inv, (Res(8)) = [Ly : K] - inv,(5).

So to prove the proposition, it suffices to find a cyclic cyclotomic extension L of K such that for
any place of v and w dividing v, we have that [L,, : K,] - inv, () is in Z. But the images of
in the groups Br(K,) are zero for almost all v. Let S be the finite set of the places v of K such
that inv, (0) is non-zero. We can find m an integer such that m - inv, () is zero in Q/Z for all v
(take m to be a common denominator of the inv, (/) for v in S). Using Lemma[7.2|for such an
S and m, we obtain the desired L. O

Remark 7.4. In particular it follows from Proposition [7.3|that Br(K - Q¢/K) ~ Br(K).

7.2 The fundamental exact sequence

Let L/ K be a finite extension of number fields. We define maps (note that the sum is well-defined
since almost all 3, are zero):

. {@U Br(L'/K,) — Q/Z s {@v Br(K,) — Q/Z
(Bo)v =Y, invy(By) (Bo)w =y, inv,(8,)

~

where for any place v, the maps inv, are the isomorphisms Br(L'/K,) — %Z/Z for
n, == [L” : K,] and Br(K,) = Q/Z if v is non-archimedean or Br(K,) = 3Z/Z is v is
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real. In particular, note that the image of > in the first case is the cyclic subgroup of Q/Z of
order ng := lem(n,, v place of K).

Later, we will prove the following result (see Theorem (8. I)):
Proposition 7.5. Let L/ K be a finite Galois extension of number fields. Then the sequence

0 — Br(L/K) — PBr(L"/K,) = Q/Z
is a complex.

Our goal in this section is to prove the result from Theorem[7.6|below, often called fundamental
exact sequence of global class field theory.

Theorem 7.6. Let K be a number field. Then there is an exact sequence:

0 — Br(K %@Br —>Q/Z—>O

Proof. Let L/K be a finite Galois extension of order m. Recall that the injective map
Br(L/K) — é,Br(L"/K,) comes from the exact sequence 0 — L* — I, - C, — 0
and so we have the following commutative diagram where the first row is exact:

(7.2.1) 0— Br(L/K) — @, Br(L'/K,) — H*(Gal(L/K),C)

|
3

0—Br(L/K)— @, Br(L"/K,) — Q/Z.

The dotted arrow is obtained by factorization, using the fact that the two rows are
complexes (Proposition . Let us denote by H?*(Cp) the image of the map
@, Br(L’/K,) — H*(Gal(L/K),CL). We write ng for the lcm of the [LV : K,], v place
of K. The above diagram induces a surjective morphism

1
(7.2.2) H*(Cp) — —Z/Z.
No
In general n # ng but in the cyclic case we have:

Lemma 7.7. Let L/ K be a finite cyclic extension and let ny denote the lcm of the L' : K|, v
place of K. Thenng = [L : K.

Proof of the lemma. Consider S a finite set of places of K such that S contains S, and all the
primes of K that ramify in L. We know from Proposition that the Artin map

r .{1;3 — Gal(L/K)
PES e e (0 L/K)
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is surjective. But if v is not in S, then (p,, L/K) defines an element of the cyclic group
Gal(L/K) and it has of order n, (which is equal to the inertia degree f, since v is unramified).
So w*z/K(If;) C Gal(L/K) has order ny. By surjectivity, we obtain ny = [L : K]. O

Let us come back to the proof of the theorem. For /K a number field, consider the infinite
cyclotomic extension K¢ := K - Q° from before. It is the colimit of the K,’s where K,/ K
is cyclic of order m. From the above lemma, we know that m = mg where my is the lcm

of the degrees [K,,, : K,] for wjv. We also have by Theorem and Theorem that
H?(Gal(K,,/K),Cg,,) has order m. Hence (7.2.2) gives us a surjective morphism:

1
H?*(Ck,,) — —Z/Z.

(Cx.) = =2
But the order of H?(Ck,, ) is less than the order of H%(Gal(K,,/K),Ck,, ) which is m. So the
above map is an isomorphism and H*(Cg, ) = H?(Gal(K,,/K),Cg,,). Hence, the bottom row
in diagram ([7.2.1)) induces a short exact sequence:

» 1
0— Br(K,,/K)— Br(K'/K,) = —7Z/Z — 0.
(K /K) @r(m/ )= 2/

Taking the colimit over m, we obtain en exact sequence:

0 — Br(K*/K) — P Br((K°)"/K,) = Q/Z — 0.

By Remark we know that Br(K¢/K) ~ Br(K). To conclude it remains to check that we
have isomorphisms Br((K¢)"/K,) ~ Br(K,) for all v. This follows from Lemma for any
place v and any integer r, we can find m such that r divides m, := [K", : K,|. This means
that the degrees m, goes to infinity when m goes to infinity. In particular, taking the colimit of
Br((Ky/K,) ~ m%Z/Z gives Br((K°)"/K,) ~ Q/Z. Hence, Br((K°)"/K,) ~ Br(K,), as
wanted. This concludes the proof of the theorem. ]

Remark 7.8. Lemmal|/.7|is false in general (see Exercise Sheet 6).

As a consequence of the theorem, we obtain:
Corollary 7.9. Let L/ K be a finite Galois extension of number fields. Then the sequence:

1
0= Br(L/K) — @ Br(L"/K,) = —Z/Z 0,
v nO

where ny is the lem of the [L" : K], is exact.

68



Proof. This follows from the snake lemma applied to the map of exact sequences:

0 — Br(K) — @, Br(K,) — Q/Z——0

| l I

0——Br(L) — &, Br(L,) — Q/Z ——0.

7.3 The fundamental class

Let K be a number field. We have seen that if K'/K is a cyclic extension then there is an

invariant map:
1

[K': K|
In this section , if L/K is a finite Galois extension we will write Yr/k the map
@, Br(L"/K,) — Q/Z from before. It has image contained in nLOZ /Z where ng is the lcm

of [L” : K,]. In order to construct an invariant map for L/K, we will need the following key
result:

inVK//KIH2<G31<K//K),(CK/) l) Z/Z

Theorem 7.10. Let L/K be a finite Galois extension and L'/ K a cyclic extension such that
[L: K] =|[L": K]. Then

H*(Gal(L'/K,Cp/) = H*(Gal(L/K,Cp),

as subsets of H*(Gal(K /K, Cy) (see Exercise Sheet 5).

Proof. To simplify the notations, we will set
H*(L'/K) := H*(Gal(L'/K,Cp/) and H*(L/K) := H*(Gal(L/K,Cp).
We first show that H?(L'/K) :C H*(L/K). Define N := L - L. Since L'/K is cyclic, N/ L is

also cyclic. We have the following inflation-restriction exact sequences:

0— HQ(L/K) Y HX(N/K) 2% H2(N/L)

nf ) p esn/L!

0= HX(L'/K) - HA(N/K) =Y g2(N/L).

Take o in H*(L'/K’). We want to show that infy/;,(«) comes from an element of H*(L/K),
i.e. that resy, ., (infn 1 (v)) is zero. But since L'/ K is cyclic, we know that the map

j: @Br "/K,)) — H*(L'/K)
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is surjective, hence there exists 3 in @, Br(L'"/K,) such that j(3) = a. We also have commu-
tative diagrams:

@, Br((L))/K,) ——> H*(L'/K) and @,Br(N'/K,)—— H*(N/K)

inN/L/J lian/L/ I"eSN/Ll lreSN/L

@, Br(NY/K,) —— H*(N/K) @, Br(N¥/L,) —1— H*(N/L).

So, in order to show that resy,.(infy/r/(j(5))) is zero it suffices to show that
j(resnyr(infn//(8))) is zero in H*(N/L). But N/L is cyclic so we have a commutative di-
agram

@, Br(N*/L,) L L 2)2
|
H*(N/L)
and we see that it suffices to check that Xy, (resn,,(inf /1/(3))) is zero.

But we also have commutative diagrams:

XK

@, Br((L)"/K,) 25 Q/Z and @, Br(N*/K,) —Q/2Z
reSN/Ll [L:K]

ian/L/l
@, Br(N*/K,) —Q/z @, Br(N"/L,) /5 Q/Z,

so we obtain
Snyc(resy(infay(B))) = [L: KXy k(infy/(8)) = [L': KX k(6).
Since L'/ K is cyclic we know that L’ : K] kills the image of 3/, and this gives
Syr(resyy(infyy 1 (8))) =0,

as wanted. We have proved
H*(L'/K) C H*(L/K).

The group on the left side is a cyclic group of order [L' : K| = [L : K]. By the second inequality,
the one on the right side has order < [L : K] and we obtain that the inclusion is an equality. [

As a direct consequence (see Exercise Sheet 5), we obtain:

Corollary 7.11. Let K be a number field. Then

H*(Gal(K/K), Cx) = colimy, i cyeiic H*(Gal(L/K),Cyp).
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Hence, we obtain an invariant map

(7.3.1) invg : HX(Gal(K/K),Cx) & Q/Z.

In particular, for L/ K a finite Galois extension, we have

~ 1
(7.3.2) invyr : H*(Gal(L/K),Cr) = Z/Z.
[L: K]
Taking the limit, this yields
(7.3.3) invg : H*(Gal(K/K),C%) = Q/Z.

We obtain:

Theorem 7.12. Let L/ K be a finite Galois extension of number fields. Then H*(Gal(L/K),Cy)
is cyclic of order [L : K] and we have a canonical generator ur, i in H*(Gal(L/K),Cp) called
the fundamental class.

Proof. This follows immediately from (7.3.2), we define u; x as the unique element in
HQ(Gal(L/K), CL) such that invL/K(uL/K) = % in Q/Z O

We also have:

Lemma 7.13. Let M /L/K be a tower of finite Galois extensions. Then,
RGS(U,M/K) = U]\/[/L
IIlf(UL/K) = [L . K]UM/K
Proof. This follows from the definition of the fundamental classes and the commutative diagram
with exact row (using again that H'(Gal(L/K), Cy) is trivial by Theorem 6.1)):
0—— H*(Gal(L/K),Cr) — H?*(Gal(M/K),Cy) — H?*(Gal(M/L),Cy)

invL/KlN inV]\/I/KlN NlinvM/L

[L:K]
0 [L:lK] Z)Z [MlzK] Z/Z []\/IlzL] Z/Z

[]

If follows from Lemma that we can apply Tate’s theorem (Theorem [5.1) to obtain an
isomorphism:
Gal(L/K)* = Cg /Normpx(Cp).
Using the fact that the fundamental class uy,f is built from local fundamental classes and that

the global Artin map is compatible with the local ones, we can show that the above isomorphism
defines an inverse to the global Artin map.
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8 Main theorems of Global CFT

In this section we complete the proofs of the global reciprocity law and the existence theorem.

8.1 Reciprocity Law
We start by proving the following theorem:

Theorem 8.1. (/) Let L/ K be a finite abelian extension of number fields with Galois group G
then the subgroup of principal ideles K* C Ik is contained in the kernel of the Artin map

]IK — G
(DL/K .
(ap)y — Hv Pr,/K, (ay).

(2) Let L/ K be a finite Galois extension of number fields with Galois group G and 5 a class
in H*(G, L*). Then Y, inv,(B) is zero in Q/Z.

The theorem will follow from the following three lemmas:

Lemma 8.2. Let L/ K be a finite abelian extension of number fields.
(1) If statement (2) in Theorem is true for L/ K then statement (1) is true for L/ K.

(2) If we assume moreover that L] K is cyclic, then statement (1) for L/ K implies statement
(2) for L/ K.

Proof. Let L/K be a finite Galois extension of number fields with Galois group G. Assume
that for all 8 in H?(G, L*) then () = 0 in Q/Z. Let x be an element of the principal ideles
K. We want to show that ¢/ (x) is zero in Gal(L/K). To do that, it suffices to show that
x(¢r/x(x)) = 0 for all character y in Hom(G, Q/Z). So let x be such a character. Since we
have an isomorphism Hom(G, Q/Z) ~ H'(G, Q/Z), the image of y by the edge map coming
from the short exact sequence

0-Z—-Q—->Q/Z—0

defines an element ¢, in H*(G, Z). Since K* ~ H°(G, L*) (respectively I ~ H°(G,1},)), tak-
ing the cup product with §, defines a map from K> to H*(G, L*) (respectively I to H*(G,11.)).
We will prove that the following diagram commutes:

bL/K

K~ Ik G

] P

H2(G, L") — H*(G,1;) —— Q/Z
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The commutativity of the left square is obvious. The fact that the right square commutes can
be deduced from the analogous result in the local case, i.e. if v is a place of K and Y, in
Hom(G",Q/Z) a character of the decomposition subgroup G* then we have a commutative
diagram:

dLY /K,

KX Gal(L¥/K,)

UéX,Ul J/Xv

HX(GY, K)) —2 s Q/Z.

This gives us
X(¢r/x(x)) = X(rUdy) =0

since we have assumed that statement (2) is true for L /K. This shows that ¢, /i (x) = 0 for all
principal idele x.

For (2), let us assume that L./ K is cyclic and that the Artin map ¢,/ is trivial on the principal

ideles. Since G is cyclic, we can write it as %Z /Z for some n and we have an injective character

X : G — Q/Z given by the inclusion. Moreover, for a cyclic group we know that the cup product
— U d,, induces an isomorphism between the H-group and the H?2-group. The diagram above

becomes:
PL/K

K~ Ik G
uaXlN Nluax [x
H2(G,L*) — H*G,1,) —— Q/Z
A simple diagram chase show that if the map given by the top row is trivial then the map given
by the bottom one is also trivial, as wanted. L]
Lemma 8.3. Ler L/ K be a finite abelian extension of number fields. Then,
(1) If statement (1) in Theorem is satisfied for L/ K, it is also satisfied for any subextension.
(2) Let K’ be a finite abelian extension of K. If statement (1) in Theorem is satisfied for
L/K, it is also satisfied for the composite L - K' | K.

Proof. Let us first prove (1). Let K’ be an intermediate extension X' C K’ C L. We have a
commutative diagram:

Le 255, Gal(L/K)
¢K’/K lRes
Gal(K'/K)
so if K is in the kernel of ¢,/ it is in the kernel of ¢, . This proves (1).

For the second point, consider K a finite abelian extension of K and write L' := L - K'. We
know that locally, for v a place of K and w a place of K’ dividing v, we have a commutative
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diagram:
(fo — Gal((L')"/K,)
(K,)* —2 Gal(LY/K,).

Hence, we obtain a commutative diagram

¢LI/K/

K'—— T =5 Gal(L'/ K')

NormK//KJ/NormK//Kl \[

K —— T 2 Qal(L/K).

In particular, we see that if the image of K in Gal(L/K) is trivial then the image of K’ in
Gal(L'/K') is trivial. O

Lemma 8.4. If statement (2) of Theorem|[8.1|is satisfied for any cyclic cyclotomic extensions then
it is satisfied for all finite Galois extensions.

Proof. Let L/ K be a finite Galois extension. Let § be in Br(L/K). We can see 3 as an element
of Br(K'). We want to show that ) _inv, (/) is zero. From Proposition we know that there
exists a cyclic cyclotomic extension M /K such that the image of § in Br(M) is zero. This means
that 8 comes from an element of Br(A//K). But by hypothesis, statement (2) of Theorem [8.1]is
satisfied for M /K. It follows that 3(5) = 0. O

We can now prove Theorem [3.1]

Proof of Theorem[8.1} Assume that we know that Theorem [8.1[(1) is true for extensions of the
form Q(¢)/Q with ¢ a primitive root of 1. Then By Lemma 8.3(2), the statement (1) of the theo-
rem is also true for any extension of the form K ({)/K where K is a number field. In particular, it
is true for cyclic cyclotomic extensions L/ K. By Lemma|[8.2(2), this implies that Theorem 8.1(2)
is true for cyclic cyclotomic extension. By Lemma(8.4] we obtain that Theorem [8.1[2) is true for
any finite Galois extension L/K. From Lemma [8.2(1), this also proves that Theorem [8.1(1) is
true for all finite Galois extension L/K . Hence, it suffices to show Theorem[8.1[1) for Q(¢)/Q.

Assume ¢ = (,, is a primitive m-th root of 1. Then (Z/mZ)* = Gal(Q(¢)/Q) and if n is
in (Z/mZ)* we write [n] its image by this isomorphism (i.e. [n|(¢) = (™). We want to compute
the image of Q* via the Artin map ¢q(¢)/q : Iq = Gal(Q(¢)/Q). Let x be an element in Q. To
prove that ¢(x) is trivial on Q((,,), it suffices to show that the restrictions ¢(x)|q(c,) are trivial
for the prime numbers ¢ dividing m. Hence we can assume m = ¢". We need to describe ¢, (x)
where ¢, is the local Artin map for v € {oo, p prime number}.

(i) If v = oo, then ¢os send 2o, € R*/Norm(C*) ~ {—1,1} to [sign(zs)] in Gal(Q(()/Q).
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(ii) If v = p with p # £, then p is unramified in Q((), so if we write x, = u,p® with u in Z
and s > 0, then by construction of the local Artin map ¢,(x,) = [p°].

(iii) If v = ¢ then / is totally ramified in Q(() so if we write x;, = u,¢* withwin Z, and s > 0,
then we have ¢, () = [u,!].

Considering the p-adic (and /¢-adic) expensions of the units u, and u,, we see that it suffices
to prove that [ [ ¢, (x,) is trivial for z in {—1, ¢ prime number}. But from the above description
we get

[-1] ifp = oo,
Pp(=1) =4 [-1] ifp=¢
1] ifp#£/{,00.
1] itp £t
/) —
@(0) {[1] ifp =1~
[d  ifp=gq
$(q) = la™] ifp=4¢, whereq#/,
[} ifp#Llyq,
and we see that in any case,
[[¢v(x) =1
This proves that the Artin map is trivial on Q({)*, as wanted. ]

We deduce from it the proof of the reciprocity law.

Proof of Global Reciprocity Law (Theoremd.17). Let L/K be a finite abelian extension of num-
ber fields and consider ¢,/ : Ix — Gal(L/K) the associated Artin map. Recall that we want
to prove that ¢y, (K ) is trivial and that it induces an isomorphism

The first statement is exactly the first point of Theorem Let us check the second statement.
From Lemma we know that Nmyp,, i (I) is contained in the kernel of ¢, /K> hence the map
is well-defined on Il /K* - Nmp,/x(I;). We have seen as a consequence of the first inequality
Corollary[5.23|that the Artin map is surjective. Moreover, the second inequality (Theorem[6.1(1))
states that the order of I /K™ - Nmy x(I.) is less than the order of Gal(L/K), hence the map
is an isomorphism. L

8.2 The norm limitation theorem

As a consequence of reciprocity law, we obtain the following result:
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Theorem 8.5. Let L be any finite extension of K and let M be the maximal subextension of L
such that M | K is an abelian Galois extension. Then we have

NormL/K((CL) = NOI“IIlM/K(CM).

Proof. We can find K'/K a Galois extension such that L. C K'. Let us set G := Gal(K'/K)
and H := Gal(K’/L). From Tate’s theorem, we know that there is a commutative diagram:

H2(H,Z) —" H(H,Cg/)

Corl lCor

~

H2(G,Z)— H(G,Cy)

where the top horizontal arrow is the cup product with the fundamental class 3 +— 3 Uug:/;, and
the bottom one 3 + 3 U ug:/k. This diagram can be identified with the following one:

Hab ;CL/NOTIHK//L(CK/)
lNormL/K

Gab — CK/NOI'HIK//K<CK/).

We obtain
CoKer(H* — G**) ~ Cg /Normy,x(Cp).

But by definition of M, we also have
CoKer(H™ — G**) ~ Gal(M/K).

From Global Reciprocity Law, we have an isomorphism Gal(M/K) ~ Cg/Normys x(Car).
We have proved
CK/NOI'IHL/K(CL> ~ CK/NOI'I’HM/K((CM).

Since we also have
Normy,/x(Cr) = Normys/x (Normp,/x(Cr)) C Normps/k (Car),

we obtain Normy x(Cr) = Normy/x (Ca).

8.3 Existence Theorem

We will need the following lemma:
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Lemma 8.6. Let K be a number field.
(1) If U C Cg is a norm group, then any group V- C Cy such that U C V is a norm group.

(2) If U is an open subgroup of finite index of Cx and there exists a finite extension L /K such
that Normz/lK(U ) C Cy is a norm group, then U is a norm group.

Proof. Let us first prove (1). Assume that there exists L /K finite such that U = Normp,/x(Cr)
and consider U C V containing it. We want to show that V' is a norm group. From the Global
Reciprocity Law (Theorem[4.17), we know that the Artin map induces an isomorphism

(bL/K . CK/U = (CK/NOIIHL/K((CL) :> Gal(L/K)

The image ¢,/ (V') of V defines a subgroup of Gal(L/K), so it corresponds to some extension
K Cc M C L. Since M is fixed by ¢, (V'), the Artin map induces an isomorphism

Cx/V = Gal(M/K).

But by Global Recoprocity Law (Theorem [4.17), the kernel of the Artin map
¢k : Cx — Gal(M/K) is Normu i (Cpr), hence V' = Normys/x(Cys). This concludes
the proof of (1).

Let us now prove the second point. We write V' := Normz/lK(U ) € Cg. By hypoth-
esis, there exists My/L a finite abelian extension such that V' = Normy,,.(Cpg). Con-
sider M the maximal abelian subextension of M,/K. By Theorem we know that
Norms, x (Car) = Normyy, x (Cay,) and by composition, we have

Normy,/x (Chsy) = Normy/x (Normyy, /1.(Chy,)) = Normy (V) C U

and the result follows from point (1). O
We first prove the theorem in a particular case:

Theorem 8.7. Let K be a number field that contains a primitive p-th root of 1 and let V' be
an open subgroup of finite index of Cx such that Cx |V is a finite group killed by p. Then
V' is a norm group, i.e. there exists an abelian extension M /K of exponent p such that
V= NOI"HIM/K(CM).

Proof. Let S be a finite set of primes such that S contains S, the places that divide p and a set of

generators of the ideal class group. Let M := K(U(S )%) the Kummer extension corresponding
to the group U(S) - K*?/K*? ~ U(S)/U(S) N K*P. Consider the subgroup of I:

w(S) =[] &;* <[] U.

veS véS

To prove that V' is a norm group, we prove:
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(a) For such a set .S, the group W (S) - K*/K* is a norm group.

(b) If U is the inverse image of V' in [ then there exists such a set .S so that U contains
W (S) - K* as a subgroup.

The result then follows from Lemma 8.6]since (b) implies that V' contains W (S) - K* /K as
a subgroup.

Let us first prove (a). We prove that W (.S) - K* = Norm/x (Ir) - K*. To do that we check
the two following points:

(i) We have an inclusion W (.S) C Norm;,x (Iar).

(ii) The indexes [Ix : K*-W(S)]and [Ix : Norms, i (L) - K*] are equal (and they are equal
to p® where s := |S)).

We first prove (i). Let a be in W(S). If v is a place in S then a, = 0 with

v

b, in K. For w a place of M dividing p, the local Artin map gives an isomorphism
K /Normyy, /i, (M)) = Gal(M,,/K,) and since the Galois group has exponent p, we ob-
tain that b? is zero in K\ /Normyy, /i, (M, , as wanted. If v is not in S, then it is unramified and
the norm map is surjective on the units. We obtain that a is in Normj, & (Tar).

We now prove (ii). The global Reciprocity Law for M /K gives us an equality
Mg : K- Normy i (In)] = [M : K]
and from Kummer theory (Theorem[6.10), we know that
M : K] =[U(S) - K*?: K*?| =p°
where s = |S| (we have also used, as before, that U (.S)/U(S)? ~ (Z/pZ)®).
For the second term, recall that I ~ [ ¢ - K* by Lemma and by Lemma we have
x5 : W(S)]
Ik sNK*:W(S)Nn K]

But the same computation as in sections and give [Igs : W(S)] = p* and
IgsNK*:W(S)NK*| =p

Igs- K*:W(S) - K*] =

We pass to the proof of (b). Let V' be an open subgroup of Cg such that Cx/V is killed
by p and let U be its inverse image in [;. We want to show that there exists S such that
W(S) - K* is contained in U. But since U is open in [y, we know that there exists S such
that [],cg1 X [] 45 Uy is contained in U. But we also know that (-)? kills Ic /U (since it kills
Ck/V) so U also contains I}-. This proves that K= - W (S) C U, as wanted. O

We can now prove Theorem [4.18}

Theorem 8.8 (Existence theorem). Let H C Cg be an open subgroup of finite index. Then there
exists a unique abelian extension L of K such that Nmy, /i (Cr) = H.
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Proof. The proof is done by induction on the index n of . When n = 1, this is obvious.
Assume n > 1. There exists a prime number p such that p divides n. Let ¢ be a primitive p-th
root of 1 and K be the composite Q(¢) - K. If we prove that Norm / x(H) C Cg is a norm
group then by Lemma [8.6] we also have the result for H. Hence we can assume that K contains
a primitive p-th root of 1. Choose V' C Cj a subgroup of index p such that H is contained in
V. By Theorem 8.7, we know that V' is a norm group: there exists M /K of exponent p such
that V' = Normy g (Cpr). Write U := Normﬁ/K(H ) C Cjpr. We want to apply the induction
hypothesis to U, to do that we will show that [C,, : U] strictly divides [Cf : H]. Consider the
map
NOYHIM/K . CM — CK/H

Its image is V/H and its kernel is U so we have [Cy; : U] = [V : H| = [Normp/x(Cpr) : H]
and since Norm/x (Cyy) is a strict subgroup of Cx then [Normys/x (Cyy) : H] strictly divides
[Ck : H]. We obtain that [C,, : U] strictly divides [Cx : H], so we can apply the induction
hypothesis to get that U is a norm group: there exists L /M such that U = Normy y/(Cp). Then

H = Norm/k(U) = Normys/x (Normpp(Cpr)) = Normy, /x(Cr),

as wanted. OJ

Remark 8.9. This concludes the proof of the two main theorems of Global Class Field Theory,
namely Reciprocity Law (Theorem 4.1°/) and Existence Theorem (Theorem in terms of
ideles. To derive the analogous results for ray class groups (Theorem [2.9]and Theorem [2.10), it
suffices to use Proposition @d.12]

9 Density of primes

Recall that the exponential series ano %,L converges on C and defines an holomorphic function
exp on C. For n a positive integer we write n* for exp(log(n) - z) where log : R~y — R is the
usual real logarithm.

9.1 Dirichlet series

We make the following definitions:

(e) A Dirichlet series is a series of the form

for a(n) coefficients in C and s the variable in C.



(o) Let K be a number field. An Euler product for K is a product of the form

1
i ¥ S T A R B e R

pEsS

where d > 11is an integer, S is a finite set of places of K that contains S, the 0;(p, ) are complex
numbers and s is the variable in C. Recall also that N (p) = [Ok : p|.

Example 9.1. We describe here are some classical examples of such objects.

(1) Riemann zeta function. It is the Dirichlet series and the Euler product given by

== I

— p S
n>1 p prime number

(2) Dedekind zeta function. If K is a number field, the associated Dirichlet zeta function is
the Dirichlet series and the Euler product given by

1 1
=2 v L =wg

where the sum is over the integral ideals in O and the product over the prime ideals in O. If
K = Q, we recover the previous example.

(3) Dirichlet L-series. Let K be a number field. If m is a modulus, we define a Dirichlet
character as a group morphism
X : I}S;(m) — C~

such that y (K 1) is trivial. In other words, it is a character y : C, — C* of the ray class group
corresponding to m. The associated Dirichlet L-series is given by

_ x(a) 1
Moo= 2 e - Ll mwer

ptm

where the sum is over the integral ideals a of Ok which are prime to the prime ideals in S(m)
and the product over the prime ideals of O which are prime to the prime ideals in S(m).

(4) Hecke L-series. Let K be a number field. We define a Hecke character as a continuous
group morphism
Y Ig/K* — C*

such that its image is contained in S! := {z € C | |z| = 1}. Using (the proof of) Propo-
sition [4.12] we see that a Dirichlet character corresponds to a Hecke character with discrete
image (note that in Proposition the group G was discrete, here C* is equipped with its
natural topology). Conversely, if the morphism 1, induced by v on the infinite places v satisfies
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y(Rso) = 1if v is real and ¢, (C*) = 1 if v is complex, then there exists a modulus m such
that ¢ induces a Dirichlet character x : [}z(m) — C*.

If  : Ix/K* — C* is a Hecke character, since it is continuous, there exists a finite set of
places S containing S such that J[,cs{1} x [] 45 Us is contained in the kernel of 1. For a
place v, we denote by 7, the element of Ix which has a prime element in the v-position and 1
elsewhere. The Hecke L-series associated to v is defined as the product:

1
Ls(s0) = | | 7= wmy

vgS v

(5) Artin L-series. Let K be a number field and let L be a finite Galois extension of K with
Galois group G. Let p : G — GL(V) be a finite dimensional complex representation of G.
Recall that the trace of p is the morphism Tr(p) : G — C sending g € G to the trace of the
endomorphism p(g) of V. For g in G, we write P,(X) € C[X] the characteristic polynomial of

p(g). ie.
dim(V)

Py(X) = det(1 = p(9)X) = [] (1 -a(9)X),

=1
where the coefficients a;(g) are in C. This depends only on the conjugacy class of g so if p is a
prime of K unramified in L then we can define

Pp(X) = P(q,L/K)(X)

and we write a;(p) for the coefficients a;(q, L/K), where q is any prime of L dividing p. The
Artin L-series corresponding to p is given by

1 1
ton =l g =~ U s —gmemra—aerm 0o aaim(v) (P)N (p) =)’

p unr. p p unr.

where the product is over the primes of K unramified in L.

9.2 Convergence results

In this section we prove various convergence results for Dirichlet series and Euler products.

9.2.1 Dirichlet series and zeta function
We have the following general convergent result for Dirichlet series:

Proposition 9.2. Let f(s) = >, o) pe g Dirichlet series and for x> 1 define

nzl ns
S(x) == > ., a(n). Assume that there exist positive constants M, a and b such that for all
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r > M, we have |S(x)| < ax®. Then for all e > 0 and § > 0, the series f(s) converges
uniformly for s in

D(b,6, €) :={s € C | R(s) > b+ J and |arg(s — b)| < g Y

In particular, the series f(s) defines an analytic function on the half plane R(s) > b.

Proof. The second point follows from the first one since every point s with R(s) > b admits a
neighbourhood of the form D(b, 0, ). We show the uniform convergence using Cauchy criterion.
Let 1 < ny < ny be two integers big enough, we have

n=ni n=ni
S S) R~ _St)
n=ni n=ni—1
_’S(TLQ)_ n1—1 i 15 L 1 )‘
o ng ns n+ 1)3
1 n+1
1S(n2)| | [S( ~ "
N ORIl Z SEl-lsl -1 | ts+1
2 n=ni
ng—1 n+1
a dt
< 5+ > Isl- (an®) - | /
R(s S 1
nz( )=b nm st
n2—1 n+1 4b
t dt
< e Z sloal [ 5

n=ni

< 2a sl / dt
S TR TSI ar TR(S)—brl
n?( )=b ny TRE)Z0H

2a N |s|a
N ORI
Write 6(s) := arg(s — b). For s € D(b, 0, ), we have
|s| _|3—b+b|< |s — b N b B 1 N b < 1 +§
R(s)—b R(s)—b ~ R(s)—b R(s)—b cos(d(s)) R(s)—b~ cos(d(s)) &

Since we have assumed that |(s)] is less than 7 — ¢, this means that the term
by some constant C'. We obtain

ns - n' R(s)—b n71?,(s)7b

n=ni

m is bounded

and we see that when n; goes to infinity, the term on the left converges to zero. Hence the
uniform convergence follows from Cauchy’s criterion. ]

82



Example 9.3. (1) Riemann zeta function. In the case of the series ((s), the sum S(x) is equal
to [x], the integral part of . Hence b = 1 and the proposition tells us that ((s) converges for

R(s) > 1.

(2) Dedekind zeta function. Let K be a number field. For the series (x(s), the sum S(x)
is equal to the number of integral ideals a of O such that has norm less than z. We can show
(see for example Proposition that we have an inequality S(z) < ax for some constant a.
Hence b = 1 as well in that case and we deduce from Proposition that (i (s) converges for
R(s) > 1.

Note that we also have the following result:

Proposition 9.4. Let f(s) =3 -, agj) be a Dirichlet series with a(n) a real number such that
a(n) > 0. Let b be a real number. Assume that f(s) converges for R(s) > b and there exists
e > 0 such that it can be extended as an holomorphic function for |s| < e. Then f(s) converges

onR(s) >b—e.

Proof. Up to changing s by s — b, we can assume b = 0. Assume that f(s) = anl %
converges for R(s) > 0 and there exists ¢ > 0 such that it can be extended as an holomorphic

function for |s| < e. Let us write f(s) this holomorphic function.

On the disk |s| < e, we can write f(s) as its Taylor series

Fls)= 3 (s = 1 F9(1)

and in particular for s = —e, we have

But we have

and we obtain

fl=e)= > %(5 + 1)kw

k>0,n>1

(the series converge since both series converge and have positive terms). We can now compute
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this series:

7 _ a(n) 1 k k
f=e) =2 — = 2 7(e+1)log(n)
n>1 k>0
a(n)
= Z ———=exp(log(n)(1+¢))
n>1 n
o)
=M g
n>1
It follows that the series f(s) converges for R(s) > —e. O

Lemma 9.5. The zeta function ((s) has an analytic continuation to a meromorphic function on
the half plane R(s) > 0 with its only possible pole at s = 1.

Proof. Consider the Dirichlet series

For this series, the term S(z) =, a(n) from Proposition 9.2|is equal to 0 or 1. So in that
case b = 0 and the proposition tells us that (»(s) is an analytic function for R(s) > 0. Moreover,
we have the following formula:

5) ~ 5:0(5) = Gols),

equivalently,

_ Gl(s)
C(S) - 1 _ 21_3 .
Hence, we see that ((s) is analytic for R(s) > 0 except possibly at points s such that 25! is

equal to 1. In other words the only possible problems are for s such that

2kmi
9.2.1 =1 fork € Z.
( ) s + og(2) ork €
Consider now the series (3(s) = >, @ where a(n) = —2 if n is divisible by 3 and 1
otherwise:

1 2 1 1 2

> 3 F 5 6
In that case S(z) is equal to 0, 1 or 2, so b = 0 and Proposition [9.2]tells us that (3(s) is analytic
on R(s) > 0. In addition, we have:

) = 720
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and we see that the only possible poles for ((s) are at the points s such that

2kmi

log(3)’

Combining (9.2.1)) and (9.2.2)), we see that if s is a pole of ((s) then we must have

9.2.2) s=1+ fork € Z.

2kmi 2k'mi
log(2) _ Tog(3)’
equivalently,
2F = 3k,
The only solution is £ = k£’ = 0, so the only possible pole for ((s) is s = 1. [

Lemma 9.6. Let s be in R such that s > 1, then we have

1 1
< <1 .
5—1_C(8)_ +s—1

In particular, {(s) admits a simple pole at s = 1 with residue 1. In other words, in a neighbor-

hood of 1, we can write
1

((s) = — + h(s)

where h(s) is an holomorphic function.

Proof. Assume that s isin R and s > 1. Then for all n > 1, we have

/"de 1 /" dzx
n x® n® n—lxs
*®d > d
/—””§<<s)§1+/ =
1 x® T

Since [, % = _L_ this gives the inequality from the lemma:

and we obtain:

1 1
< <1 )
3—1_C(S)_ +s—1

(9.2.3)

From Lemma we know that ¢ is meromorphic at s = 1 so in a neighborhood of 1, we can

write h(s)
&= o

where m is an integer, so a complex number and h(s) an holomorphic function. Using the
inequalities from (9.2.3)), we see that for s real, s > 1, we have
S0 h(s)

1< <s.
SGonmt ozt
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When s tends to 17, we have

so ifm=1, h(s) h(1) ifm =2,
(S_S#% o0 ifm>1and307£0, andm—) o0 1fm>23ndh(1)7§0,

0 ifsp=00rm <1, 0 if (1) =0orm < 2.
If follows that m = 1 and sy = 1. O

Proposition 9.7. Let f(s) = > -, % be a Dirichlet series and S(x) as in Proposition
Assume that there exist positive constants sy, a and b with b < 1 such that

|S(x) — sox| < ax’.
Then f(s) extends to a meromorphic function on R(s) > b that admits a simple pole at s = 1
with residue sq. In other words, in a neighborhood of 1, we can write
S0

fls) = =+ h(s)

where h(s) is an holomorphic function.

Proof. Consider the Dirichlet series g(s) := f(s) — so((s). For this series, by hypothesis,
we have |S(z)| < ax’. We can apply Proposition (9.2 and we obtain that g(s) is analytic on
R(s) > b. Since ((s) is meromorphic for R(s) > 0 with a simple pole at s = 1, we deduce that
f(s) = g(s) + so((s) is meromorphic on R(s) > b with a simple pole at s = 1. O

9.2.2 Euler products

Recall that we say that a product [ | >1(1 + a,,) with a,, in C and a,, # 1 converges is the finite
products [[" (1 + a,,) converges to a non-zero element in C when m goes to infinity. We say
that [, -, (1 + a,) converges absolutely if the product [] ., (1 + |a,|) converges. If a product
[1,5,(1 + a,) converges absolutely then it converges. If a product [] . (1 + a,) converges
absolutely, we can change the order of the terms and the product will still converge. absolutely.
Moreover, we have the following lemma:

Lemma 9.8. The product [],,-,(1 + a,) converges absolutely if and only if the series Y, -, ay,
converges absolutely.

Proof. Write S,, := >"}_, |ax| and P, := [];_, |ax|. They are increasing sequences and for all
n, we have P, > S, so if (P,), converges, so does (.S,,),. Conversely, we have

exp(S Hexp|ak| [0+ ) =
k=1

If (S,,), converges, then (exp(S,,)), also converges and since (P, ), is an increasing sequence,
the above inequality tells us that it converges. ]
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Recall that since any integer can be decomposed uniquely as a product of primes, we have the
following (formal) identification:

1 1
Hl_p—s: E

p n>1

More generally, we have

Proposition 9.9. Let K be a number field and let m be a modulus. If x : ]}S;(m) — C*isa
Dirichlet character then for s such that R(s) > 1, the product L(x,s) = ][y W

converges.

Proof. Let s be such that R(s) > 1. Then we have (formally)

1 _ Z x(p")
L=x(P)Np=) = NEm)°
So if we fix Ny we have an equality

1 _ x(a)
11 L=Xx(p)N(p=) 2 N(a)*

(p,m)=1s.t. N(p)<No (a,m)=1s.t. N(a)<Np

where the sum in the right hand side term runs over the integral ideal a with norm less than V.
When N, goes to infinity, the right hand side converges absolutely (we use again Proposition (9.2
and the fact that the number of integral ideals with norm less than s is bounded by ax for a some
constant). It follows that the left hand side converges absolutely to L(s, x). ]

9.2.3 The residue formula

Let K be a number field and let m be a modulus. For every class ¢ in the ray class group C},, the
partial zeta function is defined as:

1
((s;¢) = Z N(Cl)s’

a integral s.t. a€c

S(m)

so thatif x : [,/ — C* is a Dirichlet character, we have

L(s,x) = > x(c)¢(s,¢)

ceChn

and

Cils) = 3 Cls.0).

ceCn
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Hence, in order to understand L(s, x) and (x(s), we are reduced to study the functions ((s, )
for ¢ in the ray class group C,. To be able to apply Proposition we define S(z,¢) as the
number of elements of the set

{a € ¢ | a integral ideal s.t. N(a) < z}.
Recall that we have defined

y a,, > 0 for all real place v dividing m
Ky i={a€ K™ | .
ord,(a — 1) > m(p) for all finite place p dividing m

and Uy, 1 := Ug N Ky, 1. We have seen in the proof of Theoremthat the index [Uk : U] is
finite.

Recall also that we have a morphism (see for example the proof of Proposition[5.16|or Exercise
Sheet 3):

I

) - U — Rrit72
' u = (log|al(u)|,10g\02(u)|,...,10g|0r1(u)|,210g|0,,1+1(u)|,...,210g|0r1+r2(u)|)

where 7; is the number of real places in K, the morphisms o1, ..., 0,, are the corresponding
real embeddings, 7, is the number of complex places and 0, 11,0, 41, ., Opy 41y Opy 41, are the
corresponding complex embeddings. The kernel of A is the torsion subgroup of Uy and its image
A(Uk) is alattice of rank r; 4+ ro — 1. The regulator of K, denoted by reg(K) is defined as

1
reg(K) = ————=covol(A(Ugk)).
() = ———covol(\(Ux))
In practice, we can compute it in the following way: if €y, ..., &,, 1,1 are elements in Uy that

lift a basis of Uy /u(K), then we have
reg(K) = |det(logl|oi(e;)|)ier1<jcr+ro-1l;

where [ is the set {1, ..., + ro} where we remove one element and we set

llos()]] = {|0i(')| ifl<i<rg,

los(D]F ifry+1<i<r;+7r.

If m is a modulus we define its regulator Reg(m) as

Reg(m) = Reg(K)[Uk : Un]-

88



If K is a number field and m = mgm,, is a modulus for K, we write:

d=[K:Q],

ro = number of real places in m,

r1 = number of real places in K,

r9 = number of complex places in /K,
Wy = number of roots of unity in Ky, 1,
wg = number of roots of unity in K,
N(m) = N(my) - 2",

Ag/q = discriminant of K/Q.

Moreover, we set
27 (27) 2 reg(m)

T
wnN(m)|Ag/ql2.

m -7

Proposition 9.10. There exists a constant a such that for all x > 1 and ¢ in Cy, we have
1
1S(z,¢) — g - 2| < ax'~a.

Proof. See for example page 132 sqq of the book Algebraic Number Theory of Lang. U
As a consequence, we obtain:

Corollary 9.11. The partial zeta function ((s, ¢) is meromorphic on R(s) > 1 — % with a simple
pole at s = 1 with residue gy,.

Proof. This follows immediately from Proposition 9.10] and the general convergence result
Proposition O

In particular, we see that the residue g, of ((s, ¢) does not depend on the choice of ¢ in Cj,.
We derive from the analyticity of the partial zeta function, the following convergence results:
Proposition 9.12. Let K be a number field and m a modulus for K.

(1)If x : ]]S((m) — C* is a Dirichlet character for m which is not trivial then L(s, x) is analytic
on the plane R(s) > 1 — <.

(2) The Dedekind zeta function (x (s) is meromorphic on the plane R(s) > 1— 2 with a simple
pole at s = 1 with residue

27 (2m)"reg(K) b

K-
wi|Ag/ql?

Proof. We need the following general lemma:
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Lemma 9.13. Let A be a finite abelian group and x : A — C* be a non-trivial morphism of

groups. Then
> xla)=0.

acA

Proof of Lemma[9.13] Since the character x is non trivial, we can find an element a, in A such
that x(ao) is not 1. Then we have

S x@) = 3 vlaao) = (3 v(@))x(ao),

in other words,

(x(a0) = 1D x(a)) = 0.

a€A

The factor (x(ao) — 1) is non zero, so we obtain ), x(a) = 0. O

Let us now prove the proposition. Consider first the function L(s, y). We have

L(87X) = Z X(C) ’ C(‘S? C),
ceChn

and we know from Corollary that ((s, ¢) is meromorphic on R(s) > 1 — 5 with a simple
pole at s = 1 with residue g,,. So in a neighborhood of s = 1, we have

ZCGCm X(C)gm

+ h(s)
where h(s) is holomorphic. But it follows from the lemma that ) - X (c)gn is zero. Hence,
L(s, x) is holomorphic everywhere on R(s) > 1 — 2.

Consider now the function (x(s). We have

Hence, we see that (x(s) is meromorphic on R(s) > 1 — 2 with a simple pole at s = 1 with

residue
2" (2m)"reg(K)

ng:’0m|'gm: 1 hK7
ceChn U)K‘AK/Q| 2
using the formula from Theorem O

Example 9.14. If K is an imaginary quadratic field Q(\/;l) with discriminant strictly less than
—4, we can deduce from the residue formula in Proposition[9.12] the following equality:

1
hig = 2——X(2) Z x(n).

(n,Ag)=1 with 0<n< 2K
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9.3 Density of splitting primes

Let K be a number field and 7" a set of places of /K. Consider the function

CK,T(S) = H TW

peT

If there exists an integer n such that (x r(s)" extends to a meromorphic function in a neighbor-
hood of s = 1 with a pole of order m at s = 1, we say that the set 7" has polar density and we

define
m

dpol(T) = —.

n
Proposition 9.15. Let K be a number field. Then:
(1) The set of all prime ideals of K has polar density equal to 1.
(2) If T is a set of places with a polar density then 0,0(T) > 0.

(3) If T,11,T5 are three set of places such that T' = 11 U 15 (disjoint union) and
any two of T,T1, Ty have polar densities then the third one also has polar density and

5p01(T) = p01<T1) + 5p01(T2)-

(4) If Ty and T, are two sets of places such that Ty C I, and such that they have polar density,
then 5p01(T1) < 5p01(T2).

(5) If T is a finite set then T has polar density and 6,,(T) = 0.

Proof. We first prove (1). Assume that 7" is the set of all finite places of /. Then (x r(s) is
equal to (x (s) and we know from Proposition that it is meromorphic on R(s) with a simple
pole at s = 1. Hence its polar density is 1.

If 0p01(1") < 0O, this means that the function (1 (s) ™™ is meromorphic with a pole at s = 1 for
some n > 0. In other words, the function (x r(s)" is holomorphic and is equal to 0 for s = 1.

But (k7 (1) := [[,er 7wyt > O- This proves (2).

We now show (3). We can write

Crr(s) = Crm (s) - Cromy(S)

Assume that there exist n and n; such that (x 7(s)"™ and (x 1, (s)™ are meromorphic functions
in a neighborhood of s = 1 with poles at s = 1 of order m and m; respectively. Then we see
that the function

Cryr(s)"™™

nniy __
CK,TQ (S) CK,Tl (S)"nl
extends to a meromorphic function in a neighborhood of s = 1 with poles at s = 1 of order
nym — nm,. We obtain
nim — nm; m oy

Opot(Th) = ———— = — — — = 0pal(T) — Spar(T1).

nnq n nq
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The proof is similar if we exchange the roles of 7', 77 and 75.

To prove the fourth point, consider the set Ty := T5 \ 77. Then T is the disjoint union of Tj
and 77 and from the previous point we know that d,01(7%) = dp01(70) + p01(11). By (2), we also

= Opo

have that d,,,1(75) > 0 and it follows that d,61(771) < dpoi(12).

The proof of the last point is immediate by definition of the density. ]
We also have:

Proposition 9.16. Let K be a number field. Let us write ‘[ the set of prime ideals p of K such
that N (p) is a prime number.

(1) If T is a set of places such that T N T} is empty, then 0,01 (1) = 0.

(2) Assume that T’y and T, are two sets of prime ideals of K such that they differ only by primes
which are not in 'Ty. Then if one of the two has polar density, the other also has polar density
and 5p01(T1) = (Spol(Tg).

Proof. Assume that T'N Ty is empty. For any p in T', we then have N (p) = p/ with f > 2. Fora
prime number p in Q, there are at most d := [K : Q] prime ideals of K that divide p. Hence we
can write

where f; > 2.

Crr(s) = H H g:(p, s) with g;(p,s) = 1 or

1=1 p prime number

1
L= ()=

Let us write 7;(8) := [T, prime number 9i(P; $)- We want to show that £;(s) is holomorphic at 1. But
we have

m() <3 =),

n>1
hence the sum is holomorphic. This proves that d,.,(7") is zero.
To prove (2), it suffices to apply the first point to the sets 7oy = 77 \ (71 N T3) and
Too =15\ (11 N'Ty). We have 6,01(10,1) = 0poi(Zp,2) = 0 and by Proposition 3),

5p01 (Tl) =
5pol (TQ)

pol(T01) + Opot (11 N T) (11 NTy)

) = 5po
Ipol(T0,2) + dpot(T1 N T3) = bpoi (11 N T3).

We obtain the following theorem:

Theorem 9.17. Let K be a number field and L be a finite extension of K. Denote by M the
Galois closure of L in K. Then the set of prime ideals of K that splits completely in L has polar

density equals to ﬁ
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Proof. We first prove the following lemma:

Lemma 9.18. Let K be a number field and L be a finite extension of K. Denote by M the Galois
closure of L in K. A prime ideal p of K splits completely in L if and only if it splits completely
in M.

Proof of Lemma[9.18) Write L = K[X]/(P(X)) with P in K[X] irreducible. Then M is define
as the composite of the L; :== K («;)’s where the elements «;’s are the roots of P. If p is a prime
ideal of K that splits completely in one of the L;, then it splits completely in all of the L;’s. So
to prove the lemma, it suffices to prove that if p is a prime ideal of K that splits completely in
two field extensions L and L’ then it splits completely in the composite L - L. But we know that
a prime p in K splits completely in L if and only if L ®x K, is a product of copies of K, and
we can see L - L/ as a direct factor of L Qp L'. O

We now come back to the proof of the proposition. By the lemma, we can assume that L/ K is
Galois. Let us denote by S the set of all prime ideals of K that split completely in L. We write T’
for the set of places of L that divide the places in S. By hypothesis, for each prime p of .S, there
exists exactly [L : K] prime ideals q in 7" that divide p and we have Normy,x(q) = p. Hence
N(q) = N(p) and (1, 7(s) = Ck.s(s)E*EL. To prove the proposition, it remains to show that 7'
has polar density equals to 1.

Consider the set 77 of all prime ideals of L. We know from Proposition that it has
density 1. For any q in T}, we have that N(q) is equal to p//?), If f(q/p) is equal to 1, then
f(q/q N Ok) = 1 and either q is in 7" or q N Ok ramifies in L. Hence 7} \ 7" can be written as
the union of a finite set (corresponding to the primes that ramify) and a set of primes ¢ such that
N(q) is not a prime number. By Proposition and Proposition we obtain that T} and T'
has same density equal to 1. This concludes the proof of the theorem. ]

We derive from the theorem the following consequences:

Corollary 9.19. Let K be a number field and P(X) be a polynomial in K[X|. If P(X) splits
into linear factors modulo p for almost all prime ideals p of K, then P(X) itself splits into linear
factors in K.

Proof. Let L be the splitting field of the polynomial P(X ). From Theorem we know that
the set of prime ideals of K that split completely in L has density L#K] But by hypothesis,
almost all prime ideals of K split completely in L, so by Proposition this set has density 1.
Hence L = K. [

For K a number field and L a Galois extension of K, we write Spl, (L) the set of prime ideals
p of Ok that split completely in L.
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Corollary 9.20. Let K be a number field and let L and M be Galois extensions of K. Then we
have,
LcC M ifandonlyif Splg(L) D Sply(M)

and in particular,

L=M ifandonlyif Splyi(L)= Splg(M)

We obtain an injective map L — Spl i (L) from the set of finite Galois extensions of K (contained
in K) to the set of subsets of {p prime ideals of K}.

Proof. We obviously have that if L is a subset of M then any prime of K that is completely split
in L is also completely split in M. Let us prove the reverse implication. Recall that sending o in
Gal(LM/K) to (o], o) defines an injective morphism

Gal(LM/K) < Gal(L/K) x Gal(M/K),

such that if gq 1is a prime ideal of LM, then (q,LM/K) is sent to
((qN O, L/K),(qN Oy, M/K)). In particular, we see that

Sply (LM ) = Sply (L) N Splg (M).

So if Spl (L) D Spli (M), we obtain Spl, (LM) = Spl,(M). From Theorem 9.17, we know
that these two sets have density [LA}: 7] and [MI:K]' Hence [LM : K| = [M : K]. This means
L C M, as wanted. [

Finally, we can recover the surjectivity of the Artin map:

Corollary 9.21. Let K be a number field and let L be an abelian extension of K. Assume that S
is a finite set of places of K such that S contains S, and the set of all primes that ramify in L.

Then the Artin map
Yoyt Iy — Gal(L/K)

is surjective.

Proof. Let H be the image of ¢y /. If p is notin S, then it is unramified in L so it is unramified

in L and we also have
(0, LY /K) = (p, L/ K)|pn = 1.

In particular, we see that p splits completely in L.

If we write T the set of primes that split completely in L, we know by Theoremm that this
set has polar density equals to ﬁ But we have just seen that all primes of K except a finite
number split completely in L. So by Proposition we see that the set of primes that do
not split completely has density equals to 0 and we obtain that 7" has density equals to 1. Hence

[L¥ . K] = 1. This proves that H = Gal(L/K), as wanted. O
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9.4 Density of primes in an arithmetic progression

2"

Reminders and notations. Recall that the exponential map exp(z) = > ., % defines an
isomorphism from {z € C| — 7 < Z(z) <7} onto C\ {z € R | z < 0} and we write log for
its inverse. We have

log(z) =log(]z]) + ¢ - arg(z) with — 7 < arg(z) < .

With this definition we also have

1 n
log(——) = Z% for |2| < 1.

1—2
n>1

If f(s) and g(s) are two functions defined for R(s) > 1 and with values in R, we write
f(s) ~ g(s) if there exists ¢ > 0 such that f(s) — g(s) is bounded when s is real and
1 < s <1+ ¢. Note that if there exists a real number § such that f(s) ~ log(-27) then

f(s)
log(7)
We also have that if f(s) and g(s) are two meromorphic functions in a neighborhood of s = 1

with a (possible) pole at s = 1 then f(s) ~ g(s) if and only if f(s) — g(s) is a function that is
holomorphic in a neighborhood of 1.

= 0.

hIns—)lJr

Definition 9.22. Let K be a number field and let 7" be a set of places of K. We say that 7" has
Dirichlet density ¢ is there exists  such that

1 1
~ ¢ -1 .
> N(p)® 0-log )

peT

We write dp(T') = .
We first show the following lemma:

Lemma 9.23. Let (u,),>1 be a sequence of real numbers that are > 2 and define

f(8) =Tl # Assume that for all ¢ > 0 and 6 > 0, the function f(s) converges uniformly
on

D(1,5, ¢) :={s € C|R(s) > 1 + & and |arg(s — 1)| < g — el

Then,

loB(f(5) ~ -

n>1 N
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Proof. We have the following equalities:

log(f Z log

n>1

n>1 m>1

-> ZZ e

n>1 n n>1 m>2

:Zu—s+h(s)

n>1 "N
where
=20
n>1m>2
We have

BN E DD e = 33—

n>1 m>2 n>1 m>2

and since u,, > 2 and R(s) > 1,

1 1 1 \m

m>2 mMun m>2 n
1 1
- -
2\1 - u;R(S) "
B 1 UV_LQR(S)
B 5(1 _ uR(S)>
- 1
A
where we have used that Q(U%R(s) — R )) > w2 — 1 It follows
<D e
n>1
Since we have assumed that f(s) = Hn>1 .7 converges uniformly on D(1,6, ¢) for any ¢

and ¢, we know (by Lemma that 2@1 —— converges uniformly on D(1, 4, ¢) for any ¢

and ¢ and hence it is holomorphic for R(s) > 1. It follows that ) -, #)_1 is holomorphic

for R(s) > % and so h(s) is bounded when s tends to 1.

We have:
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Proposition 9.24. Let K be a number field and let 'T' be a set of places of K. If the polar density
of T exists then its Dirichlet density exists and the two are equal.

Proof. Assume that §,,,;(7") exists, we can write

So h(s)

CK,T(S)n = (S _ 1>m + (S — 1)m71

where h(s) is holomorphic in a neighborhood of s = 1. We also know that sy > 0 since when s
is real such that s > 1, then (x 7(s) is real and > 0. From Lemma|9.23| we obtain

1 1
— ~mlog——.
) NGy 5T

peT

Hence
5D(T> -

m
]
n

as wanted. U

Remark 9.25. We also have a notion of natural density. We say that 7" has natural density 0 If
there exists J such that

{p € T's.t. N(p) < z}|
|{p primes of K s.t. N(p) < z}|

0 = lim, o0

We write 6,,¢(7) = d. It can be showed that if the natural density of 7" exists then its Dirichlet
density exists as well and the two are equal. However, there exist sets 7' that have a Dirichlet
density without having a natural density. Similarly, there exists sets 7' such that 7" has a natural
density but not a polar one. This comes from the fact that the polar density is a rational numbers
and we can construct sets with natural density that is not rational.

Our next goal is to prove the following properties:

Proposition 9.26. Let K be a number field. Then:
(1) The set of all prime ideals of K has Dirichlet density equal to 1.
(2) If T' is a set of places with a Dirichlet density o then 6 > 0.

(3) If T, 11, T, are three set of places such that T' = 11 U T, (disjoint union) and any
two of T,T\, Ty have Dirichlet densities then the third one also has Dirichlet density and
dp(T) =dp(Th) + op(Tz).

(4) If Ty and T5 are two sets of places such that Ty C T and such that they have Dirichlet
density, then 0p(T1) < 6p(T).

(5) If T is a finite set then T has Dirichlet density and 6p(T') = 0.
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Proof. The first point follows from Lemma [9.24] and Proposition 9.15] For the second point,

assume that we can write
S dlog—
Npr ~ %1

peT
i.e. £(s)
5
lim, y1+ ———— = 4.
7 log()
Fore < 1and s = 1+ ¢, we have that logﬁ = —log(¢) is positive. Since W is also positive,

we see that necessarily, d itself is positive.

To prove (3), note that for R(s) > 1, we have

1 1 1
2 N = 2 N T N

peT peTy peT

Assume that §p(77) and dp(7T') exist and are equal to d; and 4, respectively. Then
1 1 1 1

) PINLINNPVEETW I S NP S

e N(p) s—1 = N(p) s—1

and we obtain

1 1
Z ~7—3 ~ (0 —d1)log :
= Np) s—1

So 0p(T3) exists and is equal to (§ — d1). The argument is similar if we exchange the roles of 7',
T1 and TQ.

Consider now 77 and 75 two sets of places such that 7 C 75 and such that 6 (77) and dp(73)
exist. Then dp (T3 \ T}) exists. By (3), we know that 6 (75 \ 71) = dp(T3) — 6p(11) and by (2),
we know that dp (7% \ 77) is positive. Hence 6p(7}) < 0p(T3), as wanted.

Let us prove (5). If T is a finite set, then Y . ﬁ is holomorphic and so it is bounded near
s = 1. Hence, 0p(T") = 0.

[
Proposition 9.27. Let K be a number field and consider T’ the set of prime ideals p of K such
that the inertia degree f(p/p) of p over Q is equal to 1. Then
(1) we have 6p(T) = 1 and,
(2) for any set S of places of K that has a Dirichlet density, 5p(T N S) = dp(.S).
Proof. Let us first prove (1). We denote by Sy the set of all finite places of K. We know from

Proposition that 0,01(So \ T') is zero. So by Lemma |9.24] we also have 0, (S, \ T') is zero.
Since 6p(T") = 0p(So) — 0p(So \ T'), we obtain that 6p(T") = 0p(Sp) = 1.
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To prove the second point, let us write 77 := Sy \ 7. Since S N7’ C 7" and 7" has density
equal to zero, it follows from the properties proved above that 6,,(S N 7T”) is zero. Since we can
write S as the disjoint union of S N7 and S N7, it follows that 0 (7 N S) = 0p(.5). O

We can finally prove:

Theorem 9.28. Let K be a number field and let m be a modulus for K. Let H be a subgroups of
If;(m) such that H contains Ky, ;. Then,

if L(1, x) is non zero for all non trivial character x of ]f{(m)/H,

N —
Sn({p € H}) = {Ui‘“‘”m
0

otherwise.

Proof. We need the following general lemma:

Lemma 9.29. Let A be a finite abelian group and let a be an element of A. Then

3 x(o) = {'OA' -

otherwise.
where AY = Hom(A, C*).

Proof of Lemma[9.29, Since A is abelian and finite, A" has the same number of elements as A.
Hence if @ = 1 is trivial, we have

Do xl@) =) 1=]A"=A]L
XEAY XEAY
If a is not trivial, then there exists a character x; such that y;(a) # 1. We have
D x(@)= > (@) =Y xila)x(a) = xi(a) Y x(a).
XEAY XEAY XEAVY XEAY

Since x1(a) # 1, we obtain } 4 x(a) = 0. O

Let us now prove the theorem. Let x : [ f((m)

Consider the L-function

— C* be a character such that x(H) is trivial.

1
He) == mme

ptm

From Lemma(9.23] we know that

log(L Z XE

pm
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Let us now take the sum over all characters x : / }z(m) /H — C*. We have

S tos(Lis)) ~ 3 A =3 s YA
X pim X

X pim

and from the previous lemma,

. 0 ifpd H
Hence,
n 1
(9.4.1) > log(L(s,x)) ~ [[x™ + H] Y NG
X peH

If x is non trivial, we know by Proposition that L(s, x) is holomorphic in a neighborhood
of s = 1, so we can write L(s, x) = (s — 1)™™h(s) with m(x) > 0 and h(1) # 0. This gives

1

(9.4.2) log(L(s, x)) ~ m(x)log(s — 1) = —m(x)log —.

If x is trivial, then we can write

L) = (M =xg=)

plm

and we obtain

1

(9.4.3) log(L(s, x)) ~ log(k(s) ~ logs —

Combining (9.4.1), (9.4.2) and (9.4.3)), we get
1 1
oM. g § ~ (1— § ] .
[ K ] N(p)s ( m(X)) Ogs _ 1

X non trivial

This yields
1—- ZX non trivial m(X)
S(m ’
(1™ - )
If L(1,x) # 0, then m(x) = 0, so we obtain op({p € H}) = m
Stm),

for all non trivial character . If one of the m() is non zero, then since dp({p € H}) > 0, we
see that all the other m(x)’s are zero and the non-zero one is equal to 1. In that case we have

dp({p € H}) = 0, as claimed. O

op({p € H}) =

if L(1, ) is non zero
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9.5 The Second Inequality: alternative proof
In this section we give a new proof of the second inequality using Theorem [9.28]

Theorem 9.30 (Second Inequality). Let K be a number field and L a Galois extension of K. If
m is a modulus for K then

(1™ 2 Ky - Normy i (I;™)] < [L: K.

Proof. Set H := Ky - Normy, K(If(m)). We can apply Theorem to H and we obtain that

dp({p € H}) is either 0 or m We claim that it cannot be zero. To see that, note that if p is
),

a prime ideal of K which is completely split in L then f(q/p) = 1 for any ideal q of L dividing
p and in particular, p = Normy,x(q). So H contains the set of prime ideals of K that split
completely in L and that do not divide m. Since the latter set is finite, we know by Theorem
that this set has (polar, hence Dirichlet) density equal to ﬁ This yields

1
[L: K]

dp({p € H}) >

and we see that it cannot be zero. Hence dp({p € H}) = and we obtain

__ 1
(™) H]
;™ . H) < [L: K].

]

Remark 9.31. Note also that in the proof of Theorem[9.30] we have also obtained that for all non
trivial character y : I[S;(m)/KmJ : NormL/K(If(m)) — C*, we have L(1, x) # 0.

9.6 Chebotarev Density Theorem

We will now use global class field theory to prove Chebotarev’s density theorem. Let us first
note that we have the following result:

Theorem 9.32. Let K be a number field and let m be a modulus for K. For any non-trivial
character  : Cyy — C*, we have L(1,x) # 0.

Proof. Let x : C;, — C* be a non-trivial character. From Existence Theorem (Theorem [2.10)
we know that there exists L/ K a finite abelian extension such that

ker(x) = Normp,/x (Cm,1)-

The result then follows from Remark O
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Theorem 9.33. Let K be a number field and let m be a modulus for K. Let H be a subgroup
of [f;(m) such that H contains Ky, 1. For any class ¢ in If;(m) /H, then the set of prime ideals in ¢

. . 1
has Dirichlet density equal to e

Proof. By Theorem , it suffices to prove that for any non-trivial character y : If((m) — C*
trivial on ¢/, we have L(1, x) is non zero. This follows from Theorem [9.32] O

Corollary 9.34. Let L/K be a finite abelian extension with Galois group G and let g be a
fixed element in G. Then the set of prime ideals p in K that are unramified in L and for which
(p, L/ K) = g has Dirichlet density equal to ﬁ

Proof. From Reciprocity Law (Theorem [2.9), we know that there exists a modulus m of K such
that the Artin map induces an isomorphism

1™ /Ky - Normy, i (15™) & Gal(L/K).

The corollary follows from Theoremﬂ applied to the group H = Ky 1 - Normyp, /i (1 I,S:(m)) and
to ¢ equal to the inverse image of the element g. O]

Theorem 9.35 (Chebotarev’s density theorem). Let L be a finite Galois extension of a number
field K with Galois group G, and let C be a subset of G stable under conjugation. Let T be the
set of prime ideals p of K such that p is unramified in L and (p, L/ K) is in C. Then,

number of elements in C

5D(T) =

number of elements in G

Proof. Let us denote by d the degree [L : K| and c the order of C' so that we have to show that
dp(T') = §. Note that if C' = | J, C; is the union of distinct conjugacy classes, then we can write
T = J, T; where T; is the set of prime ideals p of K such that p is unramified in L and (p, L/ K)
is in C};. Hence, it suffices to prove the theorem for each one of the C;;. Let us then assume that
C' is the conjugacy class of an element g of G:

C:={hgh™" | h € G}.

Let us denote by f the order of ¢ in G and let M := L% so that L is a cyclic extension of M of
degree f. From Reciprocity Law (Theorem [2.9), we know that there exists a modulus m of M
such that the Artin map induces an isomorphism

1™ /My, - Normyy (1;™) = Gal(L/M) = (g).
Consider the set

T = {qu prime ideal of M | qu {m, (qz,L/M) =g, f(qm/qm N Ok) =1}
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Note that when it comes to density problem the condition q,, t m does not matter since the set
of places dividing m is finite. Corollary [9.34] states that the set of prime ideals q,; such that
(qr, L/M) = g has density % and reasoning as in the proof of Proposition , we see that in

fact 0p(Tar,y) = % We define also the set:
Tr4:={qrprimeidealof L | q,NOy1m, (qz,L/K) = g}.
We make the following claim:

Claim 9.36. (1) The map q; — qz N Oy induces a bijection between 17, ;, and Ty 4.

(2) The map q;, — qr, N Ok from T}, , to T" sends exactly % primes of 7}, , to each prime of
T.

Assuming that the claim is true, we obtain that the map q; — qu NOfk is a (
T, to T. For gy in Thy,g, we have Normy k (qar) = g N Ok and so N (qar)
Thus, we obtain

: 1)-map from

d
of
= N(qMﬂOK)

Ny d Ny df%s—1 d%s_1

peT M €T g

and this proves the theorem.

Proof of Claim[9.36] We first prove (1). We first prove that the map 77, , — T4 is well defined.
Let us take qz, in 17, ; and write q57 := qz N Oy and p = q;, N Ok. Since the Galois group of
Ly, /K, is equal to (g) (because qy, is in 77, ;) and since g fixes M,,,, we obtain that M,,, = K.

M M
Thus f(qar/p) is equal to 1 and qy, is in Ty 4, as wanted.

Let us show that this map is bijective. We have

flac/an) = fanm/p)" flac/p) = f,

and we see that q, is the only prime ideal of L dividing q;;. So the map is injective. For the
surjectivity, note that if q,, is in T 4, then for any q;, dividing it, we have

(qr, L/M) = (qr, L/K)f(qM/p)
and since f(qa/p) = 1, we obtain
(92, L/M) = (qr, L/ K).

Since qy; is in Ty 4, then (qz, L/M) = g and so (qr,, L/ K) = g. It follows that q, is in 77, 4, as
wanted.

Let us now show the second point. Let p be in 7. We want to show that there are
exactly % primes in 17, dividing p. Fix qro a prime in 77 , dividing p. Let us write
Cqa(g) = {h € G | hg = gh} the centralizer of ¢ in G. Since

(h-qro, L/K) = h(qr, L/K)h,
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the map 1 — h - qr defines a bijection

Ca(9)/Gapo = {dL € Tog | a2 N Ok = p}

where G, , is the decomposition subgroup. But we have G, , = (g), in particular, it has order

f. Since h — hgh™! gives a bijection G/Cg(g) = C, we also have that Ci(g) has order <.
Hence C;(g)/G,, , has order %. It follows that

qL,0

d
Har € Try | o N Ok = p}| = of

as wanted. OJ

Remark 9.37. It can be proved that the above theorem also holds if we replace Dirichlet densities
0p by the natural densities 0,,.

10 Restricted ramification

Let K be a number field. For S a (possibly infinite) set of places of K that contains S,
we write Kg/K the maximal extension which is unramified outside of S. We also define
Gs = Gal(Kg/K). If v is a finite place of K and w a place of Kg that divides v (i.e. a
prolongation of v to Kg) then we write

K&w = COthS/L/KLwL,
where the colimit runs over the subextensions L. C Kg of K and wy, := w N L.

From now on, we will specify the field in the notation for the S-units, i.e. we will write

Uk(S) :={z € K* | ord,(z) =0forallv ¢ S},
UL(S) :={x € L™ | ord,(x) = 0 for all w such that w N K ¢ S} for L/ K finite extension,

UKS(S) = U UL(S)

Ks/L/K

We define the group of S-ideles of K as the restricted product

Iis = [ (K, 0),

veSs
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i.e. its elements are sequences of the form (a,),cs such that a, is in K for all v in S and a,
is in U, for almost all v. Recall from Lemma that if L/K is a finite Galois extension with
Galois group G and v a place of K and w(v) any place of L that divides v, we have:

H L:; = Indgw(w (L:;(v)) and H ULw = Indgw(“)(UL’w(v))'

wlv wlv

Hence, if L/K is finite Galois with Galois group G, we define Ik s as the restricted product:
(100. 1) ]IL/K,S = H (Indgw(v) (L:;(v))7 Indgw(v) (UL,w(U)))
vES

We define the group of S-ideles of Kg as the colimit

HKS,S = COlimL/KHL/Kﬁ,
where the colimit runs over the subextensions L. C Kg of K.

Let us consider the following class groups:
C}gs = ]IK,S/UK(S); and CKS,S = COlimL/K(CL’S,

where the colimits run over the subextensions L C Kg of K. Since taking colimit is exact, we
have:

(10.0.2) 0— Ugg(S) = Ikgs = Cxyes — 0.

We would like this group Cg g to play the same role as Cy in the restricted ramification theory,
however it does not satisfy Galois descent, i.e. in general it is not true that for L/ K finite Galois,
the group C g is isomorphic to (Cj, g)%*(E/%). Instead, we need to consider the following
variant:

UK,S = H{l} X H Uv, and UKS,S = COlimL/KUL’S,
veS vgS

Cs(K) = (CK/UIQS >~ ]IK/KX . UK,S, and Cs(KS) = COlimL/K(CS(L).

We have:

Proposition 10.1. The group Ck s is an open subgroup of Cs(K'). Moreover, there is an exact
sequence
0—=Cgs—Cs(K)—=Cks—0

where C s is the ideal class group of the ring Ok s := {x € K | ord,(xz) > 0 forallv ¢ S}
(in other words, Ck s is the quotient of the usual ideal class group Cx of K by the subgroup
generated by the classes of all places in S). In particular, if S omits only finitely many primes
then Cr s is trivial and hence Cx s = Cg(K).
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Proof. There is a canonical injection [ g < I, which induces a morphism
Jilks — Ix/K*Uks = Cg(K)

and the set j(Ix g) is closed. We claim that its kernel is equal to

(10.0.3) Ker(j) = Ug(S).

Indeed, if we take o an element in [ g such that j(a) = 1 and if we write « its image in [, we
can write @ = \ - v with A in K and v in Uk . In other words, we have

ay, =0, =\ ifves,
l=a,=Xu, ifvégdbs.
So we can write « = A with A in Ug(S) and this proves (10.0.3). We obtain an injective map

with closed image
j : (CK,S — CS(K)

We need to compute its cokernel. We have

I /(Ix,sUk s K*) = (@Kux/Uv)/KX
vegS

= (P2z)/K”
vgS
~ Csk,
as wanted. Since the ideal class group is finite, we see also that Cg ¢ has finite index in Cg, so

it is open.

When S is almost all places, then Ok g is a Dedekind rinﬂ with only finitely many prime
ideals and in particular, it is a principal ideal domain. It follows that Ck g is trivial and
C K,S — (Cs<K ) L]

Let us write N(S) :={n € N | n € Ug(5)}.
Lemma 10.2. Ifn is in N(S), there is an exact sequence of Gs-modules:
(10.0.4) 0 = pin — Ugy(S) = Uk (S) — 0.

Proof. If v is not in S, then ord,(n) = 0 so K,(u,)/K, is unramified. This means that
K(p,) C Kg. Choose z in Uk, (S) and consider the extension L := K (p,,z). If v is not
in S then both n and z are units in L, so the extension Lv(x%) /L, is unramified. In other words
L(z#)/L is a subextension of Kg/L and so z is in Ug,(S), as wanted. O

'TIf S contains at least one finite place, then Ok s is always a Dedekind ring. This is because O g is equal to
the localization of O g with respect to the set of prime p which are not in S. The properties of being noetherian
and integrally closed are preserved by localization. Since we have assumed that at least one prime ideal survives
localization, then we see that the dimension 1 property is also satisfied.
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We have the following result:

Proposition 10.3. There are a natural isomorphisms Cs(Kg) ~ Ck, g and Cfﬁ = Cgs(K).

Proof. Let K, be the abelian maximal extension of K inside Kg in which all primes of .S split
completely. Then the Artin map induces an isomorphism between C g and Gal(K,/K) (see
Claim|11.14), in other words, every ideal of Ok g becomes a principal ideal in K,/ K. Hence

lig CS,L =0.
L/K

Passing the colimit in the exact sequence from Proposition[I0.1] we obtain
(10.0.5) Ckg,s = Cs(Ks),
as wanted.

For the second part of the statement, consider the exact sequence

0= Ukgs — hﬂ@L — Cgys — 0
L/K

coming from (10.0.5)). Taking the G s-cohomology, we obtain a long exact sequence:
0— Uks — Cg — C?{i,s — H'(Gs,Ukg,s)-

But for L/ K subextension of Kg/K, a place v not in S and w dividing v, then U, has no higher
cohomology so H'(Gs, Uk, s) = 0. We obtain Cf{i,s ~ Cg/Uks = Cg(K). O

If L/ K is Galois, there is an exact sequence of Gal(L/K)-modules,
0—U,s—Cp— Cg(L)—0.

If L/K is moreover a subextension of K¢/K and v not in .S, then we know that for w dividing
v, then U,, is cohomologically trivia]ﬂ It follows that Uy, 5 itself is cohomologically trivial and
we obtain:

Proposition 10.4. Let L/ K be a finite Galois subextension of Ks/K. Then for all i in Z, we
have

Hi(Gal(L/K),Cs(L)) ~ H(Gal(L/K),Cp).

We can now compute the cohomology of the S-ideles and the S-class group:

%i.e. the higher cohomology groups H*(H, U,,) are trivial for any closed subgroup H of G,.
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Proposition 10.5. Let K be a number field. Then we have,
H(Gg,lks.s) = ks,
Hl(G5'7HK5,S) - Oa
H*(Gg,Iks5)(p) = @ Br(K,)(p) forall prime numbers p in N(.5),

veS
H?(Gg,Tkg,5) =0,
and,
H°(Gs,Cky.s) = Cs(K),
H1<G57 (CKs,S) = 07
1

H*(Gal(L/K),Cp/k.5) = MZ/Z, for all finite Galois extension Kg/L/K,
H3<Gs, (CKS,S) =0.

Proof. We only prove the results for i in {0, 1, 2}.

To compute the cohomology of the ideles, we proceed exactly as in the proofs of Proposi-
tion and Corollary and we get that for L/ K a finite Galois subextension of Kg/K, we
have

HO(Gal(L/K)aﬂL,S) = Ixk.s,
HY(Gal(L/K),Is) =0,
H(Gal(L/K), T1.5) = @) Br(Lugy /) = ) +-2/2

veS ves Y

where we choose some place w(v) above v and 1, 1= [Ly () : K.

We then take the limit over L /K. The result for i = 0 and ¢ = 1 immediately follows. If p is
a prime number in N(S), then K (u,n)/K is contained in Ks/K for all n and so we have

lim  Br(Luw)/Ko)(p) = Qp/Zy
Ks/L/K

when v is non-archimedean (in the colimit the transitive maps are the natural maps

1

Br(Ly) = m

Z/Z — Z/Z = BI‘(LwQ) for Lw’Q/val/KU

[Lw,2 . Kv]
and we have used that Q,/Z, = colim}%Z/Z).

When v is infinite, the group H?(Gal(L,,/K,), L)) is either trivial or has order 2. If 2 is in

N(S) then L := K(i) is in Ks/K and we have H*(Gal(L,,/K,), L)) = $Z/Z when v is real.
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In any case we obtain

H*(Gs,Tky.5)(p) = @D Br(K,)(p).

veS

Let us now compute the cohomology of Cr, s. The H’-group was computed in Proposi-
tion [10.3l We have also seen in Proposition [10.3| that Cx, ¢ ~ th LK Cgs(L) and from
S

Proposition [10.4} we know that for i > 1,

H'(Gal(L/K),Cg(L)) ~ H(Gal(L/K),Cy).

So the result follows from Theorem O
The above proposition together with exact sequence (10.0.2) yields:

Proposition 10.6. Let K be a number field. Then we have,
H°(Gs, Uk, (S)) = Uk(S),
HY(Gg, Uky(S)) =Cks where Ck g is the ideal class group of Ok g,
H*(Gs, Uk(9))(p) = Ker (P H*(Gal(K,/K,), i) — H*(Gs, Ck.5)(p))

vES
_ {Ker( @UES\SOO Qp/zp £> Qp/zp) ifp#2
Ker((D,es\5.. Q2/Z2 ® By, 52/Z) = Q:/Z:) ifp=2

for all prime numbers p in N(S5),
H*(Gs, Uk, (S))(p) =0, forall prime numbers p in N(S),

Proof. We only do the proof for i € {0,1,2}. The case ¢ = 0 is trivial. In higher degree, we use
the exact sequence:

0— UKS(S) — ]IKS,S — CKS,S —0

and the computations from Proposition[I0.5] If ¢ = 1, we obtain an exact sequence
Ixs = Cs(K) = H'(Gs,Ugy(S)) =0

and we have already seen in the proof of Proposition [[0.I] that the quotient
Cs(K)/Ik s =1k /(IksUk,sK*) is isomorphic to C g.

For ¢ = 2 and if p # 2, we have a commutative diagram where the first row is exact:

0—— H*(Gs,Uk4(9))(p) — H*(Gs,Iks.5)(p) — H*(Gs, Cry.5)(p)

g o

@vGS\So@ Q,/2, ———Q,/Z,
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If p = 2, the above diagram becomes

0—— HQ(Gs, UKS(S))<2) HQ(GS, HKS,S)(Z) _— H2<Gs, CKS,S><2) .

Doesis.. Q2/Z2 @ Desy 5Z/Z —= Q2/Z;

O

Using Tate’s theorem (Theorem [5.1]), we obtain the global reciprocity law for restricted rami-
fication.

Theorem 10.7. Let L/K be a finite Galois extension inside Kg. Then there is a canonical

isomorphism
Cs(K)/Normp,x(Cs(L)) ~ Gal(L/K).

11 Duality for cohomology of number fields

In this section we investigate duality theorems for number fields. In particular, we prove Poitou-
Tate duality, which allows to relate local and global duality results.

11.1 Global duality

The notations are the same as in the previous section: K is a number field and S a (possibly
infinite) set of places of K that contains S,,. We write Kg/K the maximal extension which is
unramified outside of S and G5 := Gal(Kg/K). If v is a finite place of K and w a place of Kg
that divides v (i.e. a prolongation of v to Kg) then we write

Kg = colimgg /1 K L, ,

where the colimit runs over the subextensions L C Kg of K and wy, := w N L.

11.1.1 General duality result

Let us recall the general duality result for cohomology of profinite groups. Let GG be a profinite
group and let M be a discrete module for G such that for all open subgroups V' C U C G such
V is normal in U,

(i) there exists an invariant isomorphism invyyy : H*(U/V, M") = U+V]Z/Z,

(ii) the group HY(U/V, M) is trivial,
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(iii) if W C V is an open normal subgroup of U, the invariant morphisms are compatible, i.e.
there is a commutative diagram:

H2(U/V, MY) =25 H2(U/W, MW) == H>(V/W, M)

invl“’ invl"’ ian(N

1 can 1 [U:V] 1
[U:V] Z/Z [U:W] Z/Z [V:W] Z/Z

Then, if A is a discrete G-module which is finitely generated and free as a Z-module, for all
1 € Z, the cup-product

H'(G,Hom(A, M)) x H* (G, A) % H*(G, M),
induces a topological isomorphism
Hi(G,Hom(A, M)) = H> (G, A)",
where the topology on each side is defined in the following way:
() if ¢ > 0, the groups H “(G, A) are equipped with the discrete topology,

() if i < 0, the groups H'(G, A) = lim, Hi(G/U, AV) are equipped with the profinite
topology,

(o) if ¢ > 0, the groups H ‘(G,Hom(A, M)) are equipped with the discrete topology,

(o) if i < 0, the groups H'(G,Hom(A, M)) = Jim, Hi(G/U,Hom(A, M)V) are equipped
with the profinite topology.

Here (-)¥ denote the Pontryagin dual, i.e. Hom(—, Q/Z) equipped with the compact-open
topology.

11.1.2 Duality theorem for number fields

Let L/ K be a Galois extension of number fields with Galois group G. It can be checked that the
conditions (i), (ii) and (iii) from Section|11.1.1|are satisfied by the G-module Cs(L). Hence, we
have the following duality result:

Theorem 11.1. Let L/ K be a Galois extension of number fields, which is unramified outside
S. Let G be its Galois group and A be a G-module, which is finitely generated and free as a
Z-module. Then for all i in Z, the cup-product

H'(G,Hom(A, Cs(L))) x H* (G, A) 2 H*(G,Cg(L)),
induces a topological isomorphism

H(G,Hom(A, Cg(L))) = H* (G, A),
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11.2 Passage from global to local

Let K be a number field and S be a set (possibly infinite) of places of K.

If v is a place of K, we write G,, for the Galois group Gal(K,/K,). If A is a G,-module, we
say that A is unramified if A" = A, where I, := Gal(K,/K"). If A is a Gg-module which
is finitely generated as a Z-module then there exists a finite extension Kg/K’/K such that A is
fixed by Gal(K®/K'). In particular, A is an unramified G,-module for all primes v which are
unramified in K’/K. Hence, A is unramified at v for almost all primes v of K.

We denote by Modg(G) the category of discrete Gg-modules A which are finitely generated
as Z-modules and whose torsion has order in N(S).

11.2.1 Case of finite modules

If Aisin Modgs(Gg) and A finite then we define its dual Gg-module A’ by
A" :=Hom(A, Uk,(S)) = Hom(A4, u(Ks)) € Mods(Gs).

Let us write n the order of A. Note that since 7 in N(S) by assumption, the field Ks contains all
the n-th roots of 1 in K (since for v not in .S, the extension K,(u,,)/K, is unramified) and we
see that A’ is finite of order n. We also have (A') = A.

If Aisin Mods(Gs), we set

H(G,,A) if vis non-archimedean,

H (K, A) =< ~.
( ) {H’L(GU,A) if v is archimedean.

If v is non-archimedean and A unramified at v, we define the unramified cohomology groups as
Hype (Ko, A) = In(H'(Go/ L, A) = H'(Gy, A)).

If A is finite and unramified at v non-archimedean, then,

H° (K., A) ~ HY(K,, A)

HE (K, A) ~ H'(Gal(k,/k,), A)

H;,\ (K, A) =0

Hi (K, A) = H'(K,,A) = 0 foralli > 3.

Since in general A is unramified at almost all v, we can define the restricted product:

unr

P'(Gs, A) = [[ (H'(K,, A), HL,,(K,, A)),

vES
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where the cohomology groups are given the discrete topology (recall that when A is finite, the
groups H'(K,, A) are finite). In particular, we obtain:

P°(Gg, A) = H H°(K,, A) x H H°(K,, A) is compact,

"UGS\SOO ’Uesoo
PY(Gs, A) = H (H'(K,, A), H}, (K, A)) is locally compact,
veES
P?(Gg, A) = @ H*(K,, A) is discrete,
veES
P'(Gs, A) = @ H'(K,, A) is finite for all i > 3.
VESoo

For A in Modg(G) finite and v non-archimedean, we know from local duality theorem that for
0 <4 < 2, the cup-product
Hi(K,,A) x H*(K,,A) % Br(K,) 2% Q/Z
induces isomorphisms ‘ ‘ A
O : H(K,, A) — H* ' (K,,A")Y
We have:

Proposition 11.2. Let A be in Modg(Gg) and assume that it is finite. Then for 0 < i < 2, the
maps ©' induce an isomorphism

@i : Pz(Gs,A) l) P2_i(Gs,A,)v.
Proof. We use the following result about restricted products:

Proposition 11.3. Let (X;);c; be a family of locally compact topological spaces and let (U;) et
be a family of open subsets U; C X; such that all but finitely many U; are compact. Then there is
a topological isomorphism:

([T, U;)) " ~ [Ty (xi/u)).

iel iel
Proof. Exercise. ]

In our case we know from local theory that H?~*(K,, A')V ~ H'(K,, A). Moreover, if A is
an unramified G,-module which is finitely generated as a Z-module and assume that the order
of the torsion subgroup of A is prime to the characteristic of the residue field of K, then the
groups H2 /(K,, A’) and H! (K,, A) annihilate each other in this pairing and this induces a
topological isomorphism

H (K, A) =~ (H> (K, A H2 (K, A) Y € H(K,, A)Y.

unr unr
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Hence we deduce from Proposition[I11.3]a topological isomorphism:

[T (7 A) H (5 A)) = (T (2 A, 2 AY))

vES veS

11.2.2 Case of infinite modules

This subsection will not be used in the following of the notes. It can be ignored.

If A is not finite the G's-dual A" := Hom(A, Uk, (S)) is still defined but it is not in Mods(Gg)
anymore and we do not have the identification (A")’ = A. Instead for any place v of K, we set:

H(K,,A") := H(K,, Hom(A, K, )).

Note that when A is finite, this corresponds to the previous definition. As GG,-modules, we have
an injective map A’ < Hom(A4, K, ), so we obtain a map

H'(Gg, A") — H'(K,, A).
If A is unramified at a place v, we define

H (K, A):=H (K, Hom(A, OFun))-

unr unr
As before, we define the restricted products:

unr
veS veS

P(Gs, A) == [ (H'(K,, A), Hi (K, A)) - and - PY(Gg, A) == [ [ (H' (K, A), H,, (K, A))

where the cohomology groups are all equipped with the discrete topology except for H(K,,, A’),

which is endowed with the topology induced by the compact-open topology on Hom(A, f; ).
In particular, H(K,, A) is locally compact and H? (K,, A’) is compact when A is unramified.

unr

Hence, when A and S are infinite, in general only the following groups are locally compact:
() the group P'(Gs, A), since H'(K,, A) is finite,
() the group P°(Gg, A’), since H?

unr

() the group P}(Gg, A'), since H'(K,, A’) is finite.

(K,, A") is compact and H°(K,, A’) is locally compact,

Remark 11.4. If A is free as a Z-module and unramified at v, then

H! (K,,A)=H'(K, A) and H;

unr unr

K, , A"y =0fori>1.
(

We obtain that P*(Gg, A) is a product of finite groups so it is compact and for i > 1, the groups
Pi(Gg, A’) are a direct sum of discrete groups so they are discrete.
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Let A be a module in Modg(G). In degree i = 1, we have an isomorphism of finite groups:
HY(K,, A) = H'(K,, A)".
In degree ¢ = 0, we have an injective map
HY(K,, A') = H*(K,, A)",
which has dense image, the group of the left is locally compact and the one on the right is

compact.

Passing to the dual, we obtain an isomorphism of finite groups:
O, : H'(K,,A) = H'(K,, A"),

and an injective map:
0?: H*(K,,A) — H(K,, A")",

v

which has dense image, the group of the left is discrete and the one on the right is locally compact.

We have:

Proposition 11.5. Let A be in Mods(Gs). For i in {1,2}, the map ©' induces a continuous
morphism: . ' ‘
e': Pz(Gs,A) — P2_Z(GS,A/)\/.

Moreover,

(1) the map ©" is an isomorphism of locally compact groups,

(2) the map ©? is injective with dense image.
Proof. This follows from the following result for local fields: if A is an unramified G-
module which is finitely generated as a Z-module and assume that the order of the torsion

subgroup of A is prime to the characteristic of the residue field of K, then the groups
H, (K, ,Hom(A, Oguw:)) and HZ,'(K,, A) annihilate each other in the pairing inducing the

unr ¢ unr
maps O] and we obtain a map

Hi (K, A) = (H7 (K, A) /B2 (K,, A)

unr unr

which is an isomorphism for ¢ = 1. Moreover as before we have

(TT (> (K., &), HE (B, AY)) = T [ (H2 (5, A, (H2 (K, A) JHE (K, A)) ).

unr unr
veS veES

O
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11.3 Digression: Ext-groups

In the next subsection, we will prove Poitou-Tate duality and to do so, we need some results
about Ext-groups. In this subsection G is a profinite group. All the G-modules are assumed to
be discrete nut not necessarily finitely generated.

11.3.1 Extensions of G-modules

If M and N are G-modules, we define Ext’, (M, N) as the the set of homotopy classes of mor-
phisms M* — N°® of degree 7, where M* is any resolution of M by G-modules and N*® is any
resolution of NV by injective G-modules.

Hence we see that Extl(M,—) is the i-th right derived functor of the functor
N +— Homg(M, N) from the categroy of discrete G-modules Mod to the category of abelian
groups. In other words, for N a G-module and N* a resolution of /V by injective G-modules, we

have . '
Exte, (M, N) = H'(Homg (M, N*®)).

For M = Z, we recover the group cohomology:
Ext5(Z, N) = H(G, N).
There is a canonical product
Ext5 (N, P) x Exti, (M, N) — Exts (M, P)

sending a pair (f, g) of extensions to f-¢g defined in the following way: let N* and P* be injective
resolutions of N and M respectively and choose f : N®* — P*® and g : M — N°* representatives
of f and g respectively, then f - g is defined as the class represented by f o g. In degree zero, we
recover the usual composition (f, g) — f o g:

Homg (N, P) x Homg (M, N) — Homg (M, P).
When M = Z, we obtain a pairing

(11.3.1) Ext, (N, P) x H (G, N) — H'Y(G, P).

11.3.2 Spectral sequence
Let M and N be G-modules. In general, the module Hom(A/, N) is not discrete for the action

given by
(9-0)(x)=g-9(g""-x) forge G, o€ Hom(M,N),z e M.
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Let H be a closed normal subgroup of GG. Consider the discrete G/ H-module:

Hom,(M,N)= | J Hom(M,N)Y
HCUCG open

={p e Hom(M,N) |3U st. g- o =g forallg € U}.

We define Ext’; (M, —) the i-th right derived functor of N + Hom (M, N) from Modg to
Modgy. If H is trivial we drop the H from the notation. If M is finitely generated, note that
we have

Extt, (M, N) = Extt, (M, N).

Theorem 11.6. Let H be a closed normal subgroup of G and let N and P be G-modules. Let
M be a G/ H-module such that Tor?(M, N) = 0 for i > 1. Then there is a spectral sequence:

Extly (M, Ext} (N, P)) = Exty? (M ®z N, P).

In fact, as we will see in the proof below, Tor?(M, N) = 0 is always zero for i > 2, so it
suffices to assume that Tor?(M, N) = 0.

To prove the theorem, we first prove the following three lemmas.

Lemma 11.7. Let H be a closed normal subgroup of G and let N and P be G-modules. Let M
be a G/ H-module. Then there is a canonical isomorphism:

Homg, i (M, Homy (N, P)) = Homg(M ®z N, P).

Proof. We can check that the map which sends a morphism ¢ in Home, 5 (M, Hom(N, P)) to
x®y+— ¢(x)(y) in Hom(M ®z N, P) induces an isomorphism:

(11.3.2) Homg, (M, Hom(N, P)) = Hom(M ®gz N, P)

(its inverse is obtained by sending a morphism ¢ from Hom(M ®z N, P) to the morphism
z+— (y — ¥(z ®y))). We then take the G-invariants. We have

(Homg, (M, Hom(N, P)))“ = Homg(M, Hom(N, P))
= HOIIlG(M, HOIIlH(N, P))
= Homg (M, Homy (N, P)),

where in the second equality we use the fact that M is a G/ H-module and for the third one, we
use the fact that M is a discrete G/ H-module.

Taking the G-invariants on the right of (11.3.2)) gives Homg (M ®z N, P), hence the lemma.
O
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Lemma 11.8. If [ is an injective G-module and N is a torsion-free G-module, then Hom (N, I)
is an injective G/ H-module.

Proof. To prove that Hom (N, I) is injective, it suffices to prove that the functor
Homg g (—, Homy (N, P)) : Modg g — Ab

is exact. But Lemma tells us that it is the composite of the functors —®z N and Homg(—, I)
which are exact (since NV is torsion-free and [ is injective). ]

Lemma 11.9. Let N and I be G-modules with I injective and let M be a G/ H-module. Then
there is a canonical isomorphism

Extg (M, Homy (N, I)) = Home(Tor? (M, N), I).

Proof. Choosing a set of generators for N as Z[G]-modules gives us a resolution of N by torsion-
free G-modules:
0— N = Nyg— N — 0.

We can use this resolution to compute TorZ (M, N) and it follows that Tor?(M, N) is zero for
1 > 2 and the first terms fit into an exact sequence:

0 — Tor?(M,N) = M ®z N; — M ®z Ny — Tor2(M,N) = M ®z N — 0.
For each open subgroup U of GG containing H, we have a short exact sequence
0 — Homy (N, I) — Homy (N, I) — Homy(Ny, 1) — 0

(we have used that [ is injective as a G-module, so also as a U-module) and taking the limit, we
obtain an injective resolution of Hom (N, I) (it is injective by the previous lemma since N, and
N; are torsion-free):

0 — Hom (N, I) — Homy (Ny,I) = Hompy(Ny,I) — 0

We use this resolution to compute Extl, (M, Hom; (N, I)). Consider the diagram

(11.3.3) Homg, ¢ (M, Homy; (Ny, I)) —— Home i (M, Homy; (Ny, T))

Nl lN
Homea(M ®z Ny, I) ———— Homg(M ®z Ny, T)
where the vertical maps are isomorphisms by Lemma([I1.7] We have
Ker(a) = EXtOG/H(M> Homy (N, 1))
Ker(3) = Homg(TorZ(M, N), I)
CoKer (o) = Extgy 5y (M, Homy (N, I))
CoKer(3) = Homg(Tor?(M, N), I).

and since the vertical maps in (T1.3.3) are isomorphisms, we obtain the isomorphisms from the
statement of the lemma. []
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We can now prove the theorem.

Proof of Theorem[11.6] From Lemma [11.7, we see that Homs (M ®z N, —) can be written as
the composite of the functors Hom (N, —) and Homg, (M, —). Lemma [11.9]shows that the
first of these functors maps injective objects to objects that are acyclic for the second functor
(since we have assumed Tor?(M, N) = 0 for i > 1). Then the spectral sequence of the theorem
is the Grothendieck spectral sequence for this composite. ]

We derive from the theorem the following consequences.

() When M = N = Z, the spectral sequence corresponds to the Hochschild-Serre spectral
sequence A A
H'(G/H,H’(H,P)) = H"(G,P).

(o) If M = Z and H = {1}, the spectral sequence becomes

(11.3.4) H'(G,Ext’(N, P)) = Ext (N, P).
In particular, we see that when Ext/ (N, P) = 0 for j > 1
(11.3.5) H'(G,Hom(N, P)) = Ext,(N, P).

(o) When N = Z, the spectral sequence becomes

(11.3.6) Ext; (M, H(H, P)) = Extg? (M, P).
When ¢ = 0, the map Ext%/H(M, PH) — Extl(M,P) is obviously an isomor-
phism.  If moreover we assume that H'(H,P) = 0, we obtain an isomorphism

Extg (M, P¥) — Extg(M, P). More generally, if H'(H,P) = 0 for all i > 0, we have
an isomorphism

(11.3.7) Extg, (M, P") — Extg (M, P),

for all 7 > 0.

11.3.3 Shapiro’s lemma

We will also use the following generalization of Shapiro’s lemma:

Proposition 11.10. Let G be a group and H be a subgroup of G. Let M be a G-module and N
a H-module. Then for all 1 > 0,

Extl, (M, Ind% (N)) ~ Exti (M, N).

Similarly,
Ext’;, (N, M) ~ Extl,(Ind$(N), M).

Proof. Exercise. O
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11.4 Poitou-Tate duality

Let us go back to P*(Gg, A). To simplify the proofs, in the following, we will assume that A is
finite.

Let us first prove the following factorization:

Proposition 11.11. Let A be in Modg(Gg). Assume that A is finite. Then for any i > 0, the
restriction morphism

Res' : H'(Gg, A) — [ [ H'(K., A)

vES

factors through P'(Gg, A).

Proof. We need to show that if z is a class in H*(Gg, A) then for almost all places v of S, the
image x, := Res,(z) by the restriction map Res, : H'(Gg, A) — H'(K,, A) is contained in
H! (K,, A). Since the inflation maps induce an isomorphism

colimyey/r i H (Gal(L/K), ASKs/Dy &y [ (Gg, A),

there exists a subextention L, /K of Kg/K and y in H*(Gal(L,/K), AG*(Ks/L2)) such that
x = Inf(y).

Since A is finitely generated over Z, there exists L, a finite Galois subextension of Kg/K
such that A is fixed by Gal(Kg/L4). In particular, A is fixed by Gal(Kg/L, - L4). Assume that
v is a place of .S such that v is unramified in the composite L, - L /K. We obtain that Res,(x)
is the image by

Inf : H(Gal(K"™/K,), A) — H(Gal(K,/K,), A)

of the element 7,, which is the image of y, := Res,(y) via the map
HY(Gal((Ly - La)y/K,), A) — H(Gal(K™ /K,), A).

. . Z
Hence z, isin H

(K,, A), as wanted.

Hence if M is A or A’, we thus obtain localization maps
Nt H (Gg,M) — P'(Gg, M).

We define ‘ '
I (Gg, M) := Ker(\").

Example 11.12. We have the following result:

120



Lemma 11.13. If n is in N(S), then there are natural isomorphisms
' (Gs,Z/nZ) ~ Hom(Ck.s, Z/nZ)
' (Gs, Z') ~ Ck.s,
where as before C g is the ideal class group of the ring Ok s and Z' is the S-dual of Z.

Note that in the above, we are assuming that we have prove Proposition|I1.11|in the infinite
case as well and that I[1T' (G, Z') is well-defined.

Proof. First note that we have the following:

Claim 11.14. Let K, be the abelian maximal extension of K inside /K¢ in which all primes of S
split completely. Then the Artin map induces an isomorphism between Cx s and Gal(K(/K).

Proof of the claim. Let us recall that the Artin map gives an isomorphism between the ideal
class group C'x of K and the Galois group of the Hilbert class field £ of K which is the maximal
abelian unramified extension of K. Recall also that Ck g is the quotient of Cx by the subgroup
generated by all the primes of S, which we will denote by Jx . Hence, to prove the claim,
it suffices to show that the image of Jx g by the Artin map is exactly the group Gal(E/Kj).
But if L/ K is a finite abelian subextension of F, then the Artin map sends exactly Jx g to the
group D(L/K) generated by all the decomposition subgroups D(p, L/K) for p in S. Since
Gal(E/Ky) ~ @KO/L/K D(L/K), the result follows. O

Let us go back to the proof of the lemma. For the first point, by definition, we have

I (Gg, Z/nZ) = Ker(H'(Gs,Z/nZ) — || H'(K,, Z/nZ)),

in other words it is the intersection (for v in .S) of the kernels of the restriction maps:
HY(Gg,Z/nZ) — H'(K,,Z/nZ).

By the restriction-inflation exact sequence, we know that each of this kernel is equal to
HY(Gs/G,,Z/nZ) ~ Hom(Gs/G,,Z/nZ). Hence, taking the intersection, we obtain

1" (Gg, Z/nZ) ~ Hom(Gal(Ky/K),Z/nZ) ~ Hom(Ck s, Z/n7Z).
For the second point, we have
HY(K,,Z') = H(G,,Hom(Z, K, )) ~ H(G,, K, ) =0
by Hilbert’s Theorem 90. Hence
II'(Gs,2') = H'(Gs,Z') = H' (G, Hom(Z, U4 (9))) =~ H' (Gs, Uk (5)) = Ck s

by Proposition [10.6]
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In degree 1, the localization map \! has the following property:

Lemma 11.15. If A is finite then the inverse image of every compact subspace of P*(Gg, A) by
M HY(Gs, A) — PYGs, A) is finite.

Proof. Choose L/K a finite subextension of Ks/K such that Gal(Kg/L) acts trivially on A.
Since the inflation maps are continuous, it follows from the commutative diagram:

HY(Gg, A) —2> 4 PY(Gg, A)

| l

HY(Gal(Ks/L), A) —>— P'(Gal(Ks/L), A)

that it suffices to prove the result for the map \' : H'(Gal(Kg/L), A) — P*(Gal(Kg/L), A).
Hence we can assume that G'g acts trivially on A.

Let us then assume that A is a finite module with a trivial Gg-action. By definition of the
restricted product, any compact neighborhood of 1 in P!(Gg, A) is of the form

P(T) = ] H'(K,A) x ] Hi(Ko, A),

veS\T veT

where T a subset of S such that S \ 7" is finite (note P(7’) is indeed compact by Tykhonov’s
theorem). So it suffices to show that the inverse image of P(T") by ! is finite. Since we have
assumed that the action of Gg is trivial, we can identify the group H'(Gs, A) with Hom(Gg, A).
If an element f : G5 — A in Hom(Gg, A) is sent to an element of P(T') via A, this means that
for all v in 7', the morphism f is trivial on I, C G,. In other words, the group I, is contained in
Ker(f), or equivalently the extension K ?er(f ) is unramified at all places v in 7. Hence we see
that the extension /K ?er(f ) of K is unramified outside a finite number of places. Note also that its

degree [K?er(f VLK | = [Gs : Ker(f)] divides the order of A. We can then conclude by applying
the following lemma:

Lemma 11.16. Let L be a number field and Sy, a finite set of places of L. For any fixed integer
r, there is only a finite number of extensions of L of degree r that are unramified outside of Sy.

Proof of Lemma (11.16). Exercise. O
O]

If A is finite, by duality, we see that the localization maps A’ for the module A’ induce maps
p' s PY(Gg, A) — H*'(Gg, A, forie {0,1,2}.

‘We can now state our main result:
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Theorem 11.17 (Poitou-Tate duality). Let A be in Mods(Gg). Assume that A is finite. Then,

(1) The groups II1' (G, A) and 111?(Gg, A') are finite and there is a perfect pairing of finite
groups

I'(Gg, A) x III*(Gg, A') — Q/Z.

(2) The map \° is injective, the map ? is surjective and for i in {0, 1,2}, we have

Im(\") = Ker(").

(3) For v > 3, the map
Res : H'(Gs, A) = @5 H'(G., A)
vESR
is an isomorphism.

In other words, there is a canonical exact sequence of locally compact groups (with continuous
morphisms):
0 =H°Gg,A) = P°(Gg, A) — H*(Gg, A")Y —
H1<GS,A) — Pl(GS,A) — Hl(Gs,A/)V —
H?*(Gg, A) — P*(Gs, A) — H(Gs, A')Y — 0.

The exact sequence from the theorem is called Poitou-Tate exact sequence. Note that the

groups in the sequence have the following topological properties:

0 — finite — compact — compact —
discrete — locally compact — compact —
discrete — discrete — finite — 0.

Remark 11.18. In the above, since we have assumed that A is finite, we can replace A by A’ and
we obtain a perfect pairing of finite groups

(11.4.1) II' (Gg, A') x OI*(Gg, A) — Q/Z.

It can be proved (but it is more complicated) that for any A in Modg(Gg) we still have a perfect
pairing of finite groups (I1.4.1). However, when A is not finite, we cannot exchange A and A’
and it is not necessarily true in general that there is a perfect pairing

I'(Gg, A) x III*(Gg, A') — Q/Z.
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The idea of the proof of Theorem [11.17|is to apply the functor Homg(A’, —) to the exact
sequence:
0— UKS(S) — HKS,S — CKS,S — 0,

and to identify the terms Ext(A’, —) of the induced long exact sequence with the terms appear-
ing in the exact sequence from the theorem. Hence, we need to compute the terms Extg (A’, M)
for M € {Uk(S),1kg.s, Ckg s} This is done in the following three lemmas.

Lemma 11.19. We have:

(1) For all 1 > 0, we have an equality
Extg, (A, Uky(S)) = H'(Gs, A').
(2) If v is not in S, then

HY(Gal(k,/k,),A") = Extgal@ Sy (A OF)

and they are equal to 0 in degree i > 2.

Proof of Lemma[l1.19] The first point is a direct consequence of formula (I1.3.5) applied to
the group G = Gy and the modules N = A and P = Ug,(S). Note that here we have
Ext'(A, Uk (S)) = 0 since we have assumed the torsion of A is a unit outside of S and U (S)
is divisible by such integers.

The first statement of the second point is again a consequence of (11.3.5)): as before we know
that the torsion of A is a unit outside of S, so in particular it is a unit in O™ if v is not in S so
Ext!(A, O"X) = 0,

Let us now write g, := Gal(k,/k,) and we want to show that the group Ext; (A, Oy™*) is
zero in degree ¢ > 2. We can use the following claim (the proof is left as an exercise, see Sheet
11):

Claim 11.20. Let G be a profinite group such that given any n, there exists only finitely many
open normal subgroups of G with index n. Let M be Z[G]-module which is finitely generated
as a Z-module. Then M is cohomologically trivia]E] if and only if there exists an exact sequence

O—-M—1Iy—>1, —0
where [ and /; are injective Z[G]-modules.

Since we know from local theory that O;""* is cohomologically trivial, it follows that we can
write
0= 0 5 Ih—1, =0

with Iy and I; injective Z[g,]-modules. We obtain Ext; (A, Ow"*) = 0 for i > 2, as wanted.
[]

3i.e. the higher cohomology groups vanish for every closed subgroup.
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We also have:

Lemma 11.21. Letr A be in Modg(G). Assume that A is finite. Then,

Homg, (A, Ie.s) = [[ H(Gs, A
veS

Extg (A, Ixys) = P'(Gs, A")  fori>1.

Proof of Lemma[l1.21] We consider finite subsets 7" of S such that 7" contains all archimedean
places of K and all the non-archimedean places at which A is ramified, 7" is such that the order
of Ais a T-unit (i.e. it is a unit at all the places not in T"). For such a set and L/ K finite, we set

I[L/K,TCS = H L;; X H Uw-

w dividing elements of T’ w dividing elements of S\T'

Hence we can write

Ir/k.s = m T K res,
Tcs

where the colimit runs over the subsets 7" as above and L/ K is a subextension of K1 /K (where
K7 is the maximal extension of K unramified outside 7°). Since A is finitely generated the
functor Homg, (A, —) commutes with the colimit. We obtain:

Extg (A4, Tkg.s) = lim EXtiGal(L/K)(Aa Ir/krcs).
LT

We need to compute the terms on the right. Fix L/K a finite Galois subextension of Kg/K.
Since the functor Homgai(z/ k) (A, —) commutes with the product (and using Proposition|11.10)
we have

EXtGal(L/K (A I /krcs) HEXtGal (Lo /) (A, Lyy) )x( H EXtiGal(Lw(v)/Kv)(Av Un(v)))

veT veS\T

where for each place v of K we have fixed w(v) a place of L that divides v. If visin S\ T
and w divides v, then L,, is unramified and since O;""* has no cohomology in higher degrees,
it follows from (11.3.7), that we have an equality

EXtZGal(Lw/KU) (A, Uw> — EXtng (A7 OLIHI',X ) .
Using Lemma [[T.19] we obtain

(11.42) Extiurym (A Tyxres) = (] Extau,wmn (4 Liay)) x ( T] H(9.,4))
veT veS\T

X

Assume now that i is in {0, 1}. In that case, since we know that H'(Gal(Lu(v)/ Lu(v)); Lu(v))
is trivial, (11.3.7)) gives an equality:

3 X
EXtGal(Lw(v)/Kv)(A7 L1>1<)(U ) EXtG I(KE/KU)<A KU )
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Moreover, since K, is divisible, we also have Ext' (A4, K, ) = 0 and (TT.3.3) gives

Ext’ (A K,) = H(Gal(K,/K,), A).

Gal(Ky/Ky)

So we can take the limit of the equations (11.4.2) and if : = 0, we obtain (recall that when a
module M is unramified at v, we have H"(g,, M) = H°(G,, M) since the inertia subgroup acts
trivially):

Exte,y (A, Ixgs) = [[ H(G., A)

veES
and if ¢+ = 1,
Extg (4, Ixg,s) = P'(Gs, A),

as wanted.

Assume that ¢ > 2. We know from Lemma [T1.19] that the terms on the right in the equa-
tion (T1.4.2) are all zero, so we can write

EXtZGS (A7 HKS,S) = hﬂ ( H EXt’é}al(Lw(v)/Kv) (A7 L:;(y)))
T.Kr/L/K veT

= i (@D Extiug, (A L)

Ks/L/K wveS
= @ ( hﬂ EXtiC;al(Lw<v>/KU)(Av L:J(v)))-
veS Ks/L/K

Claim 11.22. We have an isomorphism

. i ~ i =X
]ﬂ EXtGal(Lw(U)/K»U)<A’ L’Zj}(’u)) - EXtGa](F,U/K,U)(A’ K’L} )
Ks/L/K

Proof of Claim[[1.22] Since A is finite with order in N(S), the groups appearing in the claim are
torsion with torsion in N(,S), hence is suffices to prove that we have an isomorphism between the
p-torsion part

. i 7 72
lim  Extaa, /i) (A L) (0) = Exte gz p (A5, (D),
Ks/L/K

for any p in N(S).
We use the spectral sequence (I1.3.6). In our case, when Kg/L/K is fixed, it becomes:

i ‘ 47 N7 i+j N7
Bxtaais, /) (A B (Gal(Ko/ Luw), K,)) = Exte) o (A K,).
Taking the colimit, we have
(11.4.3)
1 X

By = lim Bxtga,, ) (A B (Gal(Ko/ Luw), K;)) = Bt o (A KD).
Kg/L/K
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We also havel]

. X i . 1 T X
K%K ExtGayp, o, /1) (A H (Gal(Ko/ L)), Ky ) = Extm Gal(LU,(v)/KU)(A?h%HJ(GaI(Kv/Lw(U))’Kv ))-
S

From local theory, we know that

LY, ifj=0

_ ifi—=1
HI(Gal(RLu), K = 4 1

Q/Z ifj=2

0 if j > 3.

We claim that for p in N(.5)

lig  H(Gal(K,/Luw), K, )(p) = 0.
Ks/L/K

Indeed, the transition maps in the colimit are given by
(L : La] - Res : H(Gal(K,/Ly1), K, ) = H*(Gal(K,/Ly»), K, ), for Ks/Ly/Ls.

But when p is in N(.5), the extension K (f1,)/K is contained in Kg/K so for any L,,; we can
find Ly 2/ Ly 1 such that p divides [L,, 2 : Ly 1]. It follows that the p-torsion part of the colimit is
zero, as wanted.

We have then showed that in the spectral sequence (TT.4.3), all the rows (E%”); are zero except
. i0 1. i x .
for j = 0 where we have Fy~ = thS ILJK Extqar, .,/ K,)(As Ly(,y). We thus obtained the
isomorphism from the claim.

[]
Since we also have that Ext, (oK) (A, K) = H(G,, A') (apply again (11.3.3)), we obtain

Exty (A, Ixgs) = @D H (G, A') = P'(Gs, A'),

vES

as wanted. L]

4This follows from (TT.3.4): since Ext’(N, P) is always zero when i > 2, if we assume that the modules are
finitely generated then the spectral sequence (I1.3.4) will induce a long exact sequence:

0 — H'(G,Hom(N, P)) — Ext&(N, P) — H°(G,Ext' (N, P)) — H?*(G,Hom(N, P)) —

So if we assume that G and P can be written compatively as G = L G;and P = glj P; (with P; a G;-
module) such that the action of G on N factors through each G; then /

Ext$,(N, P) = lim Ext, (N, P).
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Lemma 11.23. Let A be a finite G s-module such that its order is an S-unit. Then, for all i > 1,
there is an isomorphism

EXtiGS (A, CKS,S) ~ H2_i(GS, A)V
Proof. The proof will be done in the next subsection. []
We can now go back to the proof of Theorem

Proof of Theorem The fact that III'(Gg, A) is finite follows immediately from
Lemmal|l1.15] since it is defined as the inverse image of {0}. Consider the short exact sequence:
0= Ugg(S) = Ik, = Ckys — 0,

and apply the functor Hom¢ (A’, —). This gives a long exact sequence:

- = Ext (A, Cky,5) — Extg, (A, Uk (S)) = Ext, (A’ Iy s) — Extg (A, Crg.s) = Extg (A, Uk (S)) = -

Using Lemmas[I1.19] [IT.21]and [11.23]to identify the terms, we obtain an exact sequence:

0 — H%(Gs, A) — [ H*(K., A) = Home (A, Cry 5)
veES
— Hl(Gs,A) — Pl(GS,A) — Hl(Gs,A,)v
— H*(Gg, A) — P*(Gg,A) — H°(Gg, A)Y
— H%(Gs, A) - @ H*(G,, A) =0,
v real
and if 7 > 4, isomorphisms:

H'(Gg,A) = €D H(G,, A).

v real

In particular, this proves point (3) of the theorem. Let us prove that the map
P*(Gg,A) = H°(Gg, A")Y
is surjective. This is the dual of the map
HY(Gs, A') = P(Gs, A') = [[ HG..A)x [ HG..4),
v€S\Sso vE€Ss0

which is injective (here we need to assume that S contains at least one finite place). In summary,
we have obtained the following exact sequence:

0— H%(Gs, A) = [ H*(K,, A) = Home, (A, Cr s)
veS
— H'(Gg, A) = PY(Gg,A) — H' (Gg, A")"
— H*(Gg, A) — P*(Gg, A) — H°(Gg, A')Y — 0.
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To conclude, we have to show that there is an exat sequence:
0— HO(GS,A) — PO(GS,A) — HQ(GS,A’)V — Hl(Gs,A) — Pl(GS,A).

But we can do the same reasoning as above replacing A’ by A and taking the dual and this gives
an exact sequence:

0— HO(Gs,A) — PO(Gs,A) — H2(GS,A/)V
— HY(Gg, A) — PY(Gs, A) — H'(Gg, A)Y

The first five terms give the desired sequence. In summary we have obtained a nine terms exact
sequence:

(11.4.4) 0 = H"(Gs, A) 2% PG, A) 25 H2(Gg, A)Y 5
HY(Gs, A) X5 PL(Gs, A) X5 HY (G, A)Y —
H2(Gg, A) 2 P2(Gg, A) 155 HO(Gs, A')
and we have proved point (2) of the theorem. It remains to check that there is a perfect pairing:
' (Gs, A) x II*(Gg, A') — Q/Z.
and that I1T1?(Gg, A’) is a finite group. The latter will follow from the perfect pairing. We have:

I'(Gs, A) = Ker(\' : H'(Gg, A) — P*(Gg, A)),
12(Gg, A')Y = (Ker(\2 : H*(Gg, A') — P*(Gg, A)))"
~ CoKer(u’ : P*(Gg, A) — H*(Gg, A)Y).

But from (11.4.4)), we also have

Ker(\') = Im(6)
CoKer(u°) = Colm(6).

And the duality is induced by the ismorphism:

§ : Colm(§) = Im(4).
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11.5 Proof of Lemma[11.23

In this section we proof the following result:

Theorem 11.24. Let A be a finite G s-module such that its order is an S-unit. Then, for all i > 1
and for any prime number p, there is an isomorphism

o'(A) : Exty (A, Ck, ) ~ H'(Gg, A)".
We will need the following generalization of Tate’s theorem (Theorem [5.1).

Theorem 11.25 (Tate-Nakayama Theorem). Let G be a finite group and for any prime p, let us
fix G, a p-Sylow of G. Let M be a G-module. We consider an element u of H*(G, M ). Assume
that for all primes p, the following assumptions hold:

(1) We have H* (G, M) = 0.

(2) The cohomology group H?*(G,, M) has order m,, := |G,| and is generated by the restric-
tion u, of u to H*(G,, M).

Then for each torsion-free G-module D and each subgroup H of G, the cup-product by
ug = Resy(u) € H*(H, M) induces isomorphisms

—Uuy : H(H,D) = H**(H,M ® D), foralli € Z.
As a consequence, we obtain:

Proposition 11.26. Let L/K be a finite Galois subextension of Kg/K. For D
any torsion-free Gal(L/K)-module, if we write urx the canonical generator of

H*(Gal(L/K),Cs(L)) ~ [L:—IK]Z/Z, then the cup product with up, i induces an isomorphism.:
— Uugk : H(Gal(L/K), D) = H**(Gal(L/K),Cs(L) ® D), foralli€ Z.

Proof. This follows from Proposition[I0.4]and Theorem[T1.25|(using the second inequality (The-
orem [6.1) for the computation of the cohomology of C). O

We first prove the following lemma:

Lemma 11.27. Let A be in Mods(Gs). Then fori > 4, the group Exty, (A, Cyg s) is zero. If
moreover A is torsion free then Extg; (A, Cr,s) is zero fori > 3.

Proof. Since A is a finitely generated, we can find a resolution by finitely generated GG s-modules:

0—>A A —>A—0
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such that Ay is torsion-free. Hence to prove the lemma, it suffices to show that
Extg, (A, Cxg,s) = 0 fori > 3 and A torsion-free.

Since A is torsion-free, we have that Ext'(A, C Ks,5) = 0 and (I1.3.5) gives us
EXtZ’Gs (A7 (CKs,S) = Hi(GS7 m(/L (CKs,S))-

Let us write B := Hom(A, Z). We have an isomorphism between the G-modules B ® Cg, s
and Hom(A, Ck, g) given by

p®Rcr (a— p(a)c), force Ck,s,a€ Aandp € B.

Since B is finitely generated, there exists an open normal subgroup H C G such that B = B.
Let us write Ly the corresponding subextension of Kg/K. We have

H'(Gs, B® Ckg5) = colimpegy g pr—pH'(Gal(Ly/K), B® (Cky5)")
= colimy H'(Gal(Ly /K), B® Cs(Lg))
~ colimy H*(Gal(Ly/K), B),

where the last equality is given by Proposition [I1.26] (we have used that ¢ > 3 to identify Tate’s
cohomology groups with the usual ones).

We claim that this colimit is zero. This is because the inductive maps are given by
[H, : Hy) - Inf : H™*(Gg/H,,B) — H *(Gs/H,,B), for Hy C H,.

For v an element in H*~%(Gs/Hy, B), we know that « is torsion with torsion in N(S). So there
exists m in N(S) such that m - o = 0. But for any prime p in N(5), the extension K (ji,)/K is
in Kg/K so we can find Hs an open subgroup of H; such that [H; : Hs| is divisible by m and
the image of o in H'~?(Gg/Hs, B) is zero. This concludes the proof of the lemma.

]

If A is a Gg-module, using (TT.3.1)) we obtain a pairing (setting H*(G, A) := 0 if i < 0):
EXtiGS (A, CKS,S) X HQii(Gs, A) — H2<Gs, CKg,S) forallz >0

and this last group is equal to Q/Z by Proposition It follows that we can define morphisms
for all ¢ > 0, ' ‘ A
a'(A) : Extg (A, Cgys) — H*(Gg, A).

We have the following duality result:

Theorem 11.28. Let A be in Modg(Gs). Fori > 2, the map
o/(A) : ExtES(A, Ckgs) — H2_i(G5, A)Y
is an isomorphism. In particular, for i > 3,
Extg;, (4, Cky,s) = 0.

If moreover A is torsion-free, o' (A) is also an isomorphism.

131



Proof. From Lemma|[I1.27 we know the result is true for ¢ > 4. Assume that 7 < 3.

Step 1: Let us first assume that A has trivial Gg-action. Then we can write A as a direct sum
of Gg-module isomorphic to Z or Z/nZ for some n and it is enough to prove that o(Z) and
a'(Z/nZ) are isomorphisms.

Let us first do the case A = Z. For i = 3, the result is contained in Lemma Ir remains
to prove the isomorphism for i = 1 and i = 2. For i = 1, both source and target of o'(A) are
zero: indeed we have

Exte, (Z,Cky,s) = H'(Gs,Cky,s) =0,

by Proposition and H'(Gg,Z) = Homeon (Gs, Z) = 0 since G5 is compact and Z discrete
and torsion-free. When ¢ = 2, the map

a2(A) . EXtéS(Z,CKsﬁ) = H2(G37(CKS,S) — HO<GS, Z)v = Q/Z

coincides with the usual invariant isomorphism H?(Gg, Cr, s) ~ Q/Z.

Assume now that A = Z/nZ for some integer n. If : = 3, the fact that
Ext¢,, (Z/nZ,Cy,.s) = 0 follows from the exact sequence:

0— EXtéS(Z, (CKs,S)/n — Exth(Z/nZ, CKS,S) — EXtéS(Z, (CKS75>,

since we know that Ext; (Z, Cxy s) = 0 and Extg, (Z, Cxy5) ~ Q/Z is divisible. If i = 2,
using the exact sequence:

Extg (Z,Cky.s) — BExtg (Z/nZ,Cky s) — Bxtg (Z, Cxys)[n] — 0
and the fact that Ext};s(Z, Ckgs) = H'(Gs,Ckgs) = 0, we obtain
Extg, (Z/nZ,Ck, s) = Extf, (Z,Cky s)[n] = H*(Gs, Cky,s)[n).

Then we can check that the map
1
o’(A) : BExtg (Z/nZ,Crys) = H*(Gs,Cky.s)[n] - H°(Gs, Z/nZ)" = ~Z/7Z

actually corresponds to the restriction of the usual invariant isomorphism
H?*(Gs,Ck,.5) ~ Q/Z to the n-torsion parts.

This concludes the proof of the theorem in the case where the module A has trivial action.

Step 2: If A is a finitely generated G g-module, then we can find H an open normal subgroup
of G5 such that A = A. Consider the exact sequence:

0—A—IndSs(A) = A =0

where A; is the obvious quotient. Shapiro’s lemma for cohomology (Lemma [5.11) tells
us that H'(G,Ind$$(A)) ~ H(H,A) and the one for Ext-groups (Lemma [11.10) that
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Ext (A, Crys) = Extl (Indf(A), Cxy,s). We obtain a commutative diagram with exact
TOWS:
(11.5.1)

- — Extgy (A1, Crg,5) — Bxtyy (A, Ckg 5) — Ext (A, Ckg,5) — Extd (A1, Crg ) — -+

laés (A1) la%(A) laes (4) la?sl(Al)

o ——— H?*Y(Gg, A1) ——— H?>"Y(H,A)Y ——— H?>"(Gs,A)Y ——— H'"{(Gg, A1)V —— - -~

Recall that we want to prove that af; (A) is an isomorphism for i € {2,3} and also 7 = 1 when
A is torsion-free.

Assume first that i = 3. We need to show that Ext?, (A, Ckyg.s) is zero. In the first row of
the diagram (TT.5.1)), we know that the term on the right Exty, (A1, Cgy 5) is zero (we apply
Lemma|[I1.27)to the module A;). But since the action of H on A is trivial, we also know by Step
1 that the group Ext};(A, Ck,,s) is zero. Hence Extf; (A4, Ck,,s) is zero.

Assume that ¢ = 2. From the previous case (i = 3) applied to the module A; we know that
ag (Ay) - Ext}, (A, Ck,s) = H'(Gs, Ay)Y is zero (both source and target are zero). Since
the action of H on A is trivial, we also know by Step 1 that the map a?%(A) is an isomorphism.
Hence it follows from (IT.5.1)) (for i = 2) that af_(A) is surjective. Since this is true for
any module, this also proves that a_(A;) is surjective. We then obtain that ag_(A) is an
isomorphism using the five lemma.

Assume that ¢ = 1 and A is torsion-free. The previous point gives us that aéS(Al) is an
isomorphism and we also know that a};(A) and o (A) are isomorphisms from Step 1. It follows
from (TT.5.0)) (for i = 1) that o (A) is surjective. Since this is true for any module which are
torsion-free and since A, is torsion-free, this also proves that o, (A1) is surjective. We then
obtain that a, . (A) is an isomorphism using the five lemma.

This concludes the proof of the theorem. ]
We can now prove Theorem |11.24

Proof. Let A be in Mods(Gg) and assume that A is finite. We want to show that the map
a'(A) : Exty, (A, Cky.s) ~ H'(Gg, A)"

is an isomorphism for ¢ > 1. From the previous theorem, we already know that it is the case for
i > 2. So we are left to prove that if A is finite, then a!(A) is an isomorphism. Reasoning as
in the proof of Theorem we see that it suffices to show the result for A = Z/p™Z for p a
prime number and m > 0.

We apply Exte (—, Ck, s) the the exact sequence

02257 Z/p"Z — 0
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and using the fact that Exty, (Z, C,,s) = H'(Gs, Cky,s), we obtain
0— H[)(GS,CKS’S)/pm — EXtéS<Z/me7(CKS,S) — H1<G5, CKS’S)[pm] — 0.

But the term on the right is zero and the one on the left is Cs(/)/p™ by Proposition The
target of o' (Z/p™Z) is

Hl(Gs, Z/me)V = Homcont(GS7 Z/pmz)v = G%b/pm

(this last equality comes from the usual Pontryagin duality: the evaluation map g — (x — x(g))
induces an isomorphism:

~ 1
Gab/pm — Homcont(Homcont(GSa EZ/Z% Q/Z)>

We can check that the map
o' (A) : Cs(K)/p™ — G¥ /p"

corresponds to the reciprocity map of Theorem and we will see later that this an isomor-
phism. [In fact this will follow from the fact that the kernel of the Artin map

Cs(K) — G2

is divisible. Note that without taking the quotient by p™, the result is not true anymore, so the
finiteness hypothesis is needed here.]

This concludes the proof of the theorem. ]

The proof of the Poitou-Tate duality result is now complete.

11.6 Some consequences

We collect here some consequences of Theorem

Corollary 11.29. If the set S is finite and A is a finite module in Modg(G), then the groups
H(Gs, A) are finite for all i.

Proof. 1f S and A are finite then the groups H'(G,, A) are all finite so we directly obtain from
point (3) of Theorem that H'(Gg, A) is finite for 7 > 3. It also follows that the groups
P'(Gg, A) are finite (they are equal to the finite product of the H*(G,,, A)). Then point (2) of
Theorem[11.17]implies that H°(Gs, A) is finite. For i € {1,2}, we have an exact sequence

0— IHZ(GS,A) — HZ<G57A) — PZ<G57A)

and we see that H'(G's, A) has to be finite. O
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Corollary 11.30. Let A be a finite module in Modg(Gs). Then for any finite subset T of S such
that S\ T contains at least one finite place, the map

H*(Gs, A) — @ H*(G,, A)

veT

is surjective. In particular, it is the case for the map

H*(Gs,A) = @ H*(G., A).

v real

Proof. Let vy be a finite place in S\ 7. Recall that when A is finite, the group P%(Gg, A) is just
the direct sum @, g H*(G,, A). Let us take an element (a,)yer in @, H*(G,, A) and extend
it arbitrarily to an element a = (a,)ves in P, g H*(Gy, A) = P*(Gs, A). We will see that we
can modify the component a,, in such a way that a will be in the image of

N H*(Gs, A) » @ H* (G, A).
veS
By duality between P?(Gg, A) and P°(Gg, A’) (Proposition [11.2)), we know that a corresponds

to a character x, : P°(Gs, A') — Q/Z and we still write Y, its restriction to H°(Gg, A’). The

inflation map
H°(Gs, A') = H° (G, A)

is injective. So we are in the following situation:

H°(Gg, A)—— H°(G,,, A")

Xal _ -7 -
x ~ Xa
Q/Z

and the dotted arrow Y, exists since Q/Z is a divisible abelian group (so it is injective as an
abelian group).

We have obtained a character X, of H°(G,,, A’). But by local duality such a character corre-
sponds to an element a;, of H*(G,,, A). Consider the element (a,),cs of P?(Gg, A) such that
/

a,, = Gy, — ay and a;, = a, for any v # vy. We claim that this element (a;,),¢g is in the image

of \2. From the exact sequence (TT.4.4)), it suffices to prove that (a/,),cs is in the kernel of
MQ : PQ(Gs, A) — HO(GS, A/)v.

But the image of o’ by p? is by construction a character x : H°(Gs, A’) — Q/Z making the
following diagram commute:

HO(Gg, A HY(G,,, A')

~
Xa! ~ N/
s Xa’

Q/z.”
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where Y,/ corresponds to the element a;; — ay, = 0. Hence X = 0 and x,» = 0 as wanted.

Example 11.31. The perfect pairing
' (Gg, A) x IIT*(Gs, A') — Q/Z

can be described explicitly.

Let us denote by Z'(Gg, A) and Z*(Gs, A’) the corresponding groups of cocycles. For ele-
ments a in [1T1'(Gg, A) and ' in II1?(Gg, A’) we choose representatives o in Z'(Gg5, A) and o/
in Z?(Gg, A") and for v in S, we write «, and o/, their respective restrictions to G,,. By defini-
tion of the III-groups, we have that for any v in .S, the projections |c,] and [o/)] of «, and o, in
HY(G,, A) and H?*(G,, A") are zero, so there exist a 0-cochain 3, and a 1-cochain /3, such that

a, =d(B,) and o =d(B)).

Moreover, since we have A @ A" ~ Uk (S5), the cup-product o U o’ gives us an element in

Z3(Gg, Uk, (S)). But from Proposition[10.6] we know that H3(G's, Uk, (S))(p) = 0 for all p in
N(S). Recall that we have assumed that the order of A is in N(.S). It follows that & U o’ comes
from a 2-cochain v with coefficients in Uk (5):

aUad =d(v).

We have
d(B, Ua,) =d(8,) Ua, = a, Ua, = d(7,)

and similarly
d(ay U B,) = d(7).

On the other hand, we also have
d(B, U B,) =d(B,) U B, — B, Ud(B,) = o U, — B, Ua,.

Then we see that 3, U o/, — v, and v, U 8, — 7, are cocycles in Z?(G,, 7,: ) representing the

v
. —>X
same class ¢, in H*(G,, K ).

We define:
{a,d") := Zinvv(cv).

veES

Proposition 11.32. The pairing (a,d’) described above is independant of the choices and it
coincides with the perfect pairing from Theorem[[1.17)]

Proof. Exercise. ]
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12 Complements

In this section we first study the connected component of the ideles class group. We then use the
previous results to completely determine the Gal(/K /K')-cohomology of Z.

12.1 The connected component of Cy
In this section K is a number field.
Proposition 12.1. Any open subgroup of the idele class group Cy has finite index.

Proof. Let W C Cg be an open subgroup. Then the pre-image of W by the projection [ — Cg
is open and so it contains an open of the form

V:HV;

with V,, C U, is an open subgroup such that V,, = U, for almost all v, if v is real, V, is R*"
and if v is complex V,, is C*. Since when v if finite all open subgroups of U, have finite index
(because 1n that case U, is compact), we see that V" has finite index in the group

U=[Juv.x [ o x][[r*"

v finite v complex v real

Then to prove the proposition, it suffices to show that I /K> U is finite. But we see that this U
is equal to the open Wy, from (#.1.1) where the modulus m is equal to m = [, ., uce P- Hence

from Proposition , we know that I, /K™~ U ~ C,, for this modulus. Since we have seen that
Ch s finite (Theorem [2.7)), this concludes the proof.

(In fact Ic /(K *U) corresponds to the narrow class field of K, see Example 2)).

Let us denote by D the connected component of the identity in the idele class group Cy.

Proposition 12.2. Let K be a number field. There is an exact sequence:
0— Dg — Cx 255 G22 - 0,
where Vg : Cix — G2 is induced by the Artin maps
Yk Cx — Gal(L/K)

for L/ K finite abelian extension of K.
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Proof. By reciprocity law (Theorem [@.17), we know that the Artin map is surjective and that
the kernel of ¢,k is exactly equal to NormL/K((CL). So it suffices to prove that the ker-
nel of the Artin map is equal to the identity component Dy. The existence theorem (Theo-
rem tells us that any open subgroup of Cg of finite index corresponds to a norm group
Normy,x(Cr) = ker(¢)r/k). So the kernel of ¥k is equal to the intersection of all open sub-
groups of finite index of C g, which is the same as all open subgroups by Proposition Then
we conclude using the following general lemma (the proof is left as an exercise):

Lemma 12.3. In every locally compact group G, the identity component Gy is the intersection
of all open subgroups of G.

Recall that there is a continuous surjective morphism of groups

(12.1.1) 1] 4G 7 (Baox)
o« orlal=TL k.

and we denote by Cj, the kernel of | - |, i.e.
Cy = {a € Ck | la| = 1}.

We also set Dk := Ck N Dy. Recall also that we have seen in Theoremthat Cl is compact.
Moreover, the morphism admits a continuous section s : Ry — Cg: in fact, for any
infinite prime v of K, the restriction of | - | to the subgroup R of K C Cf is an isomorphism
and we can define s as its inverse. Since R is connected then the image of s is contained in
Dk and we have compatible decompositions:

(12.1.2) Cx ~C} xRy and Dg ~ DL x Ry.

Lemma 12.4. Let K be a number field. Then,
(1) We have D}, = Ne/x Normy,/x (C}),
(2) For any finite extension L/ K, the norm maps

Normyp/x : Dy — Dk,
Normyr : Dy — D,

are surjective.

Proof. We have already seen that D = (1, Normy,x(Cp). Let us write

Normg;(C) := ﬂ Normy/x(Cr) and Normf/K((Cl) = m Normy /k(Cy).
L/K L/K
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Using the decomposition (12.1.2) (by construction of the section s), we see that for any L/K
finite Galois,
C/Normy, x(C}) ~ Cg/Normyp,x(Cp).

This implies
Normg, . (C') = C N Normg 4 (C) = Cje N Dy = D,

which proves (1).

Let us now prove that the norm maps are surjective on D and D%.. Let L/K finite, we want
to show that
Normyp,/x : D} — D}

is surjective. Let z in D.. Consider the family of sets
{Prr := Normyy,1(Cj,) N Normz/lK(x)}M/L finite -

For any M/ L finite, since C}, is compact then Py, is also compact. It is non-empty (it contains
x). Moreover if Py, and P, are two such sets, they both contain Py, .5, and hence their
intersection is non empty. It follows that the intersection [, /1 finite £m1 18 non-empty. But if y is

an element of (/) gy Pars then it is an element of Dy = (), Normy;1(Cj,) such that its
image by the norm map is z. Hence Normy,/f is surjective on Dy.

The surjectivity of
NormL/K : ID)L — DK

follows then from the commutative diagram:

0 ]D)lL ]D)L R>0 —0

NormL/Kl NormL/Kl NormL/KJ/

0—— DL —— Dy R.g— 0

using the fact that the norm map Normy,x : Ry9g — R.g is given by z — zFK] which is
surjective. L

Proposition 12.5. Let K be a number field. Then,

(1) The group Dy is equal to the group of all divisible elements of C.

(2) The group Dy is divisible.
Proof. For (1), note that C /Dy is equal to C},/D} and so it is compact, totally disconnected
and Hausdorff (i.e. it is a profinite group). Let = be a divisible element of Cj. Then its image in

the quotient Cx /D is contained in every open subgroup, so it is trivial. In other words, x is in
Dg.
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To prove (2), since the group (R, x) is divisible, we see from the decomposition (12.1.2)
that it suffices to prove that D} is divisible. Let p be a prime number. For L a finite extension of
K that contains a p-th root of unity and S a finite set of places of L, consider the Kummer ex-

tension M := L(UL(S)%) corresponding to the group UL (S) - L*P/L*? ~ UL(S)/UL(S) N L*P.
Recall that we have seen in the proof of Theoreom [8.7|that for S large enough we have

W(S)LX/LX == NOI'IHM/L((CM)

where

w(S) =[] K;* <[] U.

veS véS

So we obtain
D, Cc W(S)L*/L* = (Cp)?- (U, sL™/L™),

UL,S = H{l} X H Uv.

veES v¢S

where

Since the morphism | - | is trivial on (U s L*/L*), it follows that we have the inclusion
D; C W(S)L*/L* = (Cp)? - (UpsL™/L%).
This is true for all set S large enough, hence

Dic () (CLP- (UsL*/L¥) = (CL).

S "large enough"
By the previous lemma we know that D} = Normy x (D} ) and we finally obtain
(12.1.3) D} € (Normyp,x(C}))P.

Let x be an element of D, we want to show that there exists y in D} such that 4 = . Let us
write f, for the map C}, — Cj;, a — aP. Consider the family of sets

{Xp = NOl”mL/K(ClL) N f;l(x)}L/K st (pel

The spaces X are compact and non-empty by (12.1.3) and any intersection of two of them
contains a third. Hence ) LK X is non empty. If y is in () LK X1, then by construction, y is an

element of D}, such that y” = z. This concludes the proof of the proposition. ]

For K be a number field and S be a (possibly infinite) set of places of K, we denote by Dg(K)
the identity component of the group Cg(K).

Proposition 12.6. Let K be a number field and S be a set of places of K. Then

Dg(K) = DUk s/Uk s
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and the group Dg(K) is divisible. Moreover there is an exact sequence:
0 — Ds(K) — Cs(K) 25 G2 — 0,
where g : Cs(K) — G2 is induced by the Artin maps
Yk Cg(K) = Gal(L/K)
for L/ K finite abelian extension of K in K.

Proof. Recall that the group Cg(K') is defined as the quotient C /U 5. So the identity compo-
nent Dg(K') is equal to the closure of Dx via the map Cx — Cx/Uk s = Cs(K). But Uk g is
compact so the projection Cjx — Cg(K) is proper and the image of Dy is already closed. We
have showed

Dg(K) =DxrUk s/Uk s
as wanted. The fact that Dg(K) is divisible follows then from the same statement for D (Propo-

sition [12.5(2)).

To obtain the exact sequence from the lemma, first note that the image of the subgroup
Uks C Cg via the Artin map Cx — G2 is equal to the subgroup of G%2 fixing the subex-
tensions of K g which are abelian, i.e. the subgroup fixing K¢ N K. But this subgroup is also
equal to the kernel of the map

G — G,
Hence, if we apply the snake lemma to the commutative diagram with exact rows:

UK75—>Ga1(Kab/KS N Kab) —0

| l

0 ]D)K (CK Gal(Kab/K)—>0,

we obtain the desired exact sequence. [

12.2 An example: the cohomology of Z

Let us now give an example of a concrete computation of cohomology.

Proposition 12.7. Let K be a number field and let G i be its absolute Galois group. Let r be the
number of real primes of K. Then,

H(Gk,Z) =2,

HY(Gg,Z) =0,

H*(Gg,Z) = Hom(Cg /Dy, Q/Z),

H*(Gg,Z) = (Z)2Z)*"  fori> 2,

H*"YGg,Z)=0 fori>2.
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Note that this is also true that H3(G'¢, Z) is trivial but we will not prove it here.

Proof. The result for « = 0 is obvious. For : = 1, we have
Hl(GK, Z) = Homcont(GK, Z) =0

since GG is profinite hence compact and Z is discrete and without torsion. For ¢ = 2, consider
the exact sequence:
0-Z—-Q—Q/Z—0.

Since H!(Gk, Q) = H*(Gk, Q) = (F] we obtain

H2(GK7 Z) - HI(GK7 Q/Z) - Homcont(GKv Q/Z) - Homcont(G??; Q/Z>
By Proposition [12.2 we can identify G with Cr/Dj and we obtain the desired formula for
H*(Gg,Z).

Assume that 7 > 4. Then we have (using again that (G, Q) = H’(G,,Q) = 0forj > 0
and all places v):

H'(Gk,Z) = H"'(Gk,Q/Z)
— lim (G, %Z/Z)

: i 1
=l [[ #°4(G.. - 2/2)
v real
— H lim H'7Y(G,, %Z/Z)

vreal ™

= 1[ #7'(G..Q/2)

v real

= [[ #'(G.,2),

v real

where the third equality is given by Theorem [11.17, But then since Gal(C/R) is cyclic, the
groups H'(G,,,Z) can be computed by the usual formulas for cyclic groups. We have

Z/27Z ifiiseven,

H™YG,,Z) = o
0 if 7 1s odd.

SRecall that if G is a profinite group, then for any G-module V' which is a Q-vector space, the cohomology groups
H(G, V) are zero for i > 0. This follows from the fact that the groups H*(G, M) are torsion for any GG-module
M and i > 0.

142



12.3 The global Euler-Poincaré characteristic

Let K be a number field and let S be a finite set of places such that .S contains all infinite places
of K. As before we write Kg for the maximal extension of K unramified outside of S and
Gs = Gal(Kg/K). Recall that we denote by Ux (S) C K* (respectively Uk (S) C KJ) the
group of S-units.

12.3.1 Statement of the main theorem

For A a finite Gg-module such that its order is an S-unit, we know from Corollary [11.29]that the
groups H'(Gg, A) are finite for all i > 0. We define the Euler-Poincaré characteristic of A as

|H%(Gs, A)| - |H*(Gs, A)|

X(thA) = |H1(G5,A)|
Theorem 12.8. We have: |H (G, )|
G = 11 =3

Recall that if K, is a non-archimedean local field and A a finite GG,,-module, we also define the
Euler-Poincaré characteristic as the quotient

[H(Go, A)| - [H*(Go, A))|

MG D= ma, )

Then we have the following result:
(12.3.1) X(Go, A) = |#A],.
When K, is R or C and G, = Gal(C/K,) then we have

[HO(Go, A)| - [H (G, A)]
[HY(G, A

(12.3.2) = |#A|,.

In that case we define the Euler-Poincaré characteristic as

[H(G, A)| - IHQ(GU,A)I
!Hl(Gv,A)!

X(Go, A) =

Since the Herbrand quotient of a finite module is equal to 1 (Proposirion[5.2(2)), we obtain

(12.3.3) X(G, A) = [H(Gy, A)].
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12.3.2 Proof of Theorem[12.8

The idea of the proof is similar to the one of the equivalent local result. Recall that we assume
that S and A are finite. We define

[HO(G,, A)] (G, Al
QO(A) G57 H
VESs ‘#A‘v

and our goal is to show that p(A) = 1.
Lemma 12.9. We have p(A) - p(A") =

Proof. Recall (see Exercise Sheet 5) that for M; with 0 < ¢ < r finite groups such that there is
en exact sequence of groups:

0—+My—M —---—M_1—M —0

I = I Ml

0<:<rs.t. 2 even 0<i<r s.t. ¢ odd

then

We apply this result to the nine terms exact sequence (11.4.4)) and we obtain
|P2(Gs, A)| - [P2(Gs, A)]

X(GSv A) (GSv A,)

[P (Gs, A)|
But S is finite so |P0(G ). |P2 G
S 57
|P1(GS HX G’U)A
veS

Formulas (12.3.1) and (12.3.3) then yield
X(Gs, A)-x(Gs, A) = ( T] 1#4L) - ( [T 175G, A)).

vES finite vES infinite

From the product formula and the fact that |[#A|, = 1 when v ¢ S, we also have
1
IT 1#4l = (1T 1#40)
vES finite V€S0

Hence,

, H

Since A is finite | H%(G,, A)| = |H'(G,, A)| = |H1(Gv, A)| and formula (12:322)) finally gives

us
H [H(Gy, A)| - [H (G, A)]

(I#A})? ’

as wanted. ]

X(Gs, A) - x(Gg, A) =
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Hence, to prove Theorem[12.§] it suffices to prove the following proposition:
Proposition 12.10. We have p(A) = p(A’).
Let us denote by ModZ(G's) the subcategory of Modg(G's) which consists of finite modules.

Lemma 12.11. The map ¢ : Mod(Gs) — (Qso, ) is additive, in the sense that if
0—-A - A— A, —0

is a short exact sequence of in Mod%(G') then,
p(A) = p(A1)p(Az).

Proof. Applying H'(G's, —) to the exact sequence from the lemma and using Theorem [11.17|in
degrees ¢ > 3, we obtain an exact sequence of finite groups:
0— HO(Gs, Al) — HO(GS, A) — HO(GS, Ag)
— H'(Gg, A1) = -+ — H*(Gg, Ay)
— P G, A1) = €D H(Go, A) — @D H (G, Ay)

v real v real v real

— P HY(G,, A1) = €D HY (G, A) » @D H (G, As)

v real v real v real

— Ker (P H*(G,, A1) — €D H (G, A)) — 0.
v real v real
But since we are assuming that the modules are finite and G, is cyclic, we have
|H3(Gy, M) 5 1
—— =1 d H (G, M)=H (G,,M) forM e {A A, A
’H4(GU,M)| an ( ) ( ) or < { 1 2}

So the above exact sequence gives
X(Gs, A1) - x(Gs, Az) = x(Gs, A) - |C]

where
C = Ker(P H' (G, A1) = @ H'(G., A)).
v real v real

Then the order of C' can be computed using the following exact sequence:

0— @ H G, A1) = P HG,, A) - P HO(G, A2) = C — 0.

v real v real v real

We have

|H (Gy, A1) |HO(GU,A2)|
=11 |H° W A)

v real
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Since we also know that |A;]| - | 43| = | A, we obtain

p(Ar) - p(Az) = (A),

as wanted. L]

Before proving our main result, let us recall a few facts about the Grothendieck group of finite
dimensional F,[G]-modules, where G is a finite group and p a prime number. We denote by
Ry, (G) this group. This is the abelian group generated by isomorphism classes [M] of F,[G]-
modules where we impose the following relations: if

0> M — M — My —0

is an exact sequence then
[M] = [M] + [Ms)].

Note that since Homg, (—, F),) is exact, it defines a functor:
(=) : Rp,(G) — Rp,(G).

Moreover, there is a morphism ¢ : Rg,(G) — Q¢ sending the class of a module [M] to the
order of MY,

We can describe generators for this group. More precisely, we have:

Lemma 12.12. Let G be a finite group and for any subgroup H of G consider
Ind$; : Rp,(H) — Ry, (G)

be the morphism taking the class of an H-module to the class of the corresponding induced G-
module. Then Ry, (G) ® Q is generated by the images of the Indg as H runs over the set of
cyclic subgroups of G of order prime to p.

We can also endow the group Ry, (G) with a multiplicative structure, setting
[My] - [Mp] = [My & My

where the identity is the class of F,, (with the trivial action).

Proof of Proposition[I2.10| (and hence of Theorem[I2.8). Let A be in Mod%(Gy). Recall that
we want to show that p(A) = p(A’). From Lemma we see that it suffices to prove
the result for A killed by a prime p with p a S-unit. Choose L/K a finite Galois subex-
tension of Kg/K such that Gal(Kg/L) fixes A. Up to changing L by some L((,) (since
Gal(Ks/L(¢)) € Gal(Kg/L)), we can assume that L contains a primitive p-th root of 1 (or a
primitive 4-th root of 1 if p = 2). Write G := Gal(L/K). The groups A and H*(Gal(Ks/L), A)
define classes [A] and [H'(Gal(Kg/L), A)] in the Grothendieck group Rp,(G). In view of
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Lemma [12.12] let us consider a cyclic subgroup H C G of order prime to p and assume that
Ais equal to Ind% (M) for some H-module M in Rg,(H). Let us also denote by K’ = L the
corresponding extension. Since L is a totally imaginary field then it follows from Theorem|11.17
that H*(Gal(Kg/L), M) = 0 for i > 3. We obtain that there exists a well-defined morphism

X' : Ry,(H) — Ry, (H)
sending a class [M] in Ry, (H) to
[H°(Gal(Ks/L), M)] — [H'(Gal(Ks/L), M)] + [H*(Gal(Ks/L), M)].
Now recall that we have a map 0 : Rp,(H) — Q- sending [M] to the order of M*.

Claim 12.13. We have (0 o X')(M) = x(Gg, A).

Proof of Claim[I2.13] By definition we have

_ H(Gal(Ks/L), M)"| - |H*(Gal(Ks/L), M)"|

N |H(Gal(Ks/L), M)*H| '

Since H is cyclic of order prime to p and M is killed by p (since A is), we have

H'(H,H’(Gal(Kg/L), M)) = 0 fori > 0 and j > 0. So the Hochschild-Serre spectral se-
quence

(60 X)(M)

H'(H, H(Gal(Ks/L), M)) = H™(Gal(Ks/K'), M)
induces isomorphisms
H'(Gal(Kg/K'), M) ~ H(Gal(Kg/L), M)"

and we obtain
(0o x) (M) = x(Gal(Ks/K'), M).

Let us write G's :== Gal(Kg/K'). By Shapiro’s lemma, we also have
H'(Gg,ResS?(A)) = H' (G, Res&s (Ind$ (M)
= H'(Gg, Indg,i(M))
= H'(G§, M),
which proves that x (G, M) = x(Gs, A). This concludes the proof of the claim. O

Let us come back to the proof of the proposition. We want to show that ¢(A) = ¢(A’). We
first prove that y(Gs, A) = x(Gg, A’). This will follow from the following computation:

Lemma 12.14. Let M be a finite ¥ ,[H|-module. Then

(1) X' (M") = [M]* - X' (1),
(2) [M] - [Fp[H]] = dimg, (M) - [F)[H]].

(Here we are setting M' := Hom(M, p,), which is consistent with our previous notation).
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Proof of Lemma We claim that for all 7 > 0, there are isomorphisms
H'(Gal(Kgs/L), pp) @ Hom(M, F,) = H'(Gal(Kg/L), M')
In degree 0, this isomorphism is induced by the product
(oo /) > (25 L) 1y x Hom(M, F,) — M’

(recall that the action of Gal(Ks/L) on M and p, is trivial). In higher degree, note that if we
choose a resolution i, — I*® by injective modules, then /* ® Hom (M, F,) will then define an
injective resolution of M’ via the above product. The isomorphism in higher degrees follow and
this proves the first point.

For the second point, let us denote M, the module M with a trivial H-action. Then the map
g ® z — g ® g(x) induces an isomorphism of F,[H]-modules:

F,[H] ® My = F,[H] ® M.

This proves (2).

Using first (1) then (the dual of) (2) we obtain:
X (M) - [Fy[H]" = [M]" - [F[H]]" - X' (1) = dimg, (M) - [F,[H]]" - X' (p1p),
and since dimg, (M) = dimg, (') we also have
X' (M) - [Fy[H]]" = dimg, (M) - [Fp[H]]" - X' (1)
Applying 6 and using Claim we obtain
X(Gs, A') = x(Gs, A).
To show that p(A) = p(A’), it remains to show that for all v real,

AGv ANGe
(12.3.4) A _ N ), |

[#AL  |#A,
For v real, either G, ~ Z/2Z or G,, is trivial. In the case where G, is trivial, (12.3.4)) is obviously
satisfied. Assume G, ~ Z/2Z = (1,0). Recall that we have also assumed that A is finite and
killed by some prime p. If p is not 2 then the norm map N = 1 + ¢ induces an isomorphism

Af(oc—1) =5 A%

(For the surjectivity: we have v = (1+0)(5) 4 (1 —0)(5). For the injectivity, if (14 0)(z) = 0
and (1 — o)(z) = 0then 2x = 0sox = 0.)
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We can then check that the duality between A and A’ induces a duality between A/(0 — 1)
and (A’)? and the equality (12.3.4) follows.

Assume now that p = 2. Recall that we have assumed that A = Ind%M where
H = Gal(L/K’) is a cyclic group of order prime to 2. For v a real place in S, choose vy
and w places of K’ and L above v. Then Gal(L,,/K, ) is trivial so Gal(K, /K], ) fixes M. Let
us write G, := Gal(K,/K], ). By Shapiro’s lemma, we have H°(G, M) = HO(GU, A) and we
see that A is fixed by G,,. Hence A’ is also fixed by G,, and equality (12.3.4) follows.

This proves that ¢(A) = p(A’), as wanted.

12.3.3 Consequences
Recall that in this section we are assuming that both S and A are finite.

Corollary 12.15. We have:

(G, A)
VESso ’
Proof. From Theorem[12.8] we have
|H (G, A)|
GS7 H
e #AL
and replacing |#A|, using (12.3.2)), we obtain
|H (G, A)|
X(Gs, A) = H |HO(G,, A)|

UESOO

Then the following (local archimedean) duality result gives us that | H!(G,,, A)| = |H (G, A")|:

Proposition 12.16. For any finitely generated Gal(C/R)-module M with dual
M’ := Hom(M, C*), the cup product defines a non degenerate pairing of finite groups

' (Gal(C/R), M') x > (Gal(C/R), M) — H*(Gal(C/R), C¥) =~ 2,7
foralli > 0.

And since A’ is finite, its Herbrand quotients are equal to 1, which implies
|HY (G, A")| = |H°(G,, A")|. [
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Corollary 12.17. We have:

X(GS7A) GSaA/ HX GIMA

veS

Proof. This computation was done in the proof of Lemma[I2.9 O

Example 12.18. Theorem is often used to compute the order of H'(Gg, A). In fact from
the theorem, we have

_#AL

1 — 770 2
1 (Gs, )| = 11 )| 11 Gs A TT i 7

v arch.

and from Theorem[11.17, we know that H?(Gyg, A) fits into an exact sequence

0 — II*(Gs, A) — H*(Gg, A) — @) H* (K., A) — H*(Gs, A')Y — 0.

vES

Since by duality |[I1*(Gs, A)| = |l (Gg, A')| and |H°(K,,, A")| = |H?*(K,, A)|, we obtain

H(Gg, A)] |#A
H'(Gs, A)| = [T (G, A7) - LG DL o Al A AN
(G, ) = 0 (G, A ey TLHC G0 01 TT e

vES v arch.
Remark 12.19. In the above we have assumed that the set S is finite. In fact a similar result can be

proved when S is infinite as well. Since in that case the cohomology groups are not necessarily
finite, we need to work with Haar measures instead of orders.
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