
Global class field theory

Sally Gilles

July 24, 2026

1



Some references:

- Milne’s lecture notes, available at https://jmilne.org/math/CourseNotes/CFT.pdf

- Cassels and Fröhlich’s Algebraic Number Theory

- Neukirch’s Class Field Theory

- Neukirch-Schmidt-Wingberg’s Cohomology of Number Fields

- Milne’s Arithmetic Duality Theorems, available at
https://www.jmilne.org/math/Books/ADTnot.pdf

- For an historical point of view, see Venkatesh’s notes: https://www.math.ias.edu/ ak-
shay/research/CFT.pdf

2



Contents

1 Introduction: local class field theory and the case of the field Q 6
1.1 Reminders about number fields . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2 Class field theory: first cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.3 Finite extensions of Qp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.1 Unramified extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3.2 Totally ramified extensions and Lubin-Tate theory . . . . . . . . . . . . 10
1.3.3 The reciprocity law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Global fields: the case of L = Q . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.5 Approximation theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 The global Artin map 14
2.1 Artin map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 Ray class groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 Finiteness of ray class groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4 Main results of global class field theory . . . . . . . . . . . . . . . . . . . . . . 20

3 The ring of adèles 21
3.1 Topological considerations: restricted product . . . . . . . . . . . . . . . . . . . 21
3.2 Definition of adèles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3 Base change of the ring of adèles . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4 Strong approximation theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 The group of idèles 28
4.1 Definition of idèles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.2 Ray class groups as quotient of idèles . . . . . . . . . . . . . . . . . . . . . . . 33
4.3 Artin map using idèles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5 The cohomology of the idèles 36
5.1 Cohomology of local fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.1.1 Tate’s theorem and main ideas of the proof . . . . . . . . . . . . . . . . 37
5.1.2 Herbrand quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

5.2 The first inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.2.2 Galois cohomology of the idèles . . . . . . . . . . . . . . . . . . . . . . 43
5.2.3 Galois cohomology of the units . . . . . . . . . . . . . . . . . . . . . . 45
5.2.4 The first inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.3 Consequences of the first inequality . . . . . . . . . . . . . . . . . . . . . . . . 49

6 The second inequality 50
6.1 First reductions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
6.2 Kummer theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3



6.3 Second inequality for abelian extensions of exponent p . . . . . . . . . . . . . . 57
6.3.1 Proof of Proposition 6.15 . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.3.2 Proof of Proposition 6.16 . . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.3.3 Proof of Proposition 6.17 . . . . . . . . . . . . . . . . . . . . . . . . . . 62

7 Brauer groups 63
7.1 Brauer group of number fields . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
7.2 The fundamental exact sequence . . . . . . . . . . . . . . . . . . . . . . . . . . 66
7.3 The fundamental class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

8 Main theorems of Global CFT 72
8.1 Reciprocity Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
8.2 The norm limitation theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
8.3 Existence Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

9 Density of primes 79
9.1 Dirichlet series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
9.2 Convergence results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

9.2.1 Dirichlet series and zeta function . . . . . . . . . . . . . . . . . . . . . . 81
9.2.2 Euler products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
9.2.3 The residue formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

9.3 Density of splitting primes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
9.4 Density of primes in an arithmetic progression . . . . . . . . . . . . . . . . . . . 95
9.5 The Second Inequality: alternative proof . . . . . . . . . . . . . . . . . . . . . . 101
9.6 Chebotarev Density Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

10 Restricted ramification 104

11 Duality for cohomology of number fields 110
11.1 Global duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

11.1.1 General duality result . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
11.1.2 Duality theorem for number fields . . . . . . . . . . . . . . . . . . . . . 111

11.2 Passage from global to local . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
11.2.1 Case of finite modules . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
11.2.2 Case of infinite modules . . . . . . . . . . . . . . . . . . . . . . . . . . 114

11.3 Digression: Ext-groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
11.3.1 Extensions of G-modules . . . . . . . . . . . . . . . . . . . . . . . . . . 116
11.3.2 Spectral sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
11.3.3 Shapiro’s lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

11.4 Poitou-Tate duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
11.5 Proof of Lemma 11.23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
11.6 Some consequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

4



12 Complements 137
12.1 The connected component of CK . . . . . . . . . . . . . . . . . . . . . . . . . . 137
12.2 An example: the cohomology of Z . . . . . . . . . . . . . . . . . . . . . . . . . 141
12.3 The global Euler-Poincaré characteristic . . . . . . . . . . . . . . . . . . . . . . 143

12.3.1 Statement of the main theorem . . . . . . . . . . . . . . . . . . . . . . . 143
12.3.2 Proof of Theorem 12.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
12.3.3 Consequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

5



1 Introduction: local class field theory and the case of
the field Q

In this section we recall some classical results about places in number fields and state the main
results of local class field theory. We also explain Artin reciprocity in the case where the field is
Q.

1.1 Reminders about number fields

Places of a number field. LetK be a finite extension of Q, we denote byOK its ring of integers.
An equivalence class of absolute values on K is called a prime (or a place) of K. Each prime
ideal p of OK defines a place on K, which we will normalize by setting |a|p := N(p)−ordp(a).
Other places are given by real embeddings and conjugate pairs of complex embeddings. Those
three categories describe all places ofK. The ones given by prime ideals are called finite (or non-
archimedean) places and the real and complex ones are called infinite (or archimedean) places.

If L/K is a finite extension of number fields, p an ideal of OK and q an ideal of OL such that
the restriction of | − |q to K is equivalent to | − |p, we say that q divides (or lies over) p. This is
equivalent to the fact that q divides the ideal pOL (or equivalently, q ∩ OK = p).

Recall that if L/K is a finite extension of number fields than each place v on K extends to a
finite number of places w of L and for all x in L×, we have∏

w|v

|x|w = |NmL/K(x)|v.

For K a number field and v a place of K, we write Kv for the completion of K for the norm
| − |v.

Decomposition groups. Let K be a number field and consider L a finite Galois extension
of K. Write G := Gal(L/K). The group G acts on the set of primes of L lying over a fixed
prime v of K: if w is a place of L and g an element of G, then g(w) is the place of L such that
|g(a)|g(w) = |a|w. Note that if w = p is finite then g(w) = g(p).

If q is a finite place of L dividing p finite place of K, then the decomposition group D(q) of
q is the stabilizer of q in G, i.e. D(q) := {g ∈ Gal(L/K) | g(q) = q}. Equivalently, it is
the set of g ∈ Gal(L/K) that acts continuously for the q-adic topology. For g ∈ G, we have
Dg(q) = gD(q)g−1 and each element of D(q) extends uniquely to a continuous automorphism of
Lw. Moreover, the map D(q)→ Gal(Lq/Kp) is an isomorphism.

Let p be a prime of K and q be an ideal of L dividing it. Recall
that the inertia group Iq of Dq ≃ Gal(Lq/Kp) is defined as the group
{g ∈ Dq ≃ Gal(Lq/Kp) | g(x) = x mod q for all x ∈ OL}. We write e(q/p) for the
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ramification index, it is the exponent of q appearing in the decomposition of p in L, and f(q/p)
for the inertia degree, it is equal to [OL/q : OK/p]. We have the following diagram:

q L �
�

// Lq
// // kL

qI := q ∩ LI(q) LI(q)

e

OO

� � // L
I(q)
q

e

OO

// // kL

qD := q ∩ LD(q) LD(q)

f

OO

� � // Kp

f

OO

// // kK

g

OO

p = q ∩K K

g

OO

� � // Kp
// // kK

Recall that:

• the only prime ideal of L lying over qD is q,

• the prime ideal qD is unramified in LI(q) and f(qI/qD) = f(q/p),

• the prime ideal qI is totally ramified in L and e(q/qI) = e(q/p),

• if Dq is normal in G, then we have that pOLD =
∏

σ σ(qD), where σ runs over a set of
representatives for G/Dq.

In summary: that all the ramification of q over p takes place in the top extension, all the
residue field extension takes place in the middle extension, and (when LD is normal over K) all
the splitting takes place in the bottom extension.

The Frobenius element. Assume now q is unramified over p then there is an isomorphism

Dq ≃ Gal(Lq/Kp)
∼−→ Gal(kL/kK).

Recall that the Galois group Gal(kL/kK) is cyclic, generated by the Frobenius morphism x 7→ xq

(with q = |kK |). We then obtain that D(q) itself is cyclic, generated by an element (q, L/K)
called the Frobenius element. It is the unique element σ of G which satisfies the following two
conditions: σ(q) = q and for all x in OL, σ(x) = xq mod q.

For any g in G, we have
(g(q), L/K) = g(q, L/K)g−1.

Thus if G is abelian, then (q, L/K) does not depend on the prime q dividing p, but only on p.
We write (p, L/K) for this element. If G is not abelian, then the set of elements (q, L/K) for q
prime ideal dividing p defines a conjugacy class in G, which we will also denote by (p, L/K).
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If we are in the following situation:

M qM

L

OO

qL

K

OO

p

with qM unramified over p, then (qM ,M/L) = (qM ,M/K)f(qL/p). If moreover L/K is Galois,
then (qM ,M/K)|L = (qL, L/K).

1.2 Class field theory: first cases

In class field theory we are interested in the study of abelian extension of local and global fields.
Let us first consider the case of local fields.

In the archimedean case, the abelian extensions of R are R and C and we have an isomorphism

R×/R>0
∼−→ Gal(C/R)

called the local Artin map for R.

In the case where K = Qp, we have the (local) Kronecker-Weber theorem:

Theorem 1.1. Every finite abelian extension K of Qp is contained in Qp(ζ) for some root of
unity ζ .

It follows that the maximal abelian extension Qab
p of Qp is equal to

Qp(ζn, ζn primitive root of 1) ≃ Qp(ζn, p ∤ n)Qp(ζpr , r ∈ N). Setting Qunr
p := Qp(ζn, p ∤ n)

and Qp,∞ := Qp(ζpr , r ∈ N), we obtain

Gal(Qab
p /Qp) = Gal(Qunr

p /Qp)×Gal(Qp,∞/Qp)

= (lim←−
n

Z/nZ)× Z×
p

= Ẑ× Z×
p

= Q̂×
p ,

the profinite completion of the group Q×
p .
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1.3 Finite extensions of Qp

In this subsection, we assume that K is a finite extension of Qp. We fix the following notations:

• vK is the discrete valuation normalized such that vK(K×) = Z,

• OK = {x ∈ K | vK(x) ≥ 0} is the ring of integers of K,

• UK := O×
K = {x ∈ K | vK(x) = 0} is the ring of units of K,

• mK = {x ∈ K | vK(x) > 0} is the maximal ideal with uniformiser πK ,

• kK := OK/mK the residue field and q := |kK |.

1.3.1 Unramified extensions

An extension L/K is unramified if [L : K] = [kL : kK ]. This is equivalent to saying that πK is
inert in L, i.e. that the ramification index e = vK(πL) is 1. For example, if K = Qp, the only
finite unramified extensions of K are the fields Qp(ζpr−1). If L/K is unramified and kK = Fq,
then we have an isomorphism {

Gal(L/K)
∼−→ Gal(kL/kK)

FrobL/K 7→ (x 7→ xq).

We denote by Kunr the union of all finite unramified finite extensions of K in K. Then the
residue field of Kunr is an algebraic closure of kK and we have isomorphisms{

Gal(Kunr/K)
∼−→ Gal(kK/kK) ≃ lim←−n Z/nZ

FrobKunr 7→ (x 7→ xq)

Theorem 1.2 (Local reciprocity law). There exists a unique morphism

Art : K× → Gal(Kab/K)

characterized by the following properties:

(i) For any uniformiser πK of K, we have Art(πK)|Kunr = FrobKunr .

(ii) For any finite abelian extension L/K,

Art(NmL/K(L
×))|L = IdL,

where NmL/K : x 7→
∏

σ∈Gal(L/K) σ(x).

Moreover for a finite abelian extension L/K, Art induces an isomorphism

K×/NmL/K(L
×)

∼−→ Gal(L/K).

In general, Art is an isomorphism ontoW ab
K := {σ ∈ Gal(Kab/K) | σ|Kunr = FrobmKunr ,m ∈ Z}.
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We also have:

Theorem 1.3 (Local existence theorem). The norm groups NmL/K(L
×) ⊂ K× are exactly the

open subgroups of finite index.

Note that in particular, the Artin map Art in Theorem 1.2 is continuous.

1.3.2 Totally ramified extensions and Lubin-Tate theory

We say that a finite extension L/K is totally ramified if e = vL(πK) = [L : K], or equivalently
if kL = kK . Note that L/K is totally ramified if and only if L = K(a) where a is a root of an
Eisenstein polynomial in OK [x]. Examples of totally ramified extensions of K = Qp are given
by Qp(ζpr) or Qp((−p)

1
p−1 ).

We fix a unifomiser π := πK of K. Let us denote by Φ(X) the polynomial Xq + πX in
OK [|X|]. Then there exists a unique series FΦ(X, Y ) ∈ OK [|X, Y |] such that

FΦ = X + Y mod (deg 2 terms) and Φ ◦ FΦ = FΦ ◦ Φ.

It can be shown that FΦ defines a one dimensional commutative formal group law over OK (i.e,
FΦ(X, Y ) = FΦ(Y,X) and FΦ(X,FΦ(Y, Z)) = FΦ(FΦ(X, Y ), Z)). Similarly if a is in OK ,
there exists a unique [a]Φ(X) ∈ OK [|X|] such that

[a]Φ(X) = aX mod (deg 2 terms) and [a]Φ ◦ FΦ = FΦ ◦ [a]Φ.

Then the map {
OK → EndOK

(FΦ)

a 7→ [a]Φ

is a ring morphism.

Set m :=
⋃
L/K finite mL. We endow m with the OK-module structure given by:{

x+ y := FΦ(x, y)

a · x := [a]Φ(x)
for all x, y ∈ m and a ∈ OK .

Define Λn := ker([πn]Φ) = {x ∈ m | Φn(x) = 0}. It is a OK/πmOK-module. Defining
Kn := K(Λn), we obtain a tower

K ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Kn ⊂ · · · ⊂ K.

It can be shown that each Kn/K is a finite Galois extension and there is an isomorphism

χK,n : Gal(Kn/K)
∼−→ (OK/πn)×.

In particular, the extension Kn/K is totally ramified of degree (q − 1)qn−1.
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Example 1.4. For K = Qp and π = p, we have Λn = µpn . The group law corresponds to the
multiplication on µpn and the Zp-module structure is induced by the map{

Z/pnZ× µpn → µpn

(m, ζn) 7→ ζmn

Define
Kπ :=

⋃
n

Kn ⊂ K and Λ :=
⋃
n

Λn.

We have an isomorphism
χK : Gal(Kπ/K)

∼−→ O×
K .

1.3.3 The reciprocity law

We define Artπ : K× → Gal(KπK
unr/K) in the following way: for any x = uπm in K×, with

u in O×
K , we set {

Artπ(x)|Kunr = FrobmKunr

Artπ(x)|Kπ(z) = [u−1]Φ(z) for all z ∈ Λ.

We have the following results:

Theorem 1.5. (i) The field KπK
unr and the map Artπ are independent of the choice of π and for

any uniformiser π, we have KπK
unr = Kab.

(ii) If L/K is a finite abelian extension, then the following diagram commutes:

L× ArtL //

NmL/K

��

Gal(Lab/L)

Res
��

K× ArtK // Gal(Kab/K)

and it induces a surjective morphism:

K×/NmL/K(L
×)→ Gal(L/K).

1.4 Global fields: the case of L = Q

The goal of this course is to obtain similar results when L is any global field. Even though most
of the results still hold in the case where L is a finite extension of Fq(T ), we will mostly restrict
ourselves to the case where L is a number field.
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Let us first explain what happens in the case L = Q. An example of an abelian extension of
Q is (a subfield of) the cyclotomic field Q(ζn) (where n is a positive integer and ζn is a primitive
n-th root of unity) and we have Gal(Q(ζn)/Q) ≃ (Z/nZ)×.

Theorem 1.6 (Global Kronecker-Weber theorem). Every finite abelian extension K of Q is con-
tained in Q(ζn) for some positive integer n.

The above theorem will follow from its local version Theorem 1.1. Before writing the proof,
let us recall Minkowski’s theorem:

Theorem 1.7. There are no nontrivial extensions of Q which are unramified everywhere.

Proof of Theorem 1.6. The statement for the global case will follow from the local one.

Let p be a prime number such that K ramifies over p and p a prime ideal of K that divides
p. By Local Kronecker-Weber theorem (Theorem 1.1), we know that there exists an integer np
such that the completion Kp of K is contained in Qp(ζnp). Define n :=

∏
p p

vp(np) (note that the
product if finite since only finitely many primes ramify in K). Our goal is to show K ⊂ Q(ζn).
To do that, we prove that we have in fact K(ζn) = Q(ζn). The right hand side is obviously
contained in the left hand side, so it is enough to prove that [K(ζn) : Q] ≤ [Q(ζn) : Q].

Set L := K(ζn) and for any prime p, consider Ip the inertia group of p in L. Take p a prime
ideal of K dividing p and q prime ideal of L dividing p. The elements of the completion Lq

fixed by Ip correspond to the maximal unramified extension F of Qp contained in Lq. But since
Qp(ζm)/Qp is unramified for any m prime to p and Lq ⊂ Qp(ζlcm(n,np)) (by definition of L), we
have

Lq ⊃ F (ζpvp(np)) = F (ζpvp(np) , ζn) ⊃ Kp(ζn) = Lq,

so Lq = F (ζpvp(np)) and Ip = Gal(F (ζpvp(np))/F ) ⊂ (Z/pvp(np)Z)×. Defining I as the group
generating by all the Ip’s, we obtain

|I| ≤
∏

p prime

|Ip| ≤
∏

ϕ(pvp(np)) = ϕ(n) = [Q(ζn) : Q].

Now, the elements of L fixed by I correspond to an extension of Q which is everywhere unrami-
fied. By Minkowsky’s theorem, only Q satisfies such a property. This means that I ≃ Gal(L/Q).
We have proved:

[L : Q] = |I| ≤ [Q(ζn) : Q],

as wanted.

For K a finite abelian extension of Q, the smallest n such that K ⊂ Q(ζn) is called the
conductor of K.

Using the Kronecker-Weber theorem, we can then construct an Artin map for Q and deduce
a reciprocity law. Indeed, consider K/Q an abelian extension with conductor n. Let us denote
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by Sn the subgroup of Q× generated by all the primes p which do not divide n. For p in Sn,
the extension K/Q is unramified above p so the inertia group Ip is trivial and the decomposition
subgroup Dp ⊂ Gal(K/Q) is generated by an element Frobp such that it is equal to x 7→ xp

module any p dividing p. We obtain a morphism

(1.4.1)

{
Sn → Gal(K/Q)

p 7→ Frobp.

But since K is contained in Q(ζn), we also have a surjective morphism:

(1.4.2) (Z/nZ)× ≃ Gal(Q(ζn)/Q)→ Gal(K/Q)

Proposition 1.8. The morphism (1.4.1) factors through the morphism (1.4.2).

Proof. The image of an element m ∈ (Z/nZ)× by (1.4.2) sends ζn to ζmn . So for p a prime
which does not divide n, the image of m ∈ (Z/nZ)× by (1.4.2) is equal to Frobp if and only if
there exists a prime ideal p of K which divides p such that ζmn = ζpn mod p. But this is possible
only if m = p mod n (exercise). So Frobp is equal to the image of p by (1.4.2).

1.5 Approximation theorems

Let us finish this section by recalling/stating the following approximation theorems.

Theorem 1.9 (Weak Approximation Theorem). Let K be any field and let | · |1, . . . , | · |n be
pairwise inequivalent non-trivial absolute values on K. Let a1, . . . , an be elements in K and
ε1, . . . , εn elements in R>0. Then there exists x ∈ K such that for all 1 ≤ i ≤ n, we have
| x− ai|i < εi.

Proof. Exercise sheet 2.

Theorem 1.10 (Chinese remainders theorem). Let A be a Dedekind domain and K := Frac(A).
Let p1, . . . , pn be distinct nonzero prime ideals of A. Let e1, . . . , en be integers.

(1) Let a1, . . . , an be in K. Then there exists x ∈ K such that{
vpi(x− ai) ≥ ei for 1 ≤ i ≤ n,

vq(x) ≥ 0 for all q /∈ {p1, . . . , pn}.

(2) There exists x ∈ K such that{
vpi(x) = ei for 1 ≤ i ≤ n,

vq(x) ≥ 0 for all q /∈ {p1, . . . , pn}.
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Proof. Exercise sheet 2.

Theorem 1.11 (Strong Approximation Theorem). Let K be a global field and let | · |0,| · |1, . . . ,
| · |n be pairwise inequivalent non-trivial absolute values on K. Let a1, . . . , an be elements in K
and ε1, . . . , εn elements in R>0. Then there exists x ∈ K such that for all 1 ≤ i ≤ n, we have
| x− ai|i < εi and |x| ≤ 1 for any absolute value | · | not equivalent to | · |0,| · |1, . . . , | · |n.

Proof. Will be proved in Section 3.

Note that the strong approximation theorem gives a constraint for all but one equivalence class
of absolute values.

2 The global Artin map

In this section, we define Artin maps for number fields and state the main results of global class
field theory (global reciprocity law and global existence theorem).

2.1 Artin map

If K be a number field, we write IK for its group of fractional ideals. If S is a finite set of primes
of K, we denote by ISK the subgroup of IK generated by the prime ideals which are not in S. An
element a of ISK can be uniquely decomposed as a product

a = pn1
1 · · · pns

s , with pi /∈ S and ni ∈ Z.

In other words, ISK is the free abelian group generated by the prime ideals which are not in S.

Let L/K a finite abelian extension. We know that for a prime ideal p of K unramified in L,
we have a Frobenius automorphism (p, L/K) of L (uniquely characterized by the two conditions
given in Section 1.1). Let S be a set of primes of K which contains all prime ideals that ramify
in L. Then we define the global Artin map

ΨL/K :

{
ISK → Gal(L/K)

pn1
1 · · · pns

s 7→
∏s

i=1(pi, L/K)ni
.

Example 2.1. (i) Let K = Q(
√
d) with d a square-free integer and consider the set S of finite

primes which ramify in K. If d = 1 mod 4, then S is equal to the set of primes p dividing d. If

14



d ̸= 1 mod 4 then S is the set of primes dividing d together with 2. In that case the Artin map
corresponds to the Legendre symbol:{

ISK → Gal(K/Q) ≃ {±1}
p 7→

(
d
p

)
where

( ·
·

)
denotes the Legendre symbol.

(ii) If K = Q(ζn) with ζn a primitive n-th root of 1 with n odd, the set S of finite primes
which ramify in K is equal to the set of all primes dividing n. For r and s in N prime to n, we
can define an element [r/s] in (Z/nZ)× by setting [r/s] = [r][s]−1. This defines a map{

ISK → (Z/nZ)×

(r/s) 7→ [r/s]

The Artin map is given by the composition of this map with the isomorphism{
(Z/nZ)×

∼−→ Gal(K/Q)

[m] 7→ (ζn 7→ ζmn ).

Recall that for any finite extension L/K, there exists a norm map NmL/K : IL → IK uniquely
characterized by the property that for any prime ideal q of L, we have

NmL/K(q) = pf(q/p) with p := q ∩ OK .

Moreover, this norm map extends the usual norm in the sense that for all x in L, we have
NmL/K((x)) = (NmL/K(x)).

Proposition 2.2. Let L/K be an abelian extension and S be a finite set of primes ofK containing
all primes that ramify in L.

(i) If K ⊂ K ′ ⊂ L is an intermediate field and S ′ is the set of primes of K ′ lying over a prime
in S, then we have a commutative diagram:

IS
′

K′

ΨL/K′
//

NmK′/K
��

Gal(L/K ′)� _

��

ISK ΨL/K

// Gal(L/K)

.

(ii) If now S ′ is the set of primes of L lying above a prime of S, then the norm group
NmL/K(I

S′
L ) is contained in the kernel of ΨL/K : ISK → Gal(L/K).
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Proof. Let p′ be a prime ideal of K ′ such that p := p′ ∩ K is not in S. Then
ΨL/K(NmK′/K(p

′)) = ΨL/K(p
f(p′/p)) and to prove that this is equal to ΨL/K′(p′), it suffices

to show that we have
(p′, L/K ′) = (p′, L/K)f(p

′/p),

which is one of the properties recalled in Section 1.1.

The second point follows from the first one by taking K ′ = L.

In particular, we see that the Artin map induces a morphism

ΨL/K : ISK/NmL/K(I
S
L)→ Gal(L/K)

Note that this map cannot be injective: there are finitely many elements in Gal(L/K) and the
left-hand side in infinite. In order to get something injective, we need to quotient out further.

2.2 Ray class groups

Reminders about ideal class group. We denote by i : K → IK the natural map sending a ∈ K
to the corresponding fractional ideal aOK := {ax | x ∈ OK}. The ideal class group is then
defined as

CK := IK/i(K
×).

This defines a finite abelian group. Recall that the fact it is finite follows from the fact that we
can find a set of representatives for CK which consists of (integral) ideals a such that

(2.2.1) N(a)(= |OK/a|) ≤
d!

dd
(
4

π
)s|∆K |

1
2

where d := [K : Q], ∆K is the discriminant of K/Q and 2s is the number of complex embed-
dings of K.

For S a finite set of prime ideals, we write

KS = {a ∈ K× | ordp(a) = 0 for all finite p ∈ S} = {a ∈ K× | (a) ∈ ISK}.

Recall that ISK is the free abelian group generated by the prime ideals which are not in S.

We have:

Proposition 2.3. For any finite set S of prime ideals of OK , there is an exact sequence:

0→ O×
K → KS i−→ ISK → CK → 0.
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Proof. The fact that 0 → O×
K → KS i−→ ISK → CK is exact is clear. Let us prove that the

map ISK → CK is surjective. Consider a class [a] of ideals in CK , with a a (fractional) ideal
representing it. We can assume that a is integral: if it is not, write a = b · c−1 with b and c
integral and replace a by a · (c) for any c ∈ c. So from now on, assume that a is integral. Our
goal is to construct an element a ∈ OK such that a−1a is in ISK . To do that, we first decompose a
as a product (

∏
p∈S p

m(p)) · a′ where a′ is in ISK . Then, by Chinese remainder theorem, we know
that there exists an element a ∈ OK such that ordp(a) = m(p), we thus obtain a−1a ∈ ISK , as
wanted.

Remark 2.4. (1) Note that we can in fact represent any class of CK by an integral ideal a ∈ ISK :
as before, write a = b · c−1 with b and c integral and replace a by a · (c) for any c ∈ c∩KS – the
latter being non empty by Chinese remainder theorem.

(2) For S a finite set of prime ideals ofK, we claim that any element x ∈ KS can be written as
y
z

with y, z inOK ∩KS . Indeed, we can write (x) as a ·b−1 with a and b integral ideals in ISK . By
definition, this means [a] = [b] in CK . Choose c an integral ideal of ISK representing [a]−1 in CK ,
then there exist y, z ∈ OK ∩KS such that ac = (y) and bc = (z). We obtain (x) = (y)(z)−1.

Definition of ray class groups. A modulus m for K is a product
∏

p p
m(p) where

•m(p) is ≥ 0 for all primes p and is 0 for all but finitely many p,

• if p is real then m(p) is in {0, 1} and if p is complex then m(p) is zero.

We sometimes write m = m∞m0 where m∞ is a product of real primes and m0 is a product
of powers of prime ideals. In particular, m0 can be seen as an ideal of K. We say that a prime q
divides the modulus m =

∏
p p

m(p) if m(q) > 0. Denote by S(m) the set of all places (real and
finite) which divide m.

For m a modulus, we define the subgroup Km,1 ⊂ K× as

Km,1 := {a ∈ K× |

{
av > 0 for all real place v dividing m

ordp(a− 1) ≥ m(p) for all finite place p dividing m
}.

Then for any x ∈ Km,1 and p a prime dividing m, the p-adic valuation of x is zero (to see that,
write x as the sum of (x − 1) and 1 and use that vp(x − 1) > vp(1)). This means that the ideal
(x) is in IS(m)

K . We write again i : Km,1 → I
S(m)
K the map a 7→ (a). We define the ray class group

modulo m as the quotient
Cm := I

S(m)
K /i(Km,1).

Example 2.5. (1) If m = 1 is trivial, we recover the usual ideal class group: Cm = CK .

(2) If m =
∏

p real place p, we obtain what is called the narrow class group: Cm = C+
K . It is the

quotient of IK by the principal ideal aOK with a such that σ(a) > 0 for any σ : K ↪→ R real
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embedding. It is used for solving questions regarding the representation of integers by quadratic
forms.

(3) If K = Q and m = (n)∞ then S(m) is equal to the set of primes dividing n and we obtain
Cm = (Z/nZ)×.

Remark 2.6. (1) Let m be a modulus for K. Then any element of Cm can be represented by an
integral ideal. Let a be an ideal in ISK . Write a = bc−1 with b and c integral ideals in ISK . By
weak approximation theorem (Theorem 1.9), there exists a nonzero element c in c ∩Km,1. Then
ca is integral and [ca] = [a] in Cm.

(2) Let a and b be two integral ideals in IS(m)
K . Using Remark 2.4, we see that [a] is equal to

[b] in Cm if and only if there exist a, b in OK such that
aa = bb,

a = b = 1 mod m0,

sgn(av) = sgn(bv) for any real place v dividing m.

2.3 Finiteness of ray class groups

The ray class group is actually a finite group. More precisely:

Theorem 2.7. For any modulus m = m∞m0 of K, the group Cm is finite of order

hm = h · |UK/Um,1|−1 · 2r ·N(m0) ·
∏
p|m0

(1− 1

N(p)
),

where r is the number of real places dividing m and h is the class number of K and
Um,1 := UK ∩Km,1.

We also set Km := KS(m) = {x ∈ K× | vp(x) = 0 for all p dividing m0}. Before proving the
theorem, let us first show:

Proposition 2.8. For any modulus m, there is an exact sequence:

0→ UK/Um,1 → Km/Km,1
i−→ Cm → CK → 0,

where the map Cm → C is induced by the inclusion IS(m)
K ⊂ IK .

Proof. For this proof only, let us write

i1 : Km,1 → I
S(m)
K

i0 : Km = KS(m) → I
S(m)
K

18



The kernel and cokernel of i0 were computed in Proposition 2.3. By definition, the cokernel of
i1 is Cm and by construction, its kernel is UK ∩Km,1. In summary, we have:

Ker(i1) = Um,1, Coker(i1) ≃ Cm

Ker(i0) = UK , Coker(i0) ≃ CK .

The result then follow from the snake lemma applied to the exact sequences:

0 // Km,1
//

��

Km
//

��

Km/Km,1
//

��

0

0 // I
S(m)
K I

S(m)
K

// 0

Proof of Theorem 2.7. In order to prove the theorem, we first show that there is a natural isomor-
phism

(2.3.1) Km/Km,1 ≃
∏

v real s.t. v|m

{±1} ×
∏

p finite s.t. p|m

(OK/pm(p))×.

If v is a real place dividing m, the map to the corresponding term {±1} in the product is obtained
by taking the sign of the image xv ∈ R of x ∈ Km via the embedding K → R given by v. If
p is a finite place of K dividing m, then by Lemma 2.4, we can write any element x of Km as a
quotient y

z
with y, z ∈ OK ∩KS(m). In particular, this means that p does not divide y and z and

so their images in OK/pm(p) are invertible. We define the map Km → (OK/pm(p))× by sending
x to the class of yz−1 in OK/pm(p). We obtain a map

Km →
∏

v real s.t. v|m

{±1} ×
∏

p finite s.t. p|m

(OK/pm(p))×.

By Theorem 1.9, we know that the above map is surjective. Moreover, its kernel is equal toKm,1:
this is because we have the following equivalences

x ∈ Km,1 ⇔

{
xv > 0 for all real place v dividing m

ordp(x− 1) ≥ m(p) for all finite place p dividing m

⇔ x 7→ (1, 1, . . . , 1) in
∏

v real s.t. v|m

{±1} ×
∏

p finite s.t. v|m

(OK/pm(p))×.

Note also that by Chinese remainder theorem, we have an isomorphism,

(2.3.2)
∏

p finite s.t. v|m

OK/pm(p) ≃ OK/m0.
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Let us now compute the order of Cm. From the exact sequence of Proposition 2.8, in order
to get the expression from the statement of Theorem 2.7, it suffices to prove that Km/Km,1 has
order 2r · N(m0) ·

∏
p|m0

(1 − 1
N(p)

). But from isomorphisms (2.3.1) and (2.3.2), we are left to
check that (OK/pm(p))× has order N(p)m(p)−1(N(p)− 1).

The ring OK/pm(p) is local with maximal ideal p/pm(p) and so we have

(OK/pm(p))× = (OK/pm(p)) \ (p/pm(p)).

Define the filtration

F i((OK/pm(p))×) := (1 + pi)/pm(p), for 0 ≤ i ≤ m(p)− 1.

The quotient griF is equal to (OK/p)× when i = 0 and OK/p otherwise. We get that its order is
equal to N(p)m(p)−1(N(p)− 1).

2.4 Main results of global class field theory

The two main theorems of global class field theory are the following:

Theorem 2.9 (Reciprocity Law). Let L be a finite extension abelian of K and consider S the set
of all prime ideals of K that ramify in L. Then there exists a modulus m with S = S(m) such
that i(Km,1) is in the kernel of the Artin map ΨL/K : ISK → Gal(L/K) and such that the induces
map

I
S(m)
K /(i(Km,1) · NmL/K(I

S(m)′

L ))→ Gal(L/K)

is an isomorphism. Here S(m)′ denotes the set of all places of L lying above a place of S(m).

Theorem 2.10 (Existence Theorem). Let m be a modulus. Then for any group H such that
i(Km,1) ⊂ H ⊂ I

S(m)
K , there exists a finite abelian extension L/K which is unramified at the

primes not in S(m) and such that H = i(Km,1) · NmL/K(I
S(m)′

L ).

The goal of the course will be to prove these two theorems.

Let us now fix a modulus m. Theorem 2.10 shows that there exists an extension Lm/K such
that the Artin map induces an isomorphism Cm

∼−→ Gal(Lm/K). Then we obtain a bijection

{L/K abelian extensions s.t. L ⊂ Lm}
∼−→ { subgroups H ⊂ Cm}

L 7→ i(Km,1) · NmL/K(I
S(m)
L ) mod i(Km,1).

Conductor. The notion of conductor introduced in the case of Q can be extended to other
extensions of number fields as well. Consider L/K be an abelian extension with Galois group G

20



and let m be the modulus given by Theorem 2.9. Then the Artin map ΨL/K : I
S(m)
K → G factors

through Cm. The exact sequence 2.8 induces a map

(OK/pm(p))× ↪→ Km/Km,1
i−→ Cm

ΨL/K−−−→ G.

Let us write f(p) the smallest integer such that the above map factors through (OK/pf(p))×. The
conductor of L/K is then defined as the modulus

f := f(L/K) := m∞
∏
p

pf(p).

This is the smallest modulus such that ΨL/K factors through Cf.

Example 2.11. (1) When m is trivial then the ray class field Lm corresponds to the Hilbert class
field, which is the maximal extension of K which is unramified everywhere (we say that a real
place in K is unramified in L if it stays real as a place in L). This result is knows as the Principal
Ideal Theorem:

Theorem 2.12. Any (fractional) ideal of K becomes principal in the Hilbert class field.

(2) When K = Q and m = (n)∞ then Lm is equal to Q(ζn).

3 The ring of adèles

We want to construct an isomorphism lim←−m
Cm

∼−→ Gal(Kab/K). However, the group lim←−m
Cm

is not very convenient to work with. Instead we will consider the group of the so-called idèles,
and lim←−m

Cm will be a quotient of it. We will study in more details the group of idèles in the next
section. It corresponds in fact to the group of units of the ring of adèles. In this section, we focus
on the latter ring.

3.1 Topological considerations: restricted product

Recall that we can embed the ring Z into the product of its non-archimedean completions
∏

p Zp
via the composition

Z ↪→ Ẑ ≃
∏
p

Zp

Moreover, the space
∏

p Zp is compact (as a product of compact spaces, by Tychonoff’s theorem).
We would like to have a similar result for rational numbers. However, topology does not work
well in that case: even though each one of the completion Qp is locally compact, this is not true
that the product

∏
pQp is so. This is because no compact set C in

∏
pQp contains a nonempty
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open set U (otherwise, if
∏

n∈S finite Un ×
∏

n∈N\S Qp ⊂ C, then the projections πn(C) are
Qp for infinitely many n and Qp is not compact). We are interested in locally compact spaces
because in that case, it comes equipped with a Haar measure (any locally compact group has a
translation-invariant measure that is unique up to scaling), which is useful. In order to get around
that problem, we need to consider restricted product.

Definition 3.1. Let (Xi)i∈I be a family of topological spaces and let (Ui)i∈I be a family of open
sets Ui ⊂ Xi. The restricted product

∏
i∈I(Xi, Ui) is defined as the set∏

i∈I

(Xi, Ui) := {(xi)i ∈
∏
i∈I

Xi | xi ∈ Ui for all but finitely many i ∈ I}

endowed with the topology generated by the basis of open sets

B := {
∏
i∈I

Vi | Vi ⊂ Xi is open for all i ∈ I and Vi = Ui for all but finitely many i ∈ I}.

For this topology, the natural projections πi :
∏

i∈I(Xi, Ui)→ Xi are continuous. As sets, we
have inclusions: ∏

i∈I

Ui ⊂
∏
i∈I

(Xi, Ui) ⊂
∏
i∈I

Xi

However, the restricted product topology on
∏

i∈I(Xi, Ui) is not the same as the one induced by∏
i∈I Xi via the inclusion

∏
i∈I(Xi, Ui) ⊂

∏∏
i∈I Xi: it has more open sets. Note also that if

we have other open sets U ′
i ⊂ Xi such that U ′

i = Ui for all but finitely many i then both as sets
and topological sets: ∏

i∈I

(Xi, Ui) =
∏
i∈I

(Xi, U
′
i).

For S a finite subset of I , we define

(3.1.1) XS :=
∏
i∈S

Xi ×
∏
i/∈S

Ui ⊂
∏
i∈I

(Xi, Ui)

Then XS ∈ B is open. Note that on XS the direct product topology coincide with the topology
induced by the one coming from

∏
i∈I(Xi, Ui).

If S ⊂ T is an inclusion of finite subsets of I , then XS ⊂ XT and we can define the direct
limit lim−→S

XS . For x = (xi)i ∈
∏

i∈I(Xi, Ui), let us denote S(x) the finite subset of I such that
i ∈ S(x) iff xi /∈ Ui. We have:

Proposition 3.2. Let (Xi)i∈I be a family of topological spaces and let (Ui)i∈I be a family of open
sets Ui ⊂ Xi. Write X :=

∏
i∈I(Xi, Ui) and for any finite S ⊂ I define XS as in (3.1.1). Then

the natural map
X → lim−→

S

XS

sending x ∈ X to the equivalence class of its image in XS(x) is an isomorphism of topological
spaces.
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Proof. Exercise.

We can now apply the above construction in the case in which we are interested.

Proposition 3.3. Let (Xi)i∈I be a family of locally compact topological spaces and let (Ui)i∈I
be a family of open subsets Ui ⊂ Xi such that all but finitely many Ui are compact. Then the
restricted product X :=

∏
i∈I(Xi, Ui) is locally compact.

Proof. Let S ⊂ I be a finite set and consider the space XS from (3.1.1). Since the Ui’s are open
subspaces of Xi, they are locally compact and they are compact except for a finite number of
them. We obtain that

∏
i∈I\S UI is a product of an infinite product of compact spaces by a finite

product of locally compact spaces: hence, by Tychonoff’s theorem it is locally compact. Since
the Xi, i ∈ S are also all locally compact, we see that XS is locally compact.

Let now x be a point in X . Then x is in XS(x) which is locally compact so x admits a compact
neighborhood x ⊂ U ⊂ K ⊂ XS(x). Since K is also compact in X and U open in X (because
XS(x) is open) then this defines a compact neighborhood of x in X .

3.2 Definition of adèles

Definition 3.4. Let K be a global field. The adèle ring of K is the restricted product

AK :=
∏

v place of K

(Kv,Ov),

where we set Ov := Kv when v is archimedean. As a set, we then have

AK = {(av) ∈
∏
v

Kv | av ∈ Ov for all but finitely many v}.

We make AK a ring by defining addition and multiplication component-wise.

If S is a finite set of places, we define the subring of S-adèles,

AK,S :=
∏
v∈S

Kv ×
∏
v/∈S

Ov

It is a direct product of topological ring. By Proposition 3.2, we can write AK ≃ lim−→S
AK,S .

Since for each element x of K we have x ∈ Ov for all but finitely many v, there is a natural map{
K ↪→ AK

x 7→ (x, x, x, . . . ).

The image of K via the above morphism is called the ring of principal adèles.
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For v a place of K, the absolute value | · |v can be extended to AK by setting |a|v := |av|v and
we define the adèlic absolute norm as

|a| :=
∏
v

|a|v

Note that the product is well-defined because |a|v ≤ 1 for almost all v. By the product formula,
for any non-zero principal adèle a, we have |a| = 1.

Proposition 3.5. Let K be a global field. Then the adèle ring AK of K is locally compact and
Hausdorff.

Proof. Note that if v is finite thenOv = {x ∈ Kv | |x|v ≤ 1} is compact. Hence the fact that AK

is locally compact directly follows from Proposition 3.3. Moreover, since for any place the space
Kv is Hausdorff, the product

∏
vKv is Hausdorff. Take x, y distinct in AK ⊂

∏
vKv. There

exist U, V open subspaces of
∏

vKv such that x ∈ U , y ∈ V and U ∩V = ∅. Since the subspace
topology on AK ⊂

∏
vKv is contained in the restricted product topology, we have that U ∩ AK

and V ∩AK are also open in AK . They contain x and y respectively and they are disjoint, hence,
AK is Hausdorff.

Example 3.6. ForK = Q, the ring of adèles AQ is the union of the rings R×
∏

p∈S Qp×
∏

p/∈S Zp
for all S finite set of prime numbers. In other words, it is the subring of R×

∏
p prime Qp consisting

of sequence x such that |x|p ≤ 1 for almost all p ∈ {∞, primes}.

Remark 3.7. We can equip the (additive) group AK with a Haar measure µ and since (AK ,+)
defines a locally compact group, we know that it is unique up to scaling. Here is how our µ is
defined. For any place v, the group (Kv,+) can be equipped with a (unique) Haar measure µv
such that µv(Ov) is 1 if v is finite and µv coincides with the Lebesgue measure µR on R when
Kv ≃ R or with twice the Lebesgue measure 2µC on C ≃ R×R when Kv ≃ C. On sets of the
form

∏
v Bv where each Bv is a measurable set in Kv such that µv(Bv) < ∞ and Bv is equal to

Ov for all but finitely many v, we set

µ(
∏
v

Bv) :=
∏
v

µv(Bv).

By construction, this defines a translation invariant measure on AK (each of the µv are translation
invariant and the addition is defined termwise). So µ is a Haar measure and it is unique (up to
scaling).

3.3 Base change of the ring of adèles

Proposition 3.8. Let L/K be a finite extension of number fields. There is a canonical isomor-
phism of topological rings

AK ⊗K L
∼−→ AL
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such that the following diagram commutes:

K ⊗K L� _

��

∼ // L� _

��

AK ⊗K L ∼ // AL

Proof. By Proposition 3.2 and using the fact that tensor products commute with colimit, we see
that AK ⊗K L is isomorphic to

lim−→
S

(AK,S ⊗K L)
∼−→ lim−→

S

(
∏
v∈S

Kv ⊗K L×
∏
v/∈S

OK,v ⊗OK
OL)

(av)v ⊗ x 7→ (av ⊗ x)v.

The term on the right corresponds to the restricted product
∏

v(Kv ⊗K L,OK,v ⊗OK
OL), and

this is a topological isomorphism. Moreover, for all place v of K, we also have

Kv ⊗K L ≃
∏
w|v

Lw and Ov ⊗OK
OL ≃

∏
w|v

Ow.

Putting everything together, we obtain isomorphisms of topological rings:

AK ⊗K L ≃
∏

v place of K

(Kv ⊗K L,OK,v ⊗OK
OL) ≃

∏
w place of L

(Lw,Ow) ≃ AL.

The commutativity of the diagram is clear.

In particular, if the extension L/K has degree d, then we have an isomorphism of topological
K-vector spaces (and locally compact groups)

(3.3.1) AL ≃ AK ⊕ AK ⊕ · · · ⊕ AK

where there is [L : K] copies of AK in the direct sum. When restricted to the subring of principal
adèles, this decomposition recovers the usual decomposition

L ≃ K ⊕K ⊕ · · · ⊕K.

We can now prove the following result:

Theorem 3.9. Let L/K be a finite extension of number fields. The principal adèle subring
L ↪→ AL is a discrete subgroup of the additive group of AL and the quotient AL/L of topological
groups is compact.
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Proof. By (3.3.1), we see that it suffices to prove the result for L = Q. We want to show that Q
is discrete as a subgroup of AQ and to do that, it is enough to check that 0 is an isolated point.
Define

U := {a ∈ AQ | |a|R < 1 and |a|p ≤ 1 for any prime p}.
If a is in Q×, then |a|R ·

∏
p |a|p = 1 so necessarily, U ∩Q = {0}. It follows that 0 is isolated.

Let us now prove that AQ/Q is compact. We claim that it is the image by the continuous map
AQ → AQ/Q of the compact set

W := DR(1)×
∏
p

Zp,

where DR(1) is the closed disc of radius 1 in R. To do that, we need to show that W contains a
set of representatives of AQ/Q. Let a be in AQ. We construct an element x in Q such that a− x
is in W .

If v = p is finite and |ap|p ≤ 1 then set xp := 0 (so almost all xp will be zero). If v = p is finite
and |ap|p > 1 then by Theorem 1.10, we can find xp in Q such that |ap − xp|p ≤ 1 and |xp|q ≤ 1
for all prime q ̸= p. If v = ∞ is the real place of Q, then we define x∞ ∈ Z to be the nearest
integer to a∞ −

∑
p xp ∈ Q. Then define x := x∞ +

∑
p xp ∈ Q ⊂ AQ. We want to check that

a− x is in W , i.e. |a− x|v ≤ 1 for all place v. If v = p is finite then

|a− x|p = |ap − xp −
∑
v ̸=p

xv|p ≤ max(|ap − xp|p,maxv ̸=p|xv|p) ≤ 1

and if v =∞, then
|a− x|R = |(a∞ −

∑
p

xp)− x∞|R ≤ 1

by definition of x∞. This concludes the proof.

3.4 Strong approximation theorem

We will now use Theorem 3.9 to prove the strong approximation theorem (Theorem 1.11). Let
us first prove the following proposition:

Proposition 3.10. LetK/Q be a number field. There existsC > 0 such that for any x in AK with
norm |x| > C there exists a nonzero principal adèle element y ∈ K ⊂ AK for which |y|v ≤ |x|v
for any place v of K.

Proof. Recall that AK is equipped with a Haar measure µ given by the product of (normalized)
Haar measures µv for the places v. Define c0 := covol(K) for this Haar measure. By Theo-
rem 3.9, c0 is well defined. Set

c1 = µ({a ∈ AK | |a|v ≤ 1 for all v and |a|v ≤
1

4
if v is infinite}) and C :=

c0
c1
.
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Let x be in AK such that |x| > C. Since |x|v ≤ 1 for almost all v and |x| ̸= 0, this means that
|x|v = 1 for almost all v. Define

A := {a ∈ AK | |a|v ≤ |x|v for all v and |a|v ≤
1

4
|x|v if v is infinite}.

Then, since µ is defined as the product of the µv, we have

µ(A) = c1 · |x| > c1 · C = c0 = covol(K)

and we can find a1 ̸= a2 in A such that y := a1 − a2 is zero in AK/K, i.e. y ∈ K. We have:

|y|v = |a1 − a2|v ≤ max(|a1|v, |a2|v) ≤ |x|v if v is finite,

|y|v = |a1 − a2|v ≤ |a1|v + |a2|v ≤
1

2
|x|v if v is real,

|y|v = |a1 − a2|v ≤ (
√
|a1|v +

√
|a2|v)2 ≤ |x|v if v is complex,

as wanted.

Theorem 3.11. Let K/Q be a number field. Let S be a finite set of places of K and v0 a place of
K such that v0 /∈ S. Write T for the set of places of K that are not in S ∪ {v0}. For each v ∈ S,
let av be an element of K and ϵv a positive real number. Then there exists x ∈ K such that{

|x− av|v ≤ εv for all v ∈ S,
|x|v ≤ 1 for all v ∈ T.

Proof. We have the following lemma:

Lemma 3.12. Let WK := {a ∈ AK | |a|v ≤ 1 for all place v of K}. Then for any u in K×, we
can write AK = K + uWK .

Proof. By the proof of Theorem 3.9 and (3.3.1), we know that WK contains a set of representa-
tives of AK/K, so AK = K+WK . If u is a non-zero element of K and a an element of AK then
u−1a is in AK and we can write it as a sum x + y with x ∈ K and y ∈ WK . It follows that a is
equal to ux+ uy ∈ K + uWK as wanted.

Let us extend the sequence (av)v∈S as an element a of AK by setting av = 0 when v /∈ S. For
any u ∈ K×, we can write a = bu + cu with bu ∈ K and cu ∈ uWK . Then

|av − bu|v = |a− bu|v = |cu|v ≤ |u|v

and to prove the theorem, it suffices to show that we can find u ∈ K such that{
|u|v ≤ εv for all v ∈ S,
|u|v ≤ 1 for all v ∈ T.
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But this follows from Proposition 3.10 applied to an element x = (xv)v ∈ AK such that
0 < |xv|v ≤ εv if v ∈ S,
0 < |xv|v ≤ 1 if v ∈ T,
|xv0| > C ·

∏
v ̸=v0 |xv|

−1.

In particular, it follows from the above theorem that for K a global field and v0 any fixed place
of K, then K is dense in the restricted product

∏
v ̸=v0(Kv,Ov).

4 The group of idèles

We define now the group of idèles IK of a number field K, which is the group of units of the ring
of adèles defined in the previous section. We will show below that lim←−m

Cm is a quotient of IK .

4.1 Definition of idèles

Recall that the group K×
v is locally compact: a fundamental system of neighborhoods of 1 which

are open and compact is given by

1 +mv ⊃ 1 +m2
v ⊃ 1 +m3

v ⊃ · · · ⊃ 1 +mn
v ⊃ · · · .

Local field theory and Section 2 suggest that what should appear as the source of the global Artin
map should be the group

∏
vK

×
v . As before, the problem is that the product

∏
vK

×
v is not locally

compact. A first guess for what should be the right topological group to consider would be the
set

{(av)v ∈ AK | av ∈ K×
v for all v and av ∈ O×

v for almost all v}

endowed with the subspace topology. However, for this topology, we claim that the inverse map
x 7→ x−1 is not necessarily continuous.

This problem can be easily solved by considering instead the restricted product topology:

Definition 4.1. We define the group of idèles of a global field K as the restricted product:

IK :=
∏
v

(K×
v ,O×

v ).

The multiplication is defined term-wise.
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Note that for this topology, we obtain that the natural injective group morphism{
IK → AK × AK

x 7→ (x, x−1).

induces an isomorphism of topological spaces onto its image.

As before, if S is a finite set of primes that contains all infinite primes, we also define:

IK,S :=
∏
v∈S

K×
v ×

∏
v/∈S

O×
v ,

endowed with the product topology and we have an isomorphism of topological groups
IK ≃ lim−→S

IK,S by Proposition 3.2. Each IK,S is open in IK .

There is a canonical map {
IK → IK

(av) 7→
∏

p finite p
ordp(ap)

which is surjective with kernel IK,S∞ , where S∞ is the set of infinite places. The canonical
embedding K ↪→ AK induces a canonical embedding of K× into IK that we will denote by i.

Proposition 4.2. Let K be a global field. The idèle group IK is a locally compact group.

Proof. In order to apply Proposition 3.3, we need to check that the spaces O×
v are com-

pact except for a finite numbers of them. But for any nonarchimedean place p, we see that
O×

p := {x ∈ K×
p | |x|p = 1} is closed in Kv, which is Hausdorff, hence it is compact. Since the

K×
v ’s are all locally compact, this concludes the proof.

Proposition 4.3. Let K be a global field. Then K× is a discrete subgroup of IK .

Proof. Consider the natural embedding K× ↪→ K × K ⊂ AK × AK . From Theorem 3.9, we
know that K is a discrete subset of AK , so K × K is a discrete subset of AK × AK . But the
above embedding factors through IK ↪→ AK × AK , which is a topological embedding. Hence
K× is a discrete subgroup of IK .

We define the idèle class group of K as the quotient CK := IK/K×. The map IK → IK from
above induces a surjective morphism CK ↠ CK .

Example 4.4. There is an isomorphism of topological groups (where Q× is given the discrete
topology): {

Q× ×R>0 ×
∏

p Z
×
p → IQ

(r, λ, (up)) 7→ (rλ, (rup)),

29



which induces an isomorphism:

CQ
∼−→ R>0 ×

∏
p

Z×
p ≃ R>0 × Ẑ×.

Group of 1-idèles. We have a continuous surjective morphism of topological groups

| · | :

{
IK → R>0

a 7→ |a| :=
∏

v |av|v.

Note that since |a|v = 1 for all but a finite number of v, the product is well-defined. It is non-zero
since av is in K×

v for all v. We denote by I1K the kernel of | · |, i.e.

I1K := {a ∈ IK | |a| = 1}.

We endow it with the subspace topology. By the product formula, we know that K× is contained
inside I1K . We have seen before that the quotient AK/K is compact. However, this is not true
that IK/K× is compact (since it surjects onto R>0). Our next goal is to prove that in fact the
quotient I1K/K× is compact. We start by collecting a few useful lemmas.

Lemma 4.5. The subspace topologies on I1K coming from IK and AK coincide.

Proof. First note that the restricted product topology on IK is finer than the topology on IK
coming from IK ⊂ AK .So we only need to show that any open of I1K ⊂ IK is also an open of
I1K ⊂ AK .

Define K1
v := {x ∈ K×

v | |x|v = 1}. Let U =
∏

v∈S Uv ×
∏

v/∈S O×
v be in the basis of the

restricted product topology on IK . Setting Uv = K×
v if needed, we can assume that S contains

all infinite places. We have

U ∩ I1K =
∏
v∈S

(Uv ∩K1
v )×

∏
v/∈S

O×
v .

Let us define U ′ :=
∏

v∈S Uv ×
∏

v/∈S Ov. Since Uv is open in K×
v which is open in Kv, we see

that U ′ is open in AK and we have

U ∩ I1K = U ′ ∩ I1K

which concludes the proof.

Lemma 4.6. The subgroup I1K is a closed subset of AK .

Proof. We prove that AK \ I1K is open. Let x be in AK \ I1K and write S0 for the finite set of
places v such that |x|v > 1. We also denote by S∞ the set of infinite places of K. For S a finite
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set of places that contains S0 and S∞ and ε := (εv)v strictly positive, we define the open set of
AK :

US(x, ε) := {y ∈ AK | |x− y|v < εv for v ∈ S and |y|v ≤ 1 for v /∈ S}.
By construction it contains x. We will show that we can always find S and ε such that
US(x, ε) ⊂ AK \ I1K .

If |x| < 1 then we can find a finite set S such that S contains S0, S∞ and such that∏
v∈S |x|v < 1. For any v in S, take ε < |x|v. Then for any element y of US(x, ε), we have
|y|v = max(|x− y|v, |x|v) = |x|v for v ∈ S. In particular,

|y| =
∏
v

|y|v ≤
∏
v∈S

|y|v =
∏
v∈S

|x|v < 1,

and y is not in I1K .

Assume now that |x| > 1. Let M be such that
∏

v∈S0
|x|v ≤M . Consider a finite set of places

S such that S contains S∞, S0 and all finite places v = p such that N(p) ≤ 2M . This means that
if v is not in S, then either |x|v = 1 or |x|v < 1

2M
. Note also that we have

1 < |x| ≤
∏
v∈S

|x|v ≤M < 2M

For any v in S, take ε < |x|v. Then, as before,
∏

v∈S |y|v =
∏

v∈S |x|v. Now if f y is in US(x, ε)
then either for all v not in S, we have |y|v = 1 and this gives |y| > 1. If there exists v not in S
such that |y|v < 1, then in particular, for such a v = p, we have

|y|v = N(p)−ordp(y) <
1

2M
since |y|v < 1

and it follows that |y| < 1. In both cases |y| ≠ 1.

Theorem 4.7. LetK be a global field. The groupK× is a discrete closed subgroup of the abelian
group of 1-idèles I1K and the quotient group I1K/K× is compact.

Proof. First note that since K× is a discrete subgroup of IK (by Lemma 4.3), it is also a discrete
subgroup of I1K . Since I1K is Hausdorff, we obtain that K× is closed in I1K . Moreover, by
Lemma 4.6, we know that if W is a compact subspace of AK then W ∩ I1K is compact. So, to
prove that I1K/K× is compact, it suffices to find a compact W ⊂ AK such that W ∩ I1K surjects
onto I1K/K×.

Consider the constant C from Proposition 3.10. Let x be in AK such that |x| > C. Define

W := {a ∈ AK | |a|v ≤ |x|v for all v}.

Let y be in I1K . We want to show that y can be written as a product az with a in K× and z in
W ∩ I1K . But |y| = 1 implies that |x

y
| = |x| > C and it follows from Proposition 3.10 that there

exists b in K× such that |b|v < |xy |v for all v. Setting a := b−1 and z := by, we obtain the desired
decomposition.
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Remark 4.8. Theorem 4.7 can be used to give a new proof of the finiteness of the class number
for number fields and Dirichlet’s unit theorem (see Exercise sheet 3).

Norm map for idèles. Let L/K be a finite extension of number fields. We define a norm map
NmL/K : IL → IK in the following way: for a = (aw)w in IL, we set NmL/K(a) = b ∈ IK
such that bv =

∏
w|v NmLw/Kv(aw). Recall that for any place v of K, we have an isomorphism

L⊗K Kv
∼−→

∏
w|v Lw inducing the equality (as elements of Kv):

NmL/K(a) =
∏
w|v

NmLw/Kv(aw) for any a ∈ L

and in particular, the following diagram commutes:

L× //

NmL/K

��

IL
NmL/K

��

// IL

NmL/K

��

K× // IK // IK

and we obtain a commutative diagram:

CL
//

NmL/K

��

CL

NmL/K

��

CK
// CK .

If m is a modulus for K, we define:

(4.1.1) Wm :=
∏

v infinite s.t. v∤m

K×
v ×

∏
v finite s.t. v∤m

Uv ×
∏

v infinite s.t. v|m

R>0 ×
∏

v finite s.t. v|m

1 + p̂m(v)
v ,

where p̂v is the maximal ideal of Ov. Then we have:

Proposition 4.9. Let L/K a finite Galois extension of number fields. Then there exists a modulus
m of K such that Wm ⊂ NmL/K(IL).

Proof. This is an immediate consequence of the following facts from local class field theory:

(1) NmC/R(C
×) = R>0,

(2) If L/K is an extension of non-archimedean local fields then NmL/K(L
×) is an open sub-

group of finite index of K×, in particular there exists m such that 1 +mm
K ⊂ NmL/K(L

×),

(3) If L/K is an extension of non-archimedean local fields such that L/K is unramified, then
NmL/K : UL → UK is surjective, in particular UK ⊂ NmL/K(L

×).

In particular, we have:

Corollary 4.10. Let L/K a finite Galois extension of number fields. Then NmL/K(IL) is open
in IK .
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4.2 Ray class groups as quotient of idèles

If m is a modulus for K, we define:

Im = IK
⋂( ∏

v s.t. v∤m

K×
v ×

∏
v infinite s.t. v|m

R>0 ×
∏

v finite s.t. v|m

1 + p̂m(v)
v

)
.

Note that with the previous notations, we have Km,1 = K× ∩ Im.

Proposition 4.11. If m is a modulus for K, then the natural maps Im → I
S(m)
K and Im → IK

induce isomorphisms:

Im/Km,1 ·Wm
∼−→ Cm

Im/Km,1
∼−→ IK/K×.

Proof. The first isomorphism follows from the snake lemma applied to:

0 // Km,1
//

��

Im //

��

Im/Km,1
//

��

0

0 // I
S(m)
K I

S(m)
K

// 0

,

using the facts that the first vertical arrow is injective and the second one is surjective with kernel
Wm.

For the second isomorphism, first note that the kernel of Im → IK/K× is K× ∩ Im, i.e. Km,1.
This gives an injective map Im/Km,1 ↪→ IK/K×. Let us prove it is surjective. For a in IK , by
weak approximation theorem, we can find x in K× such that avx−1 is in R>0 if v is real in S(m)

and in 1 + p̂
m(v)
v if v is finite in S(m). Then ax−1 is in Im and its image in IK/K× is a.

In the following proposition, G can be any finite abelian group (even though we will ap-
ply it to the case where G is a Galois group). For S a finite set of places, we write
ISK := {a ∈ IK | av = 1 for all v ∈ S}.

Proposition 4.12. Let S be a finite set of places ofK such that it contains S∞. Let ψ : ISK → G a
morphism of groups such that there exists a modulus m with S(m) ⊂ S and ψ(Km,1) = 1. Then
there exists a unique continuous (for the discrete topology onG) morphism ϕ : IK → G such that
ϕ(K×) = 1 and on ISK , we have ϕ = ψ ◦ i, where i is the natural map a = (av)v 7→

∏
p p

ordp(a).

Conversely, any continuous morphism ϕ : IK → G such that ϕ(K×) = 1 comes from a
morphism ψ : ISK → G.
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Proof. Since there exists m such that ψ(Km,1) = 1, this means that ψ factors through Cm → G.
Define ϕ as the composition:

IK → IK/K× ∼←− Im/Km,1 → Im/Km,1 ·Wm
∼−→ Cm

ψ−→ G.

It is clear that ϕ is continuous and that ϕ(K×) is trivial. We also have ϕ = ψ ◦ i on Im and so on
ISK .

To prove the uniqueness of such a map, it suffices to show that ISKK× is dense in IK (since
then, it is determined by its image on K× and ISK). But for a in IK , by approximation theorem,
we can find x in K× such that x is close to av for any v of S and we can find b in ISK such that
av = xbv for v not in S. Then xb is in ISKK× and is closed to a in the group of idèles.

Conversely, let ϕ : IK → G be a continuous morphism such that ϕ(K×) is trivial. We first
prove that there exists some modulus m such that Wm is contained inside Ker(ϕ). Since the
kernel ϕ−1(1) is open (recall that G is discrete and ϕ is continuous), there exist some S finite
set of places and positive number ε such that US(1, ε) ⊂ Ker(ϕ). Now if v is infinite, then
ϕ induces a continuous morphism R× → G (respectively C× → G). Since G is discrete, ϕ
is constant equals to 1 on the connected component of R× (respectively C×) which contains
1, i.e. R>0 (respectively C×). So R>0 (respectively C×) is in the kernel. This proves that
we can find Wm ⊂ Ker(ϕ) and so the morphism ϕ : Im/Km,1 ≃ IK/K× → G induces a
morphism Im/Km,1 ·Wm → G. We then use the isomorphism Im/Km,1 ·Wm ≃ Cm to define
ψ : I

S(m)
K → G.

4.3 Artin map using idèles

From local class field theory, we know that for any finite abelian extension L/K, v place of K
and w place of L dividing v, there is an Artin map:

ϕv : K
×
v → Gal(Lw/Kv) ⊂ Gal(L/K).

Lemma 4.13. The above map does not depend on the choice of the place w of L that divides v.

Proof. Let w be a place of L such that w|v. Any other prime of L lying above v is of the form
σ(w) for σ in Gal(L/K). Such a σ : L → L can be extended to an isomorphism Lw → Lσ(w)
fixing Kv. We have Gal(Lσ(w)/Kv) = σGal(Lw/Kv)σ

−1 = Gal(Lw/Kv) since the extension is
abelian.

We can then construct a global version of the Artin map for the idèles, namely:

Proposition 4.14. Let K be a number field. There exists a unique continuous morphism
ϕK : IK → Gal(Kab/K) such that for any finite abelian extension L/K and any place w of
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L lying over a place v of K, the following diagram commutes:

K×
v

ϕv
//

��

Gal(Lw/Kv)

��

IK ϕL/K

// Gal(L/K),

where ϕL/K is the map a 7→ ϕK(a)|L.

Proof. Let a be in IK and consider L/K a finite abelian extension. We define

ϕL/K(a) :=
∏
v

ϕv(av) ∈ Gal(L/K).

This is well-defined since for av in Uv and Lw/Kv unramified we have ϕv(av) = 1 and we see
that in the above product, almost all terms are equal to 1. Such a morphism is the unique one
making the diagram from the statement commute.

We want to show that ϕK is continuous. From local reciprocity law, we see that if L/K ′/K is
an intermediate extension, then there is a commutative diagram:

IK′ //

NmK′/K
��

Gal(L/K ′)� _

��

IK // Gal(L/K).

Taking K ′ = L, we obtain that NmL/K(IL) is contained in Ker(ϕL/K). It follows from Proposi-
tion 4.9 that Ker(ϕL/K) contains an open subgroup of IK . This proves that ϕL/K is continuous.

Note that we have seen in the above proof that ϕL/K(NmL/K(IL)) is trivial. More precisely,
we have:

Lemma 4.15. Let L/K be a finite abelian extension of number fields. Then ϕL/K is surjective
and NmL/K(IL) ⊂ Ker(ϕL/K).

Proof. We only have to check the surjectivity, but it follows from the surjectivity of the local
Artin maps and the fact that Gal(L/K) is generated by the Frobenius elements of the subgroups
Gal(Lw/Kv).

Remark 4.16. If K is a function field, the Artin map is not surjective but injective.

We can now reformulate the reciprocity law and the existence theorem using the group of
idèles:
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Theorem 4.17 (Reciprocity law). The Artin map ϕK : IK → Gal(Kab/K) satisfies the following
properties:

(1) ϕK(K×) = 1,

(2) for any L/K finite abelian then ϕK induces an isomorphism

ϕL/K : IK/K× · NmL/K(IL)
∼−→ Gal(L/K).

In other words, we have isomorphisms:

ϕL/K : CK/NmL/K(CL)
∼−→ Gal(L/K).

Theorem 4.18 (Existence theorem). Let H ⊂ CK be an open subgroup of finite index. Then
there exists a unique abelian extension L of K such that NmL/K(CL) = H .

Theorems 4.17 and 4.18 have the following consequences:

Proposition 4.19. There is a bijection:

{L/K finite abelian extension } ∼−→ {H ⊂ CK open subgroup of finite index }
L 7→ NmL/K(CL)

and we have

(1) L1 ⊂ L2 if and inly if NmL1/K(CL1) ⊃ NmL2/K(CL2),

(2) NmL1·L2/K(CL1·L2) = NmL1/K(CL1) ∩ NmL2/K(CL2),

(3) NmL1∩L2/K(CL1∩L2) = NmL1/K(CL1) · NmL2/K(CL2).

5 The cohomology of the idèles

In this section we compute the cohomology of the groups IK and CK . This will be used to prove
the so-called "first inequality", namely, for any cyclic extension L/K of number fields, we have

[L : K] ≤ [CK : NmL/K(CL)].

Before computing those cohomology groups, we recall some results about Galois cohomology of
local fields and explain briefly our main strategy to prove the global reciprocity law and existence
theorem.
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5.1 Cohomology of local fields

5.1.1 Tate’s theorem and main ideas of the proof

Let G be a finite group and M a G-module. Recall that the Tate cohomology groups of M are
defined as

Ĥ i(G,M) =


H i(G,M), if i > 0

MG/NG(M) if i = 0

Ker(NG)/IG(M) if i = −1
H−i−1(G,M) if i < −1,

where NG : M → M is the norm map m 7→
∑

g∈G g · m and IG(M) is the kernel of the
augmentation map ε : Z[G]→ Z,

∑
g∈G ngg 7→

∑
g∈G ng.

If moreover G is cyclic with generator γ, then

Ĥ0(G,M) = Ker(γ − 1)/Im(NG)

Ĥ−1(G,M) = Ker(NG)/Im(γ − 1)

Ĥ i(G,M)
∼−→ Ĥ i+2(G,M) for all i ∈ Z.

Let us also recall Tate’s theorem:

Theorem 5.1. Let G be a finite group and M a G-module. Suppose for all subgroup H ⊂ G
(including H = G), the group H1(H,M) is trivial and H2(H,M) is cyclic of order |H|. Let γ
be a generator of H2(G,M). Then there exists an isomorphism for all i ∈ Z,

Φγ : Ĥ
i(G,Z)

∼−→ Ĥ i+2(G,M)

uniquely determined by the choice of γ. Moreover, for any H ⊂ G, we have commutative
diagrams:

Ĥ i(G,Z)
Φγ
//

Res
��

Ĥ i+2(G,M)

Res
��

Ĥ i(H,Z)
ΦRes(γ)

// Ĥ i+2(H,M)

and Ĥ i(G,Z)
Φγ
// Ĥ i+2(G,M)

Ĥ i(H,Z)
ΦRes(γ)

//

CoRes

OO

Ĥ i+2(H,M)

CoRes

OO

Let L/K be finite abelian and G = Gal(L/K). Suppose that we can prove that the G-
module CL satisfies the hypothesis of Tate’s theorem. Then, it gives an isomorphism (for a fixed
generator γ of H2(G,CL)):

Ĥ−2(G,Z)
∼−→ Ĥ0(G,CL).

The group on the left is equal to H1(G,Z) ≃ HomZ(Z, G
ab) ≃ G and the one on the right is

CK/NmL/K(CL) and our Artin map is in fact the inverse of this isomorphism. Hence, our goal
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is to check that the first and second cohomology groups of the G-module CL satisfy the right
properties to apply Tate’s theorem. We will in fact prove slightly weaker results and we will see
this is enough for our purposes.

5.1.2 Herbrand quotients

For G a finite cyclic group and M a G-module, if Ĥ i(G,M) is finite, the Herbrand quotient of
M is defined as:

h(M) :=
|Ĥ0(G,M)|
|Ĥ1(G,M)|

It satisfies the following properties:

Proposition 5.2. Let G be a finite cyclic group.

(1) Let 0 → M ′ → M → M ′′ → 0 be an exact sequence of G-modules.
If two of h(M ′), h(M), h(M ′′) are defined then the third one is defined as well and
h(M) = h(M ′)h(M ′′).

(2) If M is a finite G-module then h(M) = 1.

(3) Let α : M → N be a morphism of G-modules such that α has finite kernel and cokernel.
Then if h(M) or h(N) is defined, the other one is also defined and h(M) = h(N).

Proof. Exercise.

In the following we recall a few lemmas about Galois cohomology of local fields that will be
useful to compute the cohomology of the idèles. In the rest of this sub-section, please note that
K is now a local field.

Lemma 5.3. Let K be a local field and L a finite Galois extension of K. Then there exists
an open subgroup U of OL stable for the action of the Galois group Gal(L/K) and such that
H i(G,U) is trivial for all i > 0.

Proof. Choose e in L such that {σ(e) | σ ∈ Gal(L/K)} is a K-basis for L. Up to
multiplying by some elements d in OK , we can assume all the σ(e)’s are in OL. Take
U :=

∑
σ∈Gal(L/K)OKσ(e). Then U is stable by the action of G and for a uniformiser π of

OL there exists m such that πm is in U , i.e. πmOL ⊂ U . Hence U is open. As G-representations,
we have U ≃ OK [G] ≃ IndG1 OK and it follows that U has trivial cohomology in positive de-
grees.

Lemma 5.4. Let K be a finite extension of Qp and L be a finite Galois extension of K. Then
there exists an open subgroup V ofO×

L stable for the action of the Galois groupG := Gal(L/K)
and such that H i(G, V ) is trivial for all i > 0.
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The above lemma is also true when K is a local field of positive characteristic (exercise).

Proof. Recall that the p-adic exponential map exp : x 7→
∑

i≥0
xi

i!
defines an isomorphism from

an open neighborhood of 0 in L onto an open neighborhood of 1 in L× with inverse given by
the logarithm log : x 7→

∑
i≥1(−1)i+1 (x−1)i

i
. Note that both maps commute with the action

of G. Consider U the open neighborhood of 0 given by Lemma 5.3. If π is a uniformiser
of OL, then there exists m such that the exponential is well-defined on πmU and we can take
V := exp(πmU).

Proposition 5.5. Let K be a local field and L a cyclic extension of K. Then h(O×
L ) = 1 and

h(L×) = [L : K].

Proof. Consider the open V given by Lemma 5.4. SinceO×
L is compact thenO×

L/V is finite and
by Proposition 5.2(3), we obtain h(O×

L ) = h(V ). But the choice of V gives h(V ) = 1 and so
h(O×

L ) = 1.

For L×, recall that we can write L× = O×
L · πZ ≃ O×

L × Z. In particular,
h(L×) = h(O×

L ) · h(Z) = h(Z). But if n = [L : K], we have

h(Z) =
|Ĥ0(G,Z)|
|Ĥ1(G,Z)|

= |Ĥ0(G,Z)| = |Z/nZ| = n.

If V is a finite dimensional R- (respectively Q-) vector space and M ⊂ V a subgroup, we say
that M is a full lattice of V if M is finitely generated over Z and R ⊗Z M → V (respectively
Q⊗ZM → V ) is an isomorphism. In other words, M is the Z-submodule of V generated by an
R- or Q-basis of V .

Proposition 5.6. Let G be a finite cyclic group and M , N two G-modules that are finitely gener-
ated as Z-modules. Assume moreover that M ⊗Z Q and N ⊗Z Q are isomorphic as G-modules.
Then if h(M) or h(N) is defined then the other also is and h(M) = h(N).

Proof. Let Mtors ⊂ M be the torsion subgroup. Since M is finitely generated over Z, the
group Mtors is finite. Applying Proposition 5.2(3) to the map M → M/Mtors, we see that
h(M) = h(M/Mtors) (and same for N ). In particular, we can assume that M and N are torsion-
free.

Let us write α the isomorphism M ⊗Z Q
∼−→ N ⊗Z Q. Then there exists d such that

α(M) ⊂ d−1N (write the elements of the basis of α(M) in the basis of N and take d a common
denominator of the coefficients). Up to replacing α by dα we can then assume α(M) ⊂ N . We
obtain an exact sequence

0→M
α−→ N → N/α(M)→ 0
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with N/α(M) finite. Since α(M) and N have same rank as lattices of Q (they have full rank)
then N/α(M) is finite. By Proposition 5.2(3) we obtain h(M) = h(N).

Corollary 5.7. LetG be a finite cyclic group and let V be an R-vector space with a linear action
of G. Let M and N be two G-stable full lattices in V . Then if h(M) or h(N) is defined, the
other is also defined and h(M) = h(N).

Proof. By definition, we have R-isomorphisms:

M ⊗Z R
∼−→ V

∼←− N ⊗Z R.

But since the lattices are G-stable, the above isomorphism is an isomorphism of R[G]-modules.
To apply Proposition 5.6, we need to check that this is also an isomorphism of Q[G]-modules
M ⊗Z Q ≃ N ⊗Z Q. But this follows from the following general lemma:

Lemma 5.8. Let G be a finite group and K1 ⊂ K2 an extension of (any) infinite fields. Let
M and N be K1[G]-modules of finite K1-dimension. Then if M ⊗K1 K2 and N ⊗K1 K2 are
isomorphic as K2[G]-modules, then they are isomorphic as K1[G]-modules.

Proof. We claim that we can find K1[G]-morphisms f1, . . . , fn from M to N such that
{f1, . . . , fn} forms a K2-basis for the space HomK2[G](M ⊗K1 K2, N ⊗K1 K2). Indeed, is we
choose K1-basis for M and N , then for all g in G, there exist K1-matrices A1(g) and A2(g)
such that G-equivariant K1-morphisms f : M → N correspond to K-matrices P such that
PA1(g) = A2(g)P . But K2[G]-morphisms from M ⊗K1 K2 to N ⊗K1 K2 satisfy the same
equations (for the same A1(g) and A2(g)). Hence, the basis we find for the K1[G]-morphisms
M → N also defines a basis for the K2[G]-morphisms M ⊗K1 K2 → N ⊗K1 K2.

Any K2[G]-isomorphism between M ⊗K1 K2 and N ⊗K1 K2 can be written as
∑n

i=1 λifi with
λi in K2. Consider det(

∑n
i=1 λifi): this is a non-zero polynomial in the λi’s with coefficients in

K1. Let us write P (λ1, · · · , λn) ∈ K1[λ1, . . . , λn] this polynomial. Since it is non-zero and K1

is infinite, this means that we can find (µ1, . . . , µn) in Kn
1 such that P (µ1, · · · , µn) is non-zero.

In particular,
∑n

i=1 µifi defines a K1[G]-isomorphism between M and N , as wanted.

5.2 The first inequality

Recall that in order to apply Tate’s theorem, we would need to prove that for L/K a finite abelian
extension, H1(G,CL) is trivial and H2(G,CL) has order [L : K]. In particular, this would imply
h(CL) = [L : K]. We will not prove this in general but the first step in our proof of Reciprocity
law will be to check that if L/K is cyclic we indeed have h(CL) = [L : K]. It will follow that
for L/K a cyclic extension of number fields, then

[L : K] ≤ [CK : NmL/K(CL)].
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5.2.1 Preliminaries

Let L/K be a finite Galois extension of number fields, v a prime ofK. We writeG for the Galois
group of L/K. We can extend the action of G on L to

∏
w|v Lw. Namely, let us first recall the

isomorphism:

(5.2.1) L⊗K Kv
∼−→

∏
w|v

Lw

obtained by sending x⊗y to (ιw(x)y)w, where ιw is the embedding L ↪→ Lw. Since G acts on L,
it acts on L ⊗K Kv and we obtain an action of G on

∏
w|v Lw via the above isomorphism. Note

that this action is continuous for the product topology on
∏

w|v Lw and that it fixes the elements
of the form (x, . . . , x) with x ∈ Kv. For (yw)w in

∏
w|v Lw, if yw = ιw(x) with x in L, then the

w-term of g((yw)w) is given by ιw(g · x). More generally we have:

Lemma 5.9. For g in G and y = (yw)w in
∏

w|v Lw, then (g(y))w = g · yg−1(w).

Proof. The action on the right is clearly continuous. Using the isomorphism (5.2.1), it suffices
to check the two actions coincide on the elements of the form (x, x, . . . , x) with x in Kv and on
the ones of the form (ιw(x))w with x ∈ L.

If x is in Kv and yw = x for all w|v, then g · yg−1(w) = x = (g(y))w. If yw = ιw(x) with x in
L for all w|v, then g · yg−1(w) = g · (ιg−1(w)(x)). But we have a commutative diagram:

Lw
g−1
// Lg−1(w)

L

ιw

OO

g−1
// L

ιg−1(w)

OO

and we obtain g · (ιg−1(w)(x)) = ιw(g · x), as wanted.

The action of G on
∏

w|v Lw induces an action of G on
∏

w|v L
×
w and

∏
w|vO

×
Lw

. Our goal now
is to compute the cohomology groups H i(G,

∏
w|v L

×
w). We have:

Proposition 5.10. Let L/K be an extension of number fields with Galois group G, let v be a
place of K and w0 a place of L lying above v. Let us denote by Gw0 ⊂ G the decomposition
subgroup of w0. Then for all i,

H i(G,
∏
w|v

L×
w) ≃ H i(Gw0 , L

×
w0
), in particular H0(G,

∏
w|v

L×
w) ≃ K×

v

H i(G,
∏
w|v

O×
L,w) ≃ H i(Gw0 ,O×

L,w0
), in particular H0(G,

∏
w|v

O×
w) ≃ O×

K,v.
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Proof. Recall Shapiro’s lemma:

Lemma 5.11. For H a subgroup of a group G and N an H-module, for all i ≥ 0, there is a
natural isomorphism

H i(G, IndGH(N))
∼−→ H i(H,N)

where IndGH(N) = {f : G→ N | f(hg) = hf(g) for all g ∈ G and h ∈ H}.

The statement of the proposition follows then from Shapiro’s lemma and the following result:

Lemma 5.12. There is an isomorphism of G-modules:{∏
w|v Lw

∼−→ IndGGw0
(Lw0)

x 7→ fx

where for all g in G, we define fx(g) := g · xg−1·w0
∈ Lw0 . Similarly, there are isomorphisms:∏

w|v

L×
w

∼−→ IndGGw0
(L×

w0
) and

∏
w|v

O×
L,w

∼−→ IndGGw0
(O×

L,w0
)

Proof. Let us first check that fx is indeed in IndGGw0
(Lw0). Take h in Gw0 and g in G. Then,

since h is in the stabilizer of w0,

fx(hg) = (hg) · x(hg)−1·w0
= h · g · xg−1·w0

= h · fx(g),

as wanted. We obtain that x 7→ fx is a morphism ofG-modules
∏

w|v Lw → IndGGw0
(Lw0). Let us

construct an inverse. Starting from f in IndGGw0
(Lw0), we define x(f) := (x(f)w)w|v ∈

∏
w|v Lw

as
x(f)w := g · f(g−1) for w = g · w0.

We can easily check that f 7→ xf and x 7→ fx are inverse of one another.

For L, K, v and w0 as in the proposition, note that if w1 is another place of L lying above v,
then we can write w1 = g · w0 for some g in G and we have isomorphisms{

Gw0

∼−→ Gw1

h 7→ ghg−1
and

{
Lw1

∼−→ Lw0

x 7→ g−1 · x

This yields isomorphisms, for all i ≥ 0,

αi,g : H
i(Gw1 , L

×
w1
)

∼−→ H i(Gw0 , L
×
w0
).
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Now if h is an element of Gw0 and we set g′ := gh, we obtain a commutative diagram:

H i(Gw1 , L
×
w1
)

αi,g

∼
//

αi,g′
∼

((

H i(Gw0 , L
×
w0
)

βi,h∼
��

H i(Gw0 , L
×
w0
)

where βi,h is the isomorphism induced by the isomorphisms σ 7→ hσh−1 from Gw0 to itself and
x 7→ h−1x from Lw0 to itself. It can be checked (exercise) that βi,h is in fact the identity map.
Therefore, H i(Gw0 , L

×
w0
) does not depend on the choice of w0 and we set

H i(Gv, Lv) := H i(Gw0 , Lw0), H i(Gv, Lv,×) := H i(Gw0 , L
×
w0
) and H i(Gv, U v) := H i(Gw0 , Uw0).

5.2.2 Galois cohomology of the idèles

Let us now come back to the computation of the cohomology of idèles. For L/K a Galois
extension of number field with Galois group G and v a place of K, we endow the group of
idèles with the action of G such that for all places v of K, the injective maps

∏
w|v L

×
w ↪→ IL are

G-equivariant. Concretely, if a = (aw)w is in IL then (g · a)w = g · ag−1(w).

Proposition 5.13. Let L/K be a Galois extension of number fields with Galois group G. Then,
for i > 0,

H i(G, IL) =
⊕
v

H i(Gv, Lv,×).

Proof. If S is a finite set of primes of K, by abuse of notation, we will write IL,S for the group

IL,S :=
∏
v∈S

(∏
w|v

L×
w

)
×

∏
v/∈S

(∏
w|v

Uw
)
.

The IL,S groups are stable under the action of the Galois group G. We also have

IL ≃ colimSIL,S,

where the limit is taken over the finite set of places S such that S contains all infinite places and
all primes that ramify in S. In particular, we have

H i(G, IL) = colimSH
i(G, IL,S).

Since the cohomology commutes with infinite product, we obtain (using Proposition 5.10 to get
the second equality):

H i(G, IL,S) =
(∏
v∈S

H i(G,
∏
w|v

L×
w)
)
×
(∏
v/∈S

H i(G,
∏
w|v

Uw)
)

=
(∏
v∈S

H i(Gv, Lv,×)
)
×
(∏
v/∈S

H i(Gv, U v)
)
.
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Since we have assumed that S contains all primes that ramify in L, we have that for v not in S
and w above v, the extension Lw/Kv is unramified and it follows that the cohomology groups
H i(Gv, U v) = H i(Gw, Uw) are trivial in degree i > 0. Finally, using that S is finite, we get

H i(G, IL) = colimS

⊕
v∈S

H i(Gv, Lv,×)

=
⊕

all places v

H i(Gv, Lv,×).

Corollary 5.14. Let L/K be a Galois extension of number fields with Galois group G. Then,

H0(G, IL) = IK
H1(G, IL) = 0

H2(G, IL) ≃
⊕
v

(
1

nv
Z)/Z,

where nv := [Lw : Kv] for any w place of L dividing v.

Proof. Let us first compute the G-fixed elements of IL. If a = (aw)w is fixed by G then for any
place v of K, the subfamily (aw)w|v is fixed by G. This means that each aw with w dividing v
depends only of v and is in K×

v . So a comes from an element of IK via the natural embedding
IK ↪→ IL. We obtain H0(G, IL) = IK .

The result for H1(G, IL) = 0 immediately follows from Proposition 5.13 and Hilbert’s the-
orem 90. For H2(G, IL), it follows from Proposition 5.13 and the computation of the Brauer
groups H2(Gw, L

×
w) ≃ ( 1

nv
Z)/Z, for any w above v.

Using the computation done in the proof of Proposition 5.13, we can also compute Herbrand
quotients of the subrings IL,S of cyclic extension:

Proposition 5.15. Let L/K be a finite extension of number fields and set G := Gal(L/K). Let
S be a finite set of primes of K and T be the set of primes of L dividing the primes in S. If L/K
is cyclic then

h(IL,T ) =
∏
v∈S

nv,

where nv := [Lw : Kv] for any w place of L dividing v.

Proof. We only need to compute H1 and H2. By definition, we have

IL,T =
(∏
v∈S

∏
w|v

L×
w

)
×

(∏
v/∈S

∏
w|v

Uw
)
.
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Each one of the two factors is stable under the action of G and the Herbrand quotient of IL,T is
the product of the Herbrand quotients of the factors. But we have

H i(G,
∏
v∈S

∏
w|v

L×
w) =

∏
v∈S

H i(G,
∏
w|v

L×
w) =

∏
v∈S

H i(Gwv , L
×
wv
),

for any wv place of L dividing v (we have used Proposition 5.10) and we deduce that

h(
∏
v∈S

∏
w|v

L×
w) =

∏
v∈S

h(L×
wv
).

The latter terms were computed in Proposition 5.5, we have h(L×
wv
) = nv. Similarly, we have

H i(G,
∏
v/∈S

∏
w|v

Uw) =
∏
v/∈S

H i(Gwv , Uwv),

for any wv place of L dividing v. We can then decompose the product as∏
v/∈S

H i(Gwv , Uwv) =
( ∏
v/∈S s.t. v ramified

H i(Gwv , Uwv)
)
×

( ∏
v/∈S s.t. v unramified

H i(Gwv , Uwv)
)

where the first product is finite. The cohomology groups in the second factor are all trivial for
i > 0, hence the Herbrand quotient of

∏
v/∈S s.t. v unramified Uwv is 1. As for the first factor, we have

seen in Proposition 5.5, that the Herbrand quotient of each term is also 1 and we take of finite
product of them. It follows that h(

∏
v/∈S

∏
w|v Uw) is 1.

5.2.3 Galois cohomology of the units

Let us now compute the Herbrand quotient of the units groups. Let L be a finite extension of K
with Galois group G. For S a finite set of primes of K, if T is the set of primes of L dividing the
primes in S then we define:

U(T ) := {x ∈ L | ordw(x) = 0 for all w /∈ T}.

Note that U(T ) is stable for the action of G (since T itself is).

Proposition 5.16. Let L/K be a finite cyclic extension of number fields, with Galois group G.
For S a finite set of primes that contains S∞ and for T as before, the Herbrand quotient of U(T )
is well defined and satisfies the following:

[L : K] · h(U(T )) =
∏
v∈S

nv,

where nv := [Lw : Kv] for any w place of L dividing v.
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Proof. Consider the R-vector space V := Maps(T,R) and we endow it with the action of G
given by:

(5.2.2) (g · f)(w) = f(g−1 · w), for all g ∈ G and w ∈ T.

The idea is to construct two G-stable full lattices of V , one with Herbrand quotient
[L : K] ·h(U(T )) and the other one with Herbrand quotient

∏
v∈S nv and then use Corollary 5.7.

We start by constructing the second lattice. Let N := Maps(T,Z) endowed with G-action
defined via the same formula as in (5.2.2). For any v ∈ S, choose w(v) a prime in T dividing it.
Then we can decomposeN as the sum

⊕
v∈S Maps(G/Gw(v),Z) (a map f : T → Z corresponds

to the family of maps {fv : G/Gw(v) → Z}v∈S where fv(gGw(v)) = f(g · w(v)) for g ∈ G).
Seeing Z as a trivial Gw(v)-module, we have Maps(G/Gw(v),Z) = IndGGw(v)

(Z). We obtain

h(N) =
∏
v∈S

h(IndGGw(v)
(Z)).

The Herbrand quotients above are Herbrand quotients for G-modules. But then, by Shapiro’s
lemma, we have (the first Herbrand quotient is for G-modules and the second one for Gw(v)-
modules):

hG(Ind
G
Gw(v)

(Z)) = hGw(v)
(Z) = [Lw(v) : Kv] = nv.

We obtain h(N) =
∏

v∈S nv.

Let us now define the first lattice M . Consider the map

λ :

{
U(T ) → V

x 7→ (w 7→ log|x|w)
.

This is a G-equivariant map, let us denote by M0 its image and set M := M0 + Z · e where
e := (1, 1, . . . , 1) ∈ V (note that e is fixed by the elements of G). We need to show that M is a
lattice in V and compute its Herbrand quotient. This follows from the claim :

Lemma 5.17. M0 is a lattice of the R-vector space V 0 := {f ∈ V |
∑

w∈T f(w) = 0} and
h(M0) = h(U(T )).

Proof. The kernel of λ is equal to the set of elements x in L× such that |x|w = 1 for all places
w of L, and it can be proved that this corresponds exactly to the group µ of root of 1 in L (see
Exercise sheet 3). But µ is finite so by Proposition 5.2(2), we obtain h(U(T )) = h(M0). This
proves the second statement of the lemma.

To check that M0 is a lattice in V 0, first note that by the product formula, M0 is contained
in V 0. Then recall that a subgroup of a real vector space is a lattice if and only if it is discrete.
Consider B = {(xw)w∈T ∈ V 0 | |xw| ≤ M} for some M > 0. Then B ∩M0 is equal to the set
of x in U(T ) such that |x|w ≤ exp(M). But there are only finitely many such x (exercise). It
follows that M0 is a lattice.
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Since M ⊗Z R = V 0 + R · e = V , we obtain that M is a full lattice in V and we have
h(M) = h(M0)·h(Z) = h(M0) = h(U(T )) (recall h(Z) = 1, see proof of Proposition 5.5).

5.2.4 The first inequality

The goal of this section is to prove:

Theorem 5.18 (First inequality). Let L/K be a finite cyclic extension. Then

(1) h(CL) = [L : K] and,

(2) [IK : K× · NormL/K(IL)] ≥ [L : K].

In order to prove the theorem, we will need the following lemmas.

Lemma 5.19. Let L/K be a finite extension of number fields with Galois groupG. Then the map
CK → CL induces an isomorphism CK

∼−→ CG
L .

Proof. We have a map of short exact sequences:

0 // K× //

��

IK //

��

CK
//

��

0

0 // L× // IL // CL
// 0

After taking cohomology and using Hilbert’s theorem 90, we obtain a commutative diagram with
exact rows:

0 // K× //

∼
��

IK //

∼
��

CK
//

��

0

0 // (L×)G // (IL)G // CG
L

// 0

where the second vertical map is an isomorphism by Corollary 5.14. It follows that the map
CK → CG

L is an isomorphism.

Consider L/K a cyclic extension with Galois group G. Then it follows from Lemma 5.19 that
we have

Ĥ0(G,CL) = CG
L/NG(CL) ≃ CK/NmL/K(CL)

and we obtain

(5.2.3) h(CL) =
[CK : NmL/K(CL)]

|H1(G,CL)|
.
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Lemma 5.20. Let K be a number field and let S be a finite set of places such that S contains the
set of infinite places S∞ of K and a set of generators for the ideal class group CK of K. Then,
the group of idèles can be decomposed in the following way:

IK = K× · IK,S.

Proof. Since S contains S∞, the map IK → ISK sending (av) to
∏

p/∈S p
ordp(ap) induces an iso-

morphism IK/IK,S
∼−→ ISK . We have a commutative diagram:

K× // IK // ISK

KS

OO 66

so in order to prove the lemma, it remains to check that ISK/K
S is trivial. But this follows from

the fact that S contains a set of generators for the ideal class group CK : any fractional ideal a
can be written as b · (c) for b in the group generated by the prime ideals in S and c in KS . So if
a is in ISK then a = (c).

We can now prove the main theorem.

Proof of Theorem 5.18. Consider S a finite set of places of K such that S contains the set of
infinite places S∞ of K, all the primes that ramify in L and all the prime ideals of the form
p = q∩OK for q in a set of generators of the ideal class group CL. Denote by T the set of places
of L lying above the places of S. By Lemma 5.20, we can write IL = IL,T · L× and so

CL = IL,T · L×/L× ≃ IL,T/(L× ∩ IL,T ).

But, by definition,

L× ∩ IL,T = {x ∈ L | ordw(x) = 0 for all w /∈ T} = U(T )

This yields

h(CL) =
h(IL,T )
h(U(T ))

and from Proposition 5.15 and Proposition 5.16, we obtain h(CL) = [L : K] as wanted.

Now the inequality [CK : NmL/K(CL)] ≥ [L : K] follows from (5.2.3), since the order of
H1(G,CL) is ≥ 1.
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5.3 Consequences of the first inequality

Recall that we say that a finite extension of number fields L/K is solvable if it is Galois and the
Galois group G is solvable, i.e. it has a composition series whose factors are all cyclic groups of
prime order. Theorem 5.18 has the following useful consequence:

Proposition 5.21. Let L be a finite solvable extension of K. If there exists a subgroup D of IK
such that D ⊂ NmL/K(IL) and K× ·D is dense in IK then L is equal to K.

Proof. Suppose L ̸= K. Since L/K is solvable, there exists a field K ′ ⊂ L such that K ′/K is
cyclic and K ′ ̸= K. We have

NmK′/K(IK′) ⊃ NmK′/K(NmL/K′(IL)) = NmL/K(IL) ⊃ D.

Since K× ·D is dense in IK then K× · NmK′/K(IK′) is dense in IK as well and it is open (this
is the union of the translates of NmK′/K(IK′) which is open by Corollary 4.10). Since open
subgroups of a topological group are also closed, we deduce that K× ·NmK′/K(IK′) is dense and
closed in IK , so they are equal. But then the inequality from Theorem 5.18 implies that K ′ = K,
contradiction.

In particular, we obtain:

Theorem 5.22. Let L be a finite solvable extension of K such that L ̸= K. Then there are
infinitely many primes of K that do not split completely in L.

Proof. Suppose that there exists only a finite number of primes of K that do not split completely
in L and take S a finite set of places that contains S∞ and all the primes that do not split com-
pletely. Consider the subgroup of IK :

D := {(av) ∈ IK | av = 1 for all v ∈ S}.

We claim that D satisfies the conditions of Proposition 5.21. The fact that D is contained in
NmL/K(IL) follows from the fact that if v is not in S then for any w place of L above v, we have
Lw = Kv so any av is equal to NmLw/Kv(av). We need to check that K× ·D is dense in IK . Let
a = (av)v be in IK and ε > 0. By weak approximation theorem, there exists x in K× such that
|av − x|v < ε for v in S. Define b = (bv) in D such that bv = x−1av for v /∈ S.Then if we set
a′ := xb ∈ K× ·D, we have

|av − a′v|v = |av − x|v < ε if v ∈ S,
|av − a′v|v = |av − av|v = 0 if v /∈ S.

This concludes the proof.
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We will see later (using complex analysis) a stronger version of this theorem, which states that
the result is true for any finite L/K.

Corollary 5.23. Let L/K be a finite solvable extension with Galois group G and let S be a finite
set of prime ideals of K containing those that ramify in L. Let T be the set of places of L lying
above the places of S. Then the set of Frobenius elements {(q, L/K), q /∈ T} generates G.

Proof. Without loss of generality, we can assume that T is stable under the action of the group
G (if T is not stable, replace T by a larger set). We denote by H the group generated by
{(q, L/K), q /∈ T}. Then H is a normal subgroup of G. Consider the extension K ′ := LH .
For p a prime ideal of K and q a prime ideal of L dividing p, recall that we have

(q ∩K ′, K ′/K) = (q, L/K)|K′ .

But if q is not in T , then (q, L/K)|K′ is the identity, so (p′, K ′/K) is the identity for any p′ in K ′

not lying under a prime of T . This means that if p does not lie under a prime of T then it splits
completely in K ′. Theorem 5.22 implies that K = K ′ and by Galois theory, G = H .

We can now prove the surjectivity of the Artin map for number fields:

Corollary 5.24. Let L/K be a finite abelian extension of number fields and S a finite set of
places of K that contains S∞ and all the places that ramify in L. Then the Artin map

ψSL/K :

{
ISK → Gal(L/K)

p 7→ (p, L/K)

is surjective.

Proof. The group ψSL/K(I
S
K) contains all the Frobenius (q, L/K) for q not lying above a prime

of S. But by Corollary 5.23, this generates G.

6 The second inequality

In this section, we prove the following theorem:

Theorem 6.1 (Second Inequality). Let L/K be a finite extension of number fields with Galois
group G. Then the following statements hold:

(1) The index [IK : K× · NormL/K(IL)] is finite and divides [L : K].

(2) The group H1(G,CL) is trivial.

(3) The group H2(G,CL) is finite and its order divides [L : K].
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6.1 First reductions

Note that for any Galois group G, we have

IK/K× · NmL/K(IL) ≃ CK/NmL/K(CL) = Ĥ0(G,CL).

Lemma 6.2. It suffices to prove Theorem 6.1 when G is a p-group, for all prime p.

Proof. Recall the following general result about cohomology of finite groups:

Proposition 6.3. Let G be a finite group, and let Gp be its Sylow p-subgroup. Then for any
G-module M , the restriction map

Res : Ĥ i(G,M)→ Ĥ i(Gp,M)

is injective on the p-primary component of Ĥ i(G,M) (i.e. the subgroup of elements of order a
power of p).

Assume that Theorem 6.1 is true when p-groups for all prime p and let L/K be a finite exten-
sion of number fields with Galois group G. For a fixed prime p, let Gp the Sylow p-subgroup of
G and write Lp := LGp . By hypothesis the theorem holds for L/Lp. In particular, we have that:

• the order of Ĥ0(Gp,CL) is a power of p dividing the order of Gp, and in particular, [L : K],

• the group Ĥ1(Gp,CL) is trivial,

• the order of Ĥ2(Gp,CL) is a power of p dividing the order of Gp, and in particular, [L : K].

We apply the proposition to the group G and the module CL. The three bullet points above
imply:

• the power of p dividing the order of Ĥ0(G,CL) is less that the power of p dividing [L : K],

• the prime p does not divide the order of Ĥ1(G,CL),

• the power of p dividing the order of Ĥ2(G,CL) is less that the power of p dividing [L : K].

Since the three statements are true for all prime p, we obtain that Theorem 6.1 holds for L/K
as well.

Lemma 6.4. It suffices to prove Theorem 6.1 when G is a cyclic group of order p (for all prime
p).

Proof. Assume that Theorem 6.1 is true for cyclic groups of order p, for all prime p. Let L/K
be a Galois extension of number fields with Galois group G and let p be a fixed prime number.
From Lemma 6.2, we can assume that G is a p-group. We prove the theorem by induction on
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the order of G. Since G is a p-group, we can find H a normal subgroup of G of index p. Write
K ′ := LH .

Let us first prove statement (1) in Theorem 6.1. We have

[CK : NmL/K(CL)] = [CK : NmK′/K(CK′)] · [NmK′/K(CK′) : NmL/K(CL)].

But G/H is a cyclic group of order p, so by Theorem 6.1(1), [CK : NmK′/K(CK′)] divides p.
Moreover, by induction, [CK′ : NmL/K′(CL)] divides [L : K ′] and we have a surjection

NmK′/K : CK′/NmL/K′(CL)→ NmK′/K(CK′)/NmL/K(CL),

so [NmK′/K(CK′) : NmL/K(CL)] divides [L : K ′]. We obtain that [CK : NmL/K(CL)] divides
[L : K], as wanted.

Now, since (CL)
H = CK′ (Lemma 5.19) the inflation-restriction exact sequence can be written

as
0→ H1(G/H,CK′)

Inf−→ H1(G,CL)
Res−−→ H1(H,CL).

By Theorem 6.1(2), H1(G/H,CK′) is trivial and by induction H1(H,CL) is also trivial. It
follows H1(G,CL) = 0. This proves (2).

Since H1(G,CL) = 0, the inflation-restriction exact sequence holds in degree 2 as well:

0→ H2(G/H,CK′)
Inf−→ H2(G,CL)

Res−−→ H2(H,CL).

By Theorem 6.1(3) for group of order p, we know that the order of H2(G/H,CK′) divides
[K ′ : K] and in particular, it divides [L : K], and by induction the order of H2(H,CL) divides
[L : K ′] and in particular [L : K]. It follows that the order of H2(G,CL) divides [L : K], as
wanted. This proves (3).

In the case where G is a cyclic group we moreover have the following result:

Proposition 6.5. If L/K is a cyclic extension then statements (1), (2) and (3) in Theorem 6.1 are
equivalent and we have

[IK : K× · NormL/K(IL)] = |H2(G,CL)| = [L : K].

Proof. If G is cyclic then Ĥ0(G,CL) ≃ Ĥ2(G,CL) and we see that statements (1) and (3) are
equivalent. From Theorem 5.18(1), we know that h(CL) = [L : K], so (2) is equivalent to (1)
(and (3)).

Combining Proposition 6.5 and Lemma 6.4, we see that in order to prove Theorem 6.1, it
suffices to prove that for L/K cyclic extension of order p, then

(6.1.1) [CK : NmL/K(CL)] divides [L : K] = p.

We can make one further reduction:
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Lemma 6.6. To prove (6.1.1) for any L/K cyclic extension of order p, it suffices to prove it in
the case where K contains a p-th root of 1.

Proof. Let L/K be a cyclic extension of degree p. Let ζ be a primitive p-th root of 1, set
K ′ := K(ζ), L′ := K ′ · L = L(ζ) and assume that (6.1.1) is true for the extension L′/K ′. Since
ζ is a primitive p-th root, then the degree [K ′ : K] divides p− 1 and in particular, it is coprime to
p. It follows that [K ′ ∩ L : K] = 1 and so K ′ ∩ L = K and we have an isomorphism of groups
Gal(L′/K)

∼−→ Gal(L/K)×Gal(K ′/K).

Since Gal(L/K) ≃ Gal(L′/K ′) and Gal(L′/L) ≃ Gal(K ′/K), then the norm maps (defined
by x 7→

∏
g g · x where the sum if taken over the Galois groups) fit into a commutative diagram:

CL

NmL/K
//

iL
��

CK

iK
��

// CK/NmL/K(CL) //

��

0

CL′
NmL′/K′

//

NmL′/L

��

CK′

NmK′/K

��

// CK′/NmL′/K′(CL′) //

��

0

CL

NmL/K
// CK

// CK/NmL/K(CL) // 0

where iL and iK are induced by the maps IL → IL′ and IK → IK′ . But both the maps NmL′/L◦iL
and NmK′/K ◦ iK are given by (·)[K′:K] so the right vertical map

CK/NmL/K(CL)→ CK′/NmL′/K′(CL′)→ CK/NmL/K(CL)

is also given by (·)[K′:K]. But if x is in CK/NmL/K(CL), we have xp = NmL/K(x) (recall
[L : K] = p) so (·)p kills CK/NmL/K(CL) and since [K ′ : K] and p are coprime, we obtain that
(·)[K′:K] is an automorphism of CK/NmL/K(CL). It follows that

CK′/NmL′/K′(CL′)→ CK/NmL/K(CL)

is surjective. In particular, [CK : NmL/K(CL)] divides [CK′ : NmL′/K′(CL′)]. Since we have
assumed that (6.1.1) is true for the extension L′/K ′, it follows that [CK : NmL/K(CL)] divides
p, as wanted.

6.2 Kummer theory

Assume that K is a field containing a primitive n-th root of the unity ζ . This means in particular
that K is of characteristic 0 or characteristic p > 0 for p not dividing n. We denote by µn the
group of the n-th roots of 1 in K. This is a cyclic group of order n with generator ζ .

Proposition 6.7. Let L = K(α) where α ∈ K is such that a := αn ∈ K and αm /∈ K for all
m < n. Then L is a Galois extension of K with cyclic Galois group of order n. Conversely, if L
is cyclic extension of K of degree n, then L = K(α) for some α ∈ K such that αn ∈ K.
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Proof. The first assertion comes from the fact that the root of the polynomials Xn − a are of
the form ζ ia for i ∈ {0, . . . , n − 1}, so for g in the Galois group g(a)

a
is in µn. The hypothesis

αm /∈ K for all m < n implies that the morphism{
G → µn

g 7→ g(a)
a

is an isomorphism. This proves that L/K is cyclic of order n.

Assume now that L/K is cyclic of order n and take g a generator of G and ζ a generator of
µn. To prove that L can be written as K(α) with αn in K, it suffices to show that there exists α
in L× such that g(α) = ζ−1α (because it this is true, then αm /∈ K for any 0 ≤ m < n). Recall
that for L a field and G a group, any finite set of characters G → L× is linearly independent
over K. In particular, the character

∑n−1
i=0 ζ

igi is non-zero and there exists β in L such that∑n−1
i=0 ζ

igi(β) ̸= 0. Take α = ζ igi(β).

Note that if we fix an algebraic closure K of K, then K(α) ⊂ K depends only on a := αn

and we denote it by K(a
1
n ).

Proposition 6.8. Two cyclic extensions K(a
1
n ) and K(b

1
n ) are equal if and only if there exist r

in Z prime to n and λ ∈ K× such that a = λn · br (in other words, a and b generate the same
subgroup of K×/K×n).

Proof. If a = λn ·br for some r prime to n and λ inK× then we obviously haveK(a
1
n ) = K(b

1
n ).

Conversely, assume L := K(α) = K(β) with αn = a and βn = b. Let g be a generator of
Gal(L/K) and let ζ be a primitive n-th root of 1 such that g(α) = ζα and g(β) = ζ iβ for i prime
to n. Since β is in L = K(α), we can write β =

∑n−1
j=0 λjα

j , with λj ∈ K. Applying g(·) to the
latter formula and comparing g(β) with ζ iβ, we obtain ζ iλj = ζjλj for all 0 ≤ j < n. It follows
that λj = 0 if j ̸= i, i.e. β = λiα

i as wanted.

The above result can be reformulated in the following way:

Corollary 6.9. Let n be an integer and K be a field containing a primitive n-th root of 1. Fix K
an algebraic closure of K. There is a one-to-one correspondance

{K ⊂ L ⊂ K cyclic of order n} → {H ⊂ K×/K×n cyclic subgroup of order n}
L 7→ K× ∩ L×n/K×n.

The extension corresponding to a cyclic subgroup H ⊂ K×/K×n is K(a
1
n ) where a is a gener-

ator of H .
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We can in fact extend the results of Corollary 6.9 to all abelian extensions of exponent n.
Recall that the exponent of a finite group G is the smallest integer n such that gn = 1 for all
g ∈ G. A finite abelian group of exponent n is isomorphic to a subgroup of (Z/nZ)r.

For any finite Galois extension L/K with Galois group G, the Kummer exact sequence

0→ µn → L× x 7→xn−−−→ L×n → 0

induces an exact sequence (using Hilbert’s Theorem 90 to get H1(G,L×) = 0)

0→ µn → K× x 7→xn−−−→ K× ∩ L×n → H1(G, µn) ≃ Hom(G, µn)→ 0.

This yields the isomorphism:{
K× ∩ L×n/K×n ∼−→ Hom(G, µn)

αn 7→ (g 7→ g(α)
α

)
(6.2.1)

and if we moreover assume thatG has exponent n, then Hom(G, µn) andG are (non-canonically)
isomorphic and it follows that

(6.2.2) [L : K] = [K× ∩ L×n : K×n].

Theorem 6.10. Let n be an integer and K be a field containing a primitive n-th root of 1. Fix K
an algebraic closure of K. There is a one-to-one correspondance

{K ⊂ L ⊂ K finite abelian extension of exponent n} → {H ⊂ K×/K×n finite subgroup}
L 7→ K× ∩ L×n/K×n.

The extension corresponding to a finite subgroup H ⊂ K×/K×n is K[H
1
n ], the smallest subfield

of K containing K and an n-th root of each element of H .

Moreover, for an extension L corresponding to a subgroup H , we have

[L : K] = [H : K×n].

Proof. First note that for any H ⊂ K× such that H contains K×n as a subgroup of finite index,
if {a1, . . . , ar} is a set of generators for H/K×n, then

K(H
1
n ) ≃ K(a

1
n
1 ) ·K(a

1
n
2 ) · · · ·K(a

1
n
r )

and we see that L/K is a finite abelian extension of exponent n.

For L/K a finite Galois extension, set H(L) := K× ∩ L×n. Then for any L, we have
K(H(L)

1
n ) ⊂ L. For any H ⊂ K× such that H contains K×n as a subgroup of finite
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index, we have H ⊂ H(K(H
1
n )). Note that with this notation, Equation 6.2.2 becomes

[H(F ) : K×n] = [F : K] for all F/K of exponent n. It follows that

[L : K] ≥ [K(H(L)
1
n ) : K] = [H(K(H(L)

1
n )) : K×n] ≥ [H(L) : K×n],

where the equality in the middle holds because K(H(L)
1
n )/K has exponent n by the remark

above. Since we also have [L : K] = [H(L) : K×n], it follows than the inequalities are in fact
equalities and we obtain K(H(L)

1
n ) = L.

Now, if we start from a subgroup H ⊂ K× such that H contains K×n as a subgroup of finite
index and define L := K(H

1
n ), we have already seen that L is a finite abelian extension of K

with exponent n. Let us write G := Gal(L/K). The isomorphism

H(L)/K×n ∼−→ Hom(G, µn)

from (6.2.1) induces an isomorphism

H/K×n ∼−→ Hom(G/H0, µn), where H0 := {g ∈ G | g(a
1
n ) = a

1
n for all a ∈ H}.

But by definition of L, if g is in H0 then g = IdL. Therefore, the two above isomorphisms are in
fact equal and H(K(H

1
n )) = H(L) = H , as wanted.

Example 6.11. (1) The theorem states that quadratic extensions of R are in one-to-one corre-
spondence with the subgroups of R×/R×2 ≃ {±1}.

(2) The finite abelian extensions of Q of exponent 2 are in one-to-one correspondence with
the finite subgroups of

Q×/Q×2 ≃ {±1} ×
∏
p prime

Z/2Z.

We also have:

Proposition 6.12. Let K be a number field, and let L = K(a
1
n
1 , . . . , a

1
n
r ). Let v be a finite place

of K. If nai is a unit in Kv for all 1 ≤ i ≤ r, then L is unramified at v.

Proof. By induction, we can reduce the proof to the case L = K(a
1
n ) of degree n. But we have

Disc(Xn − a) = ±NmL/KP
′(α) = ±nnan−1.

Hence if na is a unit in Kv, this means that the associated prime ideal pv does not divide
Disc(Xn − a) and so, L is unramified at v.
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6.3 Second inequality for abelian extensions of exponent p

The goal of this section is to prove the following theorem:

Theorem 6.13. Let K be a number field that contains a primitive p-th root of unity and let L/K
be a finite abelian extension with exponent p. Then [IK : K× · NmL/K(IL)] divides [L : K].

Using the reduction results proved in Section 6.1, this would in particular conclude the proof
of the second inequality (Theorem 6.1).

Let us fix K a number field that contains a primitive p-th root of unity and let L/K be a
finite abelian extension with exponent p. Let r be such that Gal(L/K) ≃ Z/prZ. Then by

Theorem 6.10, we know that we can write L = K(a
1
p

1 , . . . , a
1
p
r ) with a1, . . . , ar in K. Let S be a

finite set of places of K such that

(i) S contains the infinite places of K,

(ii) S contains all the places that divide the prime p,

(iii) the ai’s are all in U(S), i.e. ordv(ai) = 0 for all v /∈ S,

(iv) S contains a set of generators for the ideal class group of K.

Note that by Proposition 6.12, conditions (ii) and (iii) imply that S contains all the places that
ramify in L. By Lemma 5.20, condition (iv) implies IK = K× · IK,S . Using the compactness of
I1K/K× we can prove that U(S) can be decomposed as a product U(S)tors × Zs−1 with s = |S|
(the proof is the same as the one of Dirichlet’s units theorem seen in Sheet 3, Exercise 4 – we just
need to replace S∞ by S), where U(S)tors is cyclic. But we also have that U(S)tors is a p-group
so

(6.3.1) U(S)/U(S)p ≃ (Z/pZ)s−1 × (Z/pZ) = (Z/pZ)s.

Consider the Kummer extension M := K(U(S)
1
p ) corresponding (via the correspondance of

Theorem 6.10) to the group

U(S) ·K×p/K×p ≃ U(S)/(U(S) ∩K×p) ≃ U(S)/U(S)p ≃ (Z/pZ)s.

Hence [M : K] = ps. Note that since the ai’s are in U(S), we have that M contains L: in fact,
M/L also corresponds (via Theorem 6.10 for extensions of L) to the group

U(S) · L×p/L×p ≃ U(S)/(U(S) ∩ L×p).

We define t := s− r such that [M : L] = pt. We have the following result:

Proposition 6.14. Let K, L and S as above. Then
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(1) There exists a finite set of places T of K disjoint from S such that the set
{(p,M/K) | p ∈ T} forms a basis of the Fp-vector space Gal(M/L).

(2) For this T , any element a in U(S) becomes a p-th power in L if and only if a becomes a
p-th power in Kv for all v ∈ T .

(3) For this T , the subgroup of IK

W (S, T ) :=
∏
v∈S

K×p
v ×

∏
v∈T

K×
v ×

∏
v/∈S∪T

Uv

is contained in NmL/K(IL).

Proof. We start by constructing the set T . Let p be a prime of K, qL a prime of L dividing p
and qM a prime of M dividing qL. If p is not in S then by Proposition 6.12 and hypothesis on S,
the extension MqM/Kp is unramified so Gal(MqM/Kp) is cyclic. But since M/K has exponent
p and Gal(MqM/Kp) ⊂ Gal(M/K), we see that MqM/Kp is cyclic of exponent p. Hence it is
either trivial or cyclic with order p. In particular, we obtain that if MqM is not equal to LqL then
LqL = Kp.

Write S ′ the finite set of the places of L which lie above the places of S. From Corol-
lary 5.23, we know that {(qM ,M/L) | qM does not divide places of S ′} generates the group
Gal(M/L). So we can extract a finite subset T of places of K such that T ∩ S = ∅ and
{(qM ,M/L) | qM above places of T} generates the Fp-vector space Gal(M/L). We can also
choose T such that (qM ,M/L) ̸= 1 for places of T , and in particular MqM ̸= LqL . Then if qL
a place of L dividing p ∈ T and qM a place of M above qL, the above paragraph tells us that
LqL = Kp and we obtain (qM ,M/L) = (qM ,M/K). This finishes the proof of (1).

Let us now prove the second point. Assume first that a is in U(S) such that a = bp for b in L.
For all places w of L, aw = bpw in L×

w . If w = q is a place dividing some p place of T , then by
the above, we have Lq = Kp so ap = bpp in K×

p as wanted. Conversely, let a be in U(S) such that
for any p in T , there exists cp in K×

p with ap = cpp. By definition of M , we also know that a = bp

for some b ∈ M . For q a place of M dividing a place p of T , we can assume bq = cp (since K
contains ζ). In particular b is fixed by (p,M/K) for all p in T , and so it is fixed by Gal(M/L).
We obtain b ∈ L. This proves (2).

To prove (3), take a = (av) an element of W (S, T ). We want to show that for each v, the
component av is on the corresponding norm group. If v is in T and w a place of L dividing v, we
have seen that Lw = Kv so av is clearly in the image of NmLw/Kv . If v is in S and w a place of
L dividing v, then we know that the local Artin map induces an isomorphism:

K×
v /NmLw/Kv(L

×
w)

∼−→ Gal(Lw/Kv).

But since Lw/Kv has exponent p, it follows that the exponent of the group K×
v /NmLw/Kv(L

×
w)

is p as well, and in particular, K×p
v is contained in NmLw/Kv(L

×
w), as wanted.
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If v is not in S ∪ T then Lw/Kv is unramified and we know that for unramified extensions of
local fields, the norm map NmLw/Kv : Uw → Uv is surjective. This concludes the proof of the
proposition.

It follows from the third point of Proposition 6.14 that, in order to prove that
[IK : K× · NmL/K(IL)] divides [L : K] = pr, it suffices to prove that [IK : K× · W (S, T )]
divides pr (since [IK : K× ·NmL/K(IL)] divides [IK : K× ·W (S, T )]). But by Lemma 5.20, we
still have IK = K× · IK,S∪T and so we are reduced to show that

(6.3.2) [K× · IK,S∪T : K× ·W (S, T )] divides pr.

This follows from the following three propositions (recall that pr = ps−t):

Proposition 6.15. We have:

[K× · IK,S∪T : K× ·W (S, T )] =
[IK,S∪T : W (S, T )]

[U(S ∪ T ) : K× ∩W (S, T )]
.

Proposition 6.16. We have [IK,S∪T : W (S, T )] = p2s.

Proposition 6.17. We have [U(S ∪ T ) : K× ∩W (S, T )] = ps+t.

6.3.1 Proof of Proposition 6.15

Since U(S, T ) = IK,S∪T ∩K×, Proposition 6.15 immediately follows from the following general
lemma:

Lemma 6.18. LetH be an abelian group andH1,H2 andH3 subgroups ofH such thatH2 ⊂ H1.
If two of the indexes [H1 : H2], [H1 ·H3 : H2 ·H3] and [H1 ∩H3 : H2 ∩H3] are finite then so is
the third one and

[H1 : H2] = [H1 ∩H3 : H2 ∩H3][H1 ·H3 : H2 ·H3].

Proof. This follows from the commutative diagram with exact rows and colums (the third row is
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exact by snake lemma):

0

��

0

��

0

��

0 // H2 ∩H3
//

��

H2
//

��

(H2 ·H3)/H3
//

��

0

0 // H1 ∩H3
//

��

H1
//

��

(H1 ·H3)/H3
//

��

0

0 // (H1 ∩H3)/(H2 ∩H3) //

��

H1/H2
//

��

(H1 ·H3)/(H2 ·H3) //

��

0

0 0 0

6.3.2 Proof of Proposition 6.16

We will need the following general result:

Proposition 6.19. (1) Let p be a prime number, if K is a finite extension of Qp and µn(K) the
groups of n-th roots of 1 in K×, then we have

[UK : Un
K ] =

1

|n|K
· |µn(K)|.

(2) If K is a local field of characteristic 0, we have

[K× : K×n] =
n

|n|K
· |µn(K)|.

Proof. For the first point, we regard UK as an Z/nZ-module with trivial action. Then by defini-
tion of the Herbrand quotient,

[UK : Un
K ] = h(UK) · |µn(K)].

It remains to compute h(UK). We have the following claim:

Claim 6.20. h(UK) = h(OK).

Proof of the claim. We have seen in the proof of Lemma 5.4 (and Proposition 5.5) that there
exist subgroups of finite index V1 ⊂ OK and V2 ⊂ UK such that the exponential map defines an
isomorphism between V1 and V2. In particular, h(V1) = h(V2).

From Proposition 5.2(3), it also follows that h(V1) = h(OK) and h(V2) = h(UK). Hence the
desired equality.
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Since OK has no n-torsion, we have h(OK) = [OK : nOK ] which is by definition the inverse
of the norm of n. This proves that

h(UK) =
1

|n|K
as wanted.

Let us now prove the second point. In the case where K is a finite extension of Qp, we can
write K× ≃ UK × Z and we have

[K× : K×n] = [Z : nZ][UK : Un
K ] = n · 1

|n|K
· |µn(K)|,

by point (1). If K = C, then Cn = C and |µn(C)| = n. Since |n|C = n2, (2) is satisfied in that
case. Finally, assume K = R. Then

[R× : R×n] =

{
1 if n is odd,
2 if n is even,

and |µn(R)| =

{
1 if n is odd,
2 if n is even.

Since |n|R = n, both formulas are clearly equal.

We can now use the above proposition to compute [IK,S∪T : W (S, T )].

Proof of Proposition 6.16. Recall that we want to prove [IK,S∪T : W (S, T )] = p2s where s = |S|
and

IK,S∪T =
∏
v∈S

K×
v ×

∏
v∈T

K×
v ×

∏
v/∈S∪T

Uv

W (S, T ) :=
∏
v∈S

K×p
v ×

∏
v∈T

K×
v ×

∏
v/∈S∪T

Uv.

We clearly see that
[IK,S∪T : W (S, T )] =

∏
v∈S

[K×
v : K×p

v ].

By Proposition 6.19, we have (there are exactly p p-th roots of 1 in Kv)

[K×
v : K×p

v ] =
p

|p|v
|µp(Kv)| =

p2

|p|v
.

Since we have assumed that S contains all the places v such that |p|v ̸= 1 then∏
v∈S

|p|v =
∏
all v

|p|v = 1

by the product formula. We have proved

[IK,S∪T : W (S, T )] = p2s.
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6.3.3 Proof of Proposition 6.17

Lemma 6.21. Let K,L, S and T as in Proposition 6.14. Then the natural map

U(S)→
∏
v∈T

Uv/U
p
v

is surjective.

Proof. We write H for the kernel of this map. We want to show that

[U(S) : H] =
∏
v∈T

[Uv : U
p
v ].

By Proposition 6.19, for any v ∈ T ,

[Uv : U
p
v ] =

|µp(Kv)|
|p|v

= |µp(Kv)| = p

since by hypothesis on S and T , the norm |p|v is 1 and Kv is non-archimedean. So∏
v∈T [Uv : U

p
v ] = pt.

Let us compute the left hand side. We have seen in Proposition 6.14(2) that H is equal to
U(S) ∩ L×p. So U(S)/H ≃ U(S)/(U(S) ∩ L×p) and this group corresponds via Theorem 6.10
to the extension M/L. Since [M : L] = pt, we obtain [U(S) : H] = pt, as wanted.

Finally we will use the following consequence of Proposition 5.21:

Proposition 6.22. Let K be a number field containing a primitive n-th root of 1. Let S be a set
primes containing the infinite primes S∞, the primes that divide n and a set of representatives of
the ideal class group of K. Let T be a set of primes disjoint from S such that

U(S)→
∏
v∈T

Uv/U
n
v

is surjective.

If x is an element of K× which is an n-th power in Kv for all v in S and a unit outside S ∪ T ,
then x is in fact in K×n.

Proof. Assume that x is an element of K× which is an n-th power in Kv for all v in S and in
U(S ∪ T ). Let us set L := K(x

1
n ). We will use Proposition 5.21 to show that L = K. Consider

the subgroup
D :=

∏
v∈S

K×
v ×

∏
v∈T

Un
v ×

∏
v/∈S∪T

Uv.
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We need to check that D is contained in NormL/K(IL) and D ·K× is dense in IK .

Let a = (av) be an element of D ⊂ IK . If v is in S, then av is in K×
v we have Kv(x

1
n ) = Kv

(by definition of x) so av = NormLw/Kv(av). If v is in T , then av can be written bnv with bv in
Uv. We know from local CFT that [K×

v : Norm
Kv(x

1
n )/Kv

(Kv(x
1
n )×)] = [Kv(x

1
n ) : Kv]. But the

degree [Kv(x
1
n ) : Kv] divides n, so (−)n kills K×

v /NormKv(x
1
n )/Kv

(Kv(x
1
n )×) and we obtain

that av = bnv is in the norm group. If v is not in S nor T , then av is in Uv and nx is a unit in Kv.
From Proposition 6.12 we see that Kv(x

1
n )/K is unramified at v and we know that in that case

the norm map is surjective on the units. Hence av is in the norm group. This proves that D is
contained in NormL/K(IL).

We now show that D · K× = IK . By definition, we have IK,S/D =
∏

v∈T Uv/U
n
v and since

we have assumed that the map U(S)→
∏

v∈T Uv/U
n
v is surjective, we obtain

IK,S ≃ D · U(S).

By Lemma 5.20 we have IK ≃ IK,S ·K×, hence

IK ≃ D · U(S) ·K× = D ·K×.

We can now prove Proposition 6.17.

Proof of Proposition 6.17. We want to show [U(S ∪ T ) : K× ∩W (S, T )] = ps+t. Recall that
we have U(S ∪ T )/U(S ∪ T )p ≃ (Z/pZ)s+t so [U(S ∪ T ) : U(S ∪ T )p] = ps+t. More-
over we clearly have an inclusion U(S ∪ T )p ⊂ K× ∩ W (S, T ). So it suffices to prove that
K× ∩W (S, T ) ⊂ U(S ∪ T )p. But this follows from Proposition 6.22.

7 Brauer groups

In this section, we make use of the computation of the cohomology groups of CL to obtain results
about Brauer groups of number fields. This will be used later, in the proof of the reciprocity
law. We also prove the fundamental exact sequence of global class field theory and construct a
fundamental class in the Brauer group.

7.1 Brauer group of number fields

For L/K a Galois extension of (any) fields and K an algebraic closure of K, we set:

Br(L/K) := H2(Gal(L/K), L×) and Br(K) := H2(Gal(K/K), K
×
).

63



Recall that if K is a non-archimedean local field, then there exists a canonical isomorphism

(7.1.1) invK : Br(K)
∼−→ Q/Z

such that for any finite Galois extension of degree d, there is a commutative diagram with exact
rows

0 // Br(L/K) // Br(K) Res //

∼invK
��

Br(L)

invL∼
��

0 // 1
d
Z/Z //Q/Z d //Q/Z.

In particular, this induces isomorphisms

(7.1.2) invL/K : Br(L/K)
∼−→ 1

d
Z/Z.

Moreover, if K is the field of real numbers R, then we have

invK : Br(K)
∼−→ 1

2
Z/Z.

Let L/K be a finite abelian extension of number fields. Recall that if v is a place of K and
w a place of L dividing v, we have seen that Br(Lw/Kv) depends only on v and we denote by
Br(Lv/Kv) this group.

Theorem 7.1. Let L/K be a finite Galois extension of number field. There is a natural injective
map

Br(L/K)→
⊕

v place of K

Br(Lv/Kv).

Similarly, there is a natural injective map

Br(K)→
⊕

v place of K

Br(Kv).

Note that the above maps land in the direct sum, hence if β is an element of Br(K), we see
that the images βv of β in Br(Kv) are zero for almost all v’s.

Proof. Let us first assume that L/K is a finite Galois extension. From Theorem 6.1(2), we know
that H1(G,CL) is trivial and in Proposition 5.13, we have computed

H2(G, IL) =
⊕
v

H2(Gv, L×,v) =
⊕
v

Br(Lv/Kv).

Hence, taking the cohomology of the short exact sequence:

0→ L× → IL → CL → 0
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we obtain an injective map:

H2(G,L×) ↪→ H2(G, IL) =
⊕
v

Br(Lv/Kv),

as wanted.

We then obtain the result for K by passing to the limit (we use the result from Exercise Sheet
5, stating that H2(G, IK) =

⊕
v Br(Kv) where IK = colimL/KIL) .

Let us collect a few facts about cyclic cyclotomic extensions. Let p be a prime number and
r ≥ 1. Recall that for ζpr a primitive pr-th root of 1, there is a natural isomorphism of groups:{

(Z/prZ)×
∼−→ Gal(Q(ζpr)/Q)

u 7→ ζupr .

Recall also that we have a decomposition (Z/prZ)× ≃ ∆p × Z/pnpZ where ∆p ≃ Z/(p− 1)Z
if p is odd and Z/2Z when p = 2, and np = r − 1 if p is odd and r − 2 if p = 2. We define
K(p),r := Q(ζpr)

∆p so that Gal(K(p),r/Q) ≃ Z/pnpZ is cyclic. A cyclic cyclotomic extension
of Q is the composite of some K(p),r when p and r vary.

Let us pass to infinite cyclic cyclotomic extension. Define K(p),∞
0 :=

⋃
r≥1Q(ζpr) where the

ζpr’s are primitive pr-roots of 1. The above isomorphism of finite groups induces an isomorphism
of topological groups

Z×
p

∼−→ Gal(K
(p),∞
0 /Q)

and we have a decomposition Z×
p ≃ ∆p×Zp where ∆p is as before. DefineK(p),∞ := (K

(p),∞
0 )∆p

so that Gal(K(p),∞/Qp) ≃ Zp. The infinite cyclic cyclotomic extension of Q is the composite:

Qc := K(2),∞ ·K(3),∞ ·K(5),∞ · · · · ·K(p),∞ · . . .

with Galois group
∏

p Zp ≃ Ẑ.

If we have a finite extension K of Q then K ·Qc is a Galois extension of K with Galois group
isomorphic to a subgroup of finite index in Ẑ. Such a subgroup is open (note that this is not true
if the Galois group is not Ẑ, we are using here that Ẑ is topologically finitely generated) so it
is isomorphic to some nẐ for n ≥ 1. Hence it is in fact isomorphic to Ẑ itself and we obtain
Gal(K · Qc/K) ≃ Ẑ. We choose such an isomorphism and we consider Km the extension of
K corresponding to mẐ. Then we have that Km/K is cyclic of order m and it is contained in a
composite of some K(ζ)’s where the ζ’s are primitive roots of 1. A cyclic cyclotomic extension
of K is the composite of such Km’s.

We have the following result:

Lemma 7.2. Let K be a number field and let S be a finite set of primes in K. Then for any
integer m > 0 there exists a cyclic cyclotomic extension L/K such that for all v ∈ S, the integer
m divides the degree [Lv : Kv].
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Proof. See Exercise Sheet 6.

We derive from the lemma the following result:

Proposition 7.3. Let K be a number field and β an element in Br(K). Then there exist a cyclic
cyclotomic extension L/K such that the image of β by the restriction map Res : Br(K)→ Br(L)
is zero.

Proof. From Theorem 7.1, we know that there is a commutative diagram with exact rows:

0

��

0

��

0

��

0 // Br(L/K) //

��

Br(K)

��

// Br(L)

��

0 //
⊕

v place of K Br(Lv/Kv) //
⊕

v place of K Br(Kv) //
⊕

w place of L Br(Lw)

Hence, to show that the image of β is zero Br(L) for some extension L, it suffices to show that
for any place v of K, the image of β in Br(Kv) maps to zero in Br(Lw) for w|v. Using the
invariant map, it suffices to show that invw(Res(β)) is zero in Q/Z for all w place of L. But we
have

invw(Res(β)) = [Lw : Kv] · invv(β).
So to prove the proposition, it suffices to find a cyclic cyclotomic extension L of K such that for
any place of v and w dividing v, we have that [Lw : Kv] · invv(β) is in Z. But the images of β
in the groups Br(Kv) are zero for almost all v. Let S be the finite set of the places v of K such
that invv(β) is non-zero. We can find m an integer such that m · invv(β) is zero in Q/Z for all v
(take m to be a common denominator of the invv(β) for v in S). Using Lemma 7.2 for such an
S and m, we obtain the desired L.

Remark 7.4. In particular it follows from Proposition 7.3 that Br(K ·Qc/K) ≃ Br(K).

7.2 The fundamental exact sequence

LetL/K be a finite extension of number fields. We define maps (note that the sum is well-defined
since almost all βv are zero):

Σ :

{⊕
v Br(L

v/Kv) → Q/Z

(βv)v 7→
∑

v invv(βv)
and Σ :

{⊕
v Br(Kv) → Q/Z

(βv)v 7→
∑

v invv(βv)

where for any place v, the maps invv are the isomorphisms Br(Lv/Kv)
∼−→ 1

nv
Z/Z for

nv := [Lv : Kv] and Br(Kv)
∼−→ Q/Z if v is non-archimedean or Br(Kv)

∼−→ 1
2
Z/Z is v is
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real. In particular, note that the image of Σ in the first case is the cyclic subgroup of Q/Z of
order n0 := lcm(nv, v place of K).

Later, we will prove the following result (see Theorem 8.1):

Proposition 7.5. Let L/K be a finite Galois extension of number fields. Then the sequence

0→ Br(L/K)→
⊕
v

Br(Lv/Kv)
Σ−→ Q/Z

is a complex.

Our goal in this section is to prove the result from Theorem 7.6 below, often called fundamental
exact sequence of global class field theory.

Theorem 7.6. Let K be a number field. Then there is an exact sequence:

0→ Br(K)→
⊕
v

Br(Kv)
Σ−→ Q/Z→ 0.

Proof. Let L/K be a finite Galois extension of order n. Recall that the injective map
Br(L/K) →

⊕
v Br(L

v/Kv) comes from the exact sequence 0 → L× → IL → CL → 0
and so we have the following commutative diagram where the first row is exact:

(7.2.1) 0 // Br(L/K) //
⊕

v Br(L
v/Kv) // H2(Gal(L/K),CL)

��

0 // Br(L/K) //
⊕

v Br(L
v/Kv) //Q/Z.

The dotted arrow is obtained by factorization, using the fact that the two rows are
complexes (Proposition 7.5). Let us denote by H2(CL)

′ the image of the map⊕
v Br(L

v/Kv) → H2(Gal(L/K),CL). We write n0 for the lcm of the [Lv : Kv], v place
of K. The above diagram induces a surjective morphism

(7.2.2) H2(CL)
′ → 1

n0

Z/Z.

In general n ̸= n0 but in the cyclic case we have:

Lemma 7.7. Let L/K be a finite cyclic extension and let n0 denote the lcm of the [Lv : Kv], v
place of K. Then n0 = [L : K].

Proof of the lemma. Consider S a finite set of places of K such that S contains S∞ and all the
primes of K that ramify in L. We know from Proposition 5.24 that the Artin map

ψSL/K :

{
ISK → Gal(L/K)

p 7→ (p, L/K)
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is surjective. But if v is not in S, then (pv, L/K) defines an element of the cyclic group
Gal(L/K) and it has of order nv (which is equal to the inertia degree fv since v is unramified).
So ψSL/K(I

S
K) ⊂ Gal(L/K) has order n0. By surjectivity, we obtain n0 = [L : K].

Let us come back to the proof of the theorem. For K a number field, consider the infinite
cyclotomic extension Kc := K · Qc from before. It is the colimit of the Km’s where Km/K
is cyclic of order m. From the above lemma, we know that m = m0 where m0 is the lcm
of the degrees [Km,w : Kv] for w|v. We also have by Theorem 5.18 and Theorem 6.1 that
H2(Gal(Km/K),CKm) has order m. Hence (7.2.2) gives us a surjective morphism:

H2(CKm)
′ → 1

m
Z/Z.

But the order of H2(CKm)
′ is less than the order of H2(Gal(Km/K),CKm) which is m. So the

above map is an isomorphism andH2(CKm)
′ = H2(Gal(Km/K),CKm). Hence, the bottom row

in diagram (7.2.1) induces a short exact sequence:

0→ Br(Km/K)→
⊕
v

Br(Kv
m/Kv)

Σ−→ 1

m
Z/Z→ 0.

Taking the colimit over m, we obtain en exact sequence:

0→ Br(Kc/K)→
⊕
v

Br((Kc)v/Kv)
Σ−→ Q/Z→ 0.

By Remark 7.4, we know that Br(Kc/K) ≃ Br(K). To conclude it remains to check that we
have isomorphisms Br((Kc)v/Kv) ≃ Br(Kv) for all v. This follows from Lemma 7.2: for any
place v and any integer r, we can find m such that r divides mv := [Kv

m : Kv]. This means
that the degrees mv goes to infinity when m goes to infinity. In particular, taking the colimit of
Br((Kv

m/Kv) ≃ 1
mv

Z/Z gives Br((Kc)v/Kv) ≃ Q/Z. Hence, Br((Kc)v/Kv) ≃ Br(Kv), as
wanted. This concludes the proof of the theorem.

Remark 7.8. Lemma 7.7 is false in general (see Exercise Sheet 6).

As a consequence of the theorem, we obtain:

Corollary 7.9. Let L/K be a finite Galois extension of number fields. Then the sequence:

0→ Br(L/K)→
⊕
v

Br(Lv/Kv)
Σ−→ 1

n0

Z/Z→ 0,

where n0 is the lcm of the [Lv : Kv], is exact.
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Proof. This follows from the snake lemma applied to the map of exact sequences:

0 // Br(K) //

��

⊕
v Br(Kv) //

��

Q/Z

n0

��

// 0

0 // Br(L) //
⊕

w Br(Lw)
//Q/Z // 0.

7.3 The fundamental class

Let K be a number field. We have seen that if K ′/K is a cyclic extension then there is an
invariant map:

invK′/K : H2(Gal(K ′/K),CK′)
∼−→ 1

[K ′ : K]
Z/Z.

In this section , if L/K is a finite Galois extension we will write ΣL/K the map⊕
v Br(L

v/Kv) → Q/Z from before. It has image contained in 1
n0
Z/Z where n0 is the lcm

of [Lv : Kv]. In order to construct an invariant map for L/K, we will need the following key
result:

Theorem 7.10. Let L/K be a finite Galois extension and L′/K a cyclic extension such that
[L : K] = [L′ : K]. Then

H2(Gal(L′/K,CL′) = H2(Gal(L/K,CL),

as subsets of H2(Gal(K/K,CK) (see Exercise Sheet 5).

Proof. To simplify the notations, we will set

H2(L′/K) := H2(Gal(L′/K,CL′) and H2(L/K) := H2(Gal(L/K,CL).

We first show that H2(L′/K) :⊂ H2(L/K). Define N := L · L′. Since L′/K is cyclic, N/L is
also cyclic. We have the following inflation-restriction exact sequences:

0→ H2(L/K)
infN/L−−−−→ H2(N/K)

resN/L−−−−→ H2(N/L)

0→ H2(L′/K)
infN/L′
−−−−→ H2(N/K)

resN/L′
−−−−→ H2(N/L′).

Take α in H2(L′/K). We want to show that infN/L′(α) comes from an element of H2(L/K),
i.e. that resN/L(infN/L′(α)) is zero. But since L′/K is cyclic, we know that the map

j :
⊕
v

Br(L
′v
/Kv)→ H2(L′/K)
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is surjective, hence there exists β in
⊕

v Br(L
′v
/Kv) such that j(β) = α. We also have commu-

tative diagrams:

⊕
v Br((L

′)v/Kv)
j
//

infN/L′

��

H2(L′/K)

infN/L′

��⊕
v Br(N

v/Kv)
j
// H2(N/K)

and
⊕

v Br(N
v/Kv)

j
//

resN/L

��

H2(N/K)

resN/L

��⊕
w Br(N

w/Lw)
j
// H2(N/L).

So, in order to show that resN/L(infN/L′(j(β))) is zero it suffices to show that
j(resN/L(infN/L′(β))) is zero in H2(N/L). But N/L is cyclic so we have a commutative di-
agram ⊕

w Br(N
w/Lw)

ΣN/L
//

j

��

1
[N :L]

Z/Z

H2(N/L)

∼

77

and we see that it suffices to check that ΣN/L(resN/L(infN/L′(β))) is zero.

But we also have commutative diagrams:

⊕
v Br((L

′)v/Kv)
ΣL′/K

//

infN/L′

��

Q/Z

��⊕
v Br(N

v/Kv)
ΣN/K

//Q/Z

and
⊕

v Br(N
v/Kv)

ΣN/K
//

resN/L

��

Q/Z

[L:K]

��⊕
w Br(N

w/Lw)
ΣN/L

//Q/Z,

so we obtain

ΣN/L(resN/L(infN/L′(β))) = [L : K]ΣN/K(infN/L′(β)) = [L′ : K]ΣL′/K(β).

Since L′/K is cyclic we know that L′ : K] kills the image of ΣL′/K , and this gives

ΣN/L(resN/L(infN/L′(β))) = 0,

as wanted. We have proved
H2(L′/K) ⊂ H2(L/K).

The group on the left side is a cyclic group of order [L′ : K] = [L : K]. By the second inequality,
the one on the right side has order ≤ [L : K] and we obtain that the inclusion is an equality.

As a direct consequence (see Exercise Sheet 5), we obtain:

Corollary 7.11. Let K be a number field. Then

H2(Gal(K/K),CK) = colimL/K cyclic H
2(Gal(L/K),CL).
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Hence, we obtain an invariant map

(7.3.1) invK : H2(Gal(K/K),CK)
∼−→ Q/Z.

In particular, for L/K a finite Galois extension, we have

(7.3.2) invL/K : H2(Gal(L/K),CL)
∼−→ 1

[L : K]
Z/Z.

Taking the limit, this yields

(7.3.3) invK : H2(Gal(K/K),CK)
∼−→ Q/Z.

We obtain:

Theorem 7.12. Let L/K be a finite Galois extension of number fields. ThenH2(Gal(L/K),CL)
is cyclic of order [L : K] and we have a canonical generator uL/K in H2(Gal(L/K),CL) called
the fundamental class.

Proof. This follows immediately from (7.3.2), we define uL/K as the unique element in
H2(Gal(L/K),CL) such that invL/K(uL/K) = 1

n
in Q/Z.

We also have:

Lemma 7.13. Let M/L/K be a tower of finite Galois extensions. Then,

Res(uM/K) = uM/L

Inf(uL/K) = [L : K]uM/K .

Proof. This follows from the definition of the fundamental classes and the commutative diagram
with exact row (using again that H1(Gal(L/K),CL) is trivial by Theorem 6.1):

0 // H2(Gal(L/K),CL) //

invL/K ∼
��

H2(Gal(M/K),CM) //

invM/K ∼
��

H2(Gal(M/L),CM)

invM/L∼
��

0 // 1
[L:K]

Z/Z // 1
[M :K]

Z/Z
[L:K]

// 1
[M :L]

Z/Z

If follows from Lemma 7.13 that we can apply Tate’s theorem (Theorem 5.1) to obtain an
isomorphism:

Gal(L/K)ab
∼−→ CK/NormL/K(CL).

Using the fact that the fundamental class uL/K is built from local fundamental classes and that
the global Artin map is compatible with the local ones, we can show that the above isomorphism
defines an inverse to the global Artin map.
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8 Main theorems of Global CFT

In this section we complete the proofs of the global reciprocity law and the existence theorem.

8.1 Reciprocity Law

We start by proving the following theorem:

Theorem 8.1. (1) Let L/K be a finite abelian extension of number fields with Galois group G
then the subgroup of principal idèles K× ⊂ IK is contained in the kernel of the Artin map

ΦL/K :

{
IK → G

(av)v 7→
∏

v ΦLw/Kv(av).

(2) Let L/K be a finite Galois extension of number fields with Galois group G and β a class
in H2(G,L×). Then

∑
v invv(β) is zero in Q/Z.

The theorem will follow from the following three lemmas:

Lemma 8.2. Let L/K be a finite abelian extension of number fields.

(1) If statement (2) in Theorem 8.1 is true for L/K then statement (1) is true for L/K.

(2) If we assume moreover that L/K is cyclic, then statement (1) for L/K implies statement
(2) for L/K.

Proof. Let L/K be a finite Galois extension of number fields with Galois group G. Assume
that for all β in H2(G,L×) then Σ(β) = 0 in Q/Z. Let x be an element of the principal idèles
K×. We want to show that ϕL/K(x) is zero in Gal(L/K). To do that, it suffices to show that
χ(ϕL/K(x)) = 0 for all character χ in Hom(G,Q/Z). So let χ be such a character. Since we
have an isomorphism Hom(G,Q/Z) ≃ H1(G,Q/Z), the image of χ by the edge map coming
from the short exact sequence

0→ Z→ Q→ Q/Z→ 0

defines an element δχ inH2(G,Z). SinceK× ≃ H0(G,L×) (respectively IK ≃ H0(G, IL)), tak-
ing the cup product with δχ defines a map fromK× toH2(G,L×) (respectively IK toH2(G, IL)).
We will prove that the following diagram commutes:

K× //

∪δχ
��

IK
ϕL/K

//

∪δχ
��

G

χ

��

H2(G,L×) // H2(G, IL) Σ //Q/Z
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The commutativity of the left square is obvious. The fact that the right square commutes can
be deduced from the analogous result in the local case, i.e. if v is a place of K and χv in
Hom(Gv,Q/Z) a character of the decomposition subgroup Gv then we have a commutative
diagram:

K×
v

ϕLv/Kv
//

∪δχv

��

Gal(Lv/Kv)

χv

��

H2(Gv, K×
v )

invv //Q/Z.

This gives us
χ(ϕL/K(x)) = Σ(x ∪ δχ) = 0

since we have assumed that statement (2) is true for L/K. This shows that ϕL/K(x) = 0 for all
principal idèle x.

For (2), let us assume that L/K is cyclic and that the Artin map ϕL/K is trivial on the principal
idèles. Since G is cyclic, we can write it as 1

n
Z/Z for some n and we have an injective character

χ : G→ Q/Z given by the inclusion. Moreover, for a cyclic group we know that the cup product
− ∪ δχ induces an isomorphism between the H0-group and the H2-group. The diagram above
becomes:

K× //

∪δχ ∼
��

IK
ϕL/K

//

∪δχ∼
��

G� _
χ

��

H2(G,L×) // H2(G, IL) Σ //Q/Z

A simple diagram chase show that if the map given by the top row is trivial then the map given
by the bottom one is also trivial, as wanted.

Lemma 8.3. Let L/K be a finite abelian extension of number fields. Then,

(1) If statement (1) in Theorem 8.1 is satisfied for L/K, it is also satisfied for any subextension.

(2) Let K ′ be a finite abelian extension of K. If statement (1) in Theorem 8.1 is satisfied for
L/K, it is also satisfied for the composite L ·K ′/K.

Proof. Let us first prove (1). Let K ′ be an intermediate extension K ⊂ K ′ ⊂ L. We have a
commutative diagram:

IK
ϕL/K

//

ϕK′/K %%

Gal(L/K)

Res
��

Gal(K ′/K)

so if K× is in the kernel of ϕL/K , it is in the kernel of ϕK′/K . This proves (1).

For the second point, consider K ′ a finite abelian extension of K and write L′ := L ·K ′. We
know that locally, for v a place of K and w a place of K ′ dividing v, we have a commutative
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diagram:

(K ′
w)

× ϕw
//

Norm
��

Gal((L′)w/K ′
w)� _

��

(Kv)
× ϕv

// Gal(Lv/Kv).

Hence, we obtain a commutative diagram

K ′ //

NormK′/K
��

IK′

NormK′/K
��

ϕL′/K′
// Gal(L′/K ′)� _

��

K // IK
ϕL/K

// Gal(L/K).

In particular, we see that if the image of K in Gal(L/K) is trivial then the image of K ′ in
Gal(L′/K ′) is trivial.

Lemma 8.4. If statement (2) of Theorem 8.1 is satisfied for any cyclic cyclotomic extensions then
it is satisfied for all finite Galois extensions.

Proof. Let L/K be a finite Galois extension. Let β be in Br(L/K). We can see β as an element
of Br(K). We want to show that

∑
v invv(β) is zero. From Proposition 7.3, we know that there

exists a cyclic cyclotomic extensionM/K such that the image of β in Br(M) is zero. This means
that β comes from an element of Br(M/K). But by hypothesis, statement (2) of Theorem 8.1 is
satisfied for M/K. It follows that Σ(β) = 0.

We can now prove Theorem 8.1.

Proof of Theorem 8.1. Assume that we know that Theorem 8.1(1) is true for extensions of the
form Q(ζ)/Q with ζ a primitive root of 1. Then By Lemma 8.3(2), the statement (1) of the theo-
rem is also true for any extension of the formK(ζ)/K whereK is a number field. In particular, it
is true for cyclic cyclotomic extensionsL/K. By Lemma 8.2(2), this implies that Theorem 8.1(2)
is true for cyclic cyclotomic extension. By Lemma 8.4, we obtain that Theorem 8.1(2) is true for
any finite Galois extension L/K. From Lemma 8.2(1), this also proves that Theorem 8.1(1) is
true for all finite Galois extension L/K. Hence, it suffices to show Theorem 8.1(1) for Q(ζ)/Q.

Assume ζ = ζm is a primitive m-th root of 1. Then (Z/mZ)×
∼−→ Gal(Q(ζ)/Q) and if n is

in (Z/mZ)× we write [n] its image by this isomorphism (i.e. [n](ζ) = ζn). We want to compute
the image of Q× via the Artin map ϕQ(ζ)/Q : IQ → Gal(Q(ζ)/Q). Let x be an element in Q. To
prove that ϕ(x) is trivial on Q(ζm), it suffices to show that the restrictions ϕ(x)|Q(ζℓr ) are trivial
for the prime numbers ℓ dividing m. Hence we can assume m = ℓr. We need to describe ϕv(x)
where ϕv is the local Artin map for v ∈ {∞, p prime number}.

(i) If v =∞, then ϕ∞ send x∞ ∈ R×/Norm(C×) ≃ {−1, 1} to [sign(x∞)] in Gal(Q(ζ)/Q).
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(ii) If v = p with p ̸= ℓ, then p is unramified in Q(ζm), so if we write xp = upp
s with u in Z×

p

and s ≥ 0, then by construction of the local Artin map ϕp(xp) = [ps].

(iii) If v = ℓ then ℓ is totally ramified in Q(ζ) so if we write xℓ = uℓℓ
s with u in Z×

ℓ and s ≥ 0,
then we have ϕℓ(xℓ) = [u−1

ℓ ].

Considering the p-adic (and ℓ-adic) expensions of the units up and uℓ, we see that it suffices
to prove that

∏
v ϕv(xv) is trivial for x in {−1, q prime number}. But from the above description

we get

ϕp(−1) =


[−1] if p =∞,
[−1] if p = ℓ,

[1] if p ̸= ℓ,∞.

ϕp(ℓ) =

{
[1] if p ̸= ℓ,

[1] if p = ℓ.

ϕp(q) =


[q] if p = q,

[q−1] if p = ℓ,

[1] if p ̸= ℓ, q,

where q ̸= ℓ,

and we see that in any case, ∏
v

ϕv(x) = 1.

This proves that the Artin map is trivial on Q(ζ)×, as wanted.

We deduce from it the proof of the reciprocity law.

Proof of Global Reciprocity Law (Theorem 4.17). Let L/K be a finite abelian extension of num-
ber fields and consider ϕL/K : IK → Gal(L/K) the associated Artin map. Recall that we want
to prove that ϕL/K(K×) is trivial and that it induces an isomorphism

ϕL/K : IK/K× · NmL/K(IL)
∼−→ Gal(L/K).

The first statement is exactly the first point of Theorem 8.1. Let us check the second statement.
From Lemma 4.15, we know that NmL/K(IL) is contained in the kernel of ϕL/K , hence the map
is well-defined on IK/K× · NmL/K(IL). We have seen as a consequence of the first inequality
Corollary 5.23 that the Artin map is surjective. Moreover, the second inequality (Theorem 6.1(1))
states that the order of IK/K× · NmL/K(IL) is less than the order of Gal(L/K), hence the map
is an isomorphism.

8.2 The norm limitation theorem

As a consequence of reciprocity law, we obtain the following result:
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Theorem 8.5. Let L be any finite extension of K and let M be the maximal subextension of L
such that M/K is an abelian Galois extension. Then we have

NormL/K(CL) = NormM/K(CM).

Proof. We can find K ′/K a Galois extension such that L ⊂ K ′. Let us set G := Gal(K ′/K)
and H := Gal(K ′/L). From Tate’s theorem, we know that there is a commutative diagram:

Ĥ−2(H,Z) ∼ //

Cor
��

Ĥ0(H,CK′)

Cor
��

Ĥ−2(G,Z) ∼ // Ĥ0(G,CK′)

where the top horizontal arrow is the cup product with the fundamental class β 7→ β ∪uK′/L and
the bottom one β 7→ β ∪ uK′/K . This diagram can be identified with the following one:

Hab ∼ //

��

CL/NormK′/L(CK′)

NormL/K

��

Gab ∼ // CK/NormK′/K(CK′).

We obtain
CoKer(Hab → Gab) ≃ CK/NormL/K(CL).

But by definition of M , we also have

CoKer(Hab → Gab) ≃ Gal(M/K).

From Global Reciprocity Law, we have an isomorphism Gal(M/K) ≃ CK/NormM/K(CM).
We have proved

CK/NormL/K(CL) ≃ CK/NormM/K(CM).

Since we also have

NormL/K(CL) = NormM/K(NormL/K(CL)) ⊂ NormM/K(CM),

we obtain NormL/K(CL) = NormM/K(CM).

8.3 Existence Theorem

We will need the following lemma:
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Lemma 8.6. Let K be a number field.

(1) If U ⊂ CK is a norm group, then any group V ⊂ CK such that U ⊂ V is a norm group.

(2) If U is an open subgroup of finite index of CK and there exists a finite extension L/K such
that Norm−1

L/K(U) ⊂ CL is a norm group, then U is a norm group.

Proof. Let us first prove (1). Assume that there exists L/K finite such that U = NormL/K(CL)
and consider U ⊂ V containing it. We want to show that V is a norm group. From the Global
Reciprocity Law (Theorem 4.17), we know that the Artin map induces an isomorphism

ϕL/K : CK/U = CK/NormL/K(CL)
∼−→ Gal(L/K).

The image ϕL/K(V ) of V defines a subgroup of Gal(L/K), so it corresponds to some extension
K ⊂M ⊂ L. Since M is fixed by ϕL/K(V ), the Artin map induces an isomorphism

CK/V
∼−→ Gal(M/K).

But by Global Recoprocity Law (Theorem 4.17), the kernel of the Artin map
ϕK : CK → Gal(M/K) is NormM/K(CM), hence V = NormM/K(CM). This concludes
the proof of (1).

Let us now prove the second point. We write V := Norm−1
L/K(U) ⊂ CL. By hypoth-

esis, there exists M0/L a finite abelian extension such that V = NormM0/L(CM0). Con-
sider M the maximal abelian subextension of M0/K. By Theorem 8.5, we know that
NormM/K(CM) = NormM0/K(CM0) and by composition, we have

NormM0/K(CM0) = NormL/K(NormM0/L(CM0)) = NormL/K(V ) ⊂ U

and the result follows from point (1).

We first prove the theorem in a particular case:

Theorem 8.7. Let K be a number field that contains a primitive p-th root of 1 and let V be
an open subgroup of finite index of CK such that CK/V is a finite group killed by p. Then
V is a norm group, i.e. there exists an abelian extension M/K of exponent p such that
V = NormM/K(CM).

Proof. Let S be a finite set of primes such that S contains S∞, the places that divide p and a set of
generators of the ideal class group. Let M := K(U(S)

1
p ) the Kummer extension corresponding

to the group U(S) ·K×p/K×p ≃ U(S)/U(S) ∩K×p. Consider the subgroup of IK :

W (S) :=
∏
v∈S

K×p
v ×

∏
v/∈S

Uv.

To prove that V is a norm group, we prove:
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(a) For such a set S, the group W (S) ·K×/K× is a norm group.

(b) If U is the inverse image of V in IK then there exists such a set S so that U contains
W (S) ·K× as a subgroup.

The result then follows from Lemma 8.6 since (b) implies that V contains W (S) ·K×/K× as
a subgroup.

Let us first prove (a). We prove that W (S) ·K× = NormM/K(IM) ·K×. To do that we check
the two following points:

(i) We have an inclusion W (S) ⊂ NormM/K(IM).

(ii) The indexes [IK : K× ·W (S)] and [IK : NormM/K(IM) ·K×] are equal (and they are equal
to ps where s := |S|).

We first prove (i). Let a be in W (S). If v is a place in S then av = bpv with
bv in K×

v . For w a place of M dividing p, the local Artin map gives an isomorphism
K×
v /NormMw/Kv(M

×
w )

∼−→ Gal(Mw/Kv) and since the Galois group has exponent p, we ob-
tain that bpv is zero in K×

v /NormMw/Kv(M
×
w , as wanted. If v is not in S, then it is unramified and

the norm map is surjective on the units. We obtain that a is in NormM/K(IM).

We now prove (ii). The global Reciprocity Law for M/K gives us an equality

[IK : K× · NormM/K(IM)] = [M : K]

and from Kummer theory (Theorem 6.10), we know that

[M : K] = [U(S) ·K×p : K×p] = ps

where s = |S| (we have also used, as before, that U(S)/U(S)p ≃ (Z/pZ)s).

For the second term, recall that IK ≃ IK,S ·K× by Lemma 5.20 and by Lemma 6.18, we have

[IK,S ·K× : W (S) ·K×] =
[IK,S : W (S)]

[IK,S ∩K× : W (S) ∩K×]
.

But the same computation as in sections 6.3.2 and 6.3.3 give [IK,S : W (S)] = p2s and
[IK,S ∩K× : W (S) ∩K×] = ps.

We pass to the proof of (b). Let V be an open subgroup of CK such that CK/V is killed
by p and let U be its inverse image in IK . We want to show that there exists S such that
W (S) · K× is contained in U . But since U is open in IK , we know that there exists S such
that

∏
v∈S 1 ×

∏
v/∈S Uv is contained in U . But we also know that (·)p kills IK/U (since it kills

CK/V ) so U also contains IpK . This proves that K× ·W (S) ⊂ U , as wanted.

We can now prove Theorem 4.18:

Theorem 8.8 (Existence theorem). Let H ⊂ CK be an open subgroup of finite index. Then there
exists a unique abelian extension L of K such that NmL/K(CL) = H .
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Proof. The proof is done by induction on the index n of H . When n = 1, this is obvious.
Assume n > 1. There exists a prime number p such that p divides n. Let ζ be a primitive p-th
root of 1 and K ′ be the composite Q(ζ) ·K. If we prove that Norm−1

K′/K(H) ⊂ CK′ is a norm
group then by Lemma 8.6 we also have the result for H . Hence we can assume that K contains
a primitive p-th root of 1. Choose V ⊂ CK a subgroup of index p such that H is contained in
V . By Theorem 8.7, we know that V is a norm group: there exists M/K of exponent p such
that V = NormM/K(CM). Write U := Norm−1

M/K(H) ⊂ CM . We want to apply the induction
hypothesis to U , to do that we will show that [CM : U ] strictly divides [CK : H]. Consider the
map

NormM/K : CM → CK/H.

Its image is V/H and its kernel is U so we have [CM : U ] = [V : H] = [NormM/K(CM) : H]
and since NormM/K(CM) is a strict subgroup of CK then [NormM/K(CM) : H] strictly divides
[CK : H]. We obtain that [CM : U ] strictly divides [CK : H], so we can apply the induction
hypothesis to get that U is a norm group: there exists L/M such that U = NormL/M(CL). Then

H = NormM/K(U) = NormM/K(NormL/M(CL)) = NormL/K(CL),

as wanted.

Remark 8.9. This concludes the proof of the two main theorems of Global Class Field Theory,
namely Reciprocity Law (Theorem 4.17) and Existence Theorem (Theorem 4.18) in terms of
idèles. To derive the analogous results for ray class groups (Theorem 2.9 and Theorem 2.10), it
suffices to use Proposition 4.12.

9 Density of primes

Recall that the exponential series
∑

n≥0
zn

n!
converges on C and defines an holomorphic function

exp on C. For n a positive integer we write nz for exp(log(n) · z) where log : R>0 → R is the
usual real logarithm.

9.1 Dirichlet series

We make the following definitions:

(•) A Dirichlet series is a series of the form

f(s) =
∑
n≥1

a(n)

ns
,

for a(n) coefficients in C and s the variable in C.
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(•) Let K be a number field. An Euler product for K is a product of the form

g(s) =
∏
p/∈S

1

(1− θ1(p)N(p)−s)(1− θ2(p)N(p)−s) · · · (1− θd(p)N(p)−s)

where d ≥ 1 is an integer, S is a finite set of places ofK that contains S∞, the θi(pv) are complex
numbers and s is the variable in C. Recall also that N(p) = [OK : p].

Example 9.1. We describe here are some classical examples of such objects.

(1) Riemann zeta function. It is the Dirichlet series and the Euler product given by

ζ(s) =
∑
n≥1

1

ns
=

∏
p prime number

1

1− p−s
.

(2) Dedekind zeta function. If K is a number field, the associated Dirichlet zeta function is
the Dirichlet series and the Euler product given by

ζK(s) =
∑
a

1

N(a)s
=

∏
p

1

1−N(p)−s
,

where the sum is over the integral ideals in OK and the product over the prime ideals in OK . If
K = Q, we recover the previous example.

(3) Dirichlet L-series. Let K be a number field. If m is a modulus, we define a Dirichlet
character as a group morphism

χ : I
S(m)
K → C×

such that χ(Km,1) is trivial. In other words, it is a character χ : Cm → C× of the ray class group
corresponding to m. The associated Dirichlet L-series is given by

L(s, χ) =
∑

(a,m)=1

χ(a)

N(a)s
=

∏
p∤m

1

1− χ(p)N(p)−s
,

where the sum is over the integral ideals a of OK which are prime to the prime ideals in S(m)
and the product over the prime ideals of OK which are prime to the prime ideals in S(m).

(4) Hecke L-series. Let K be a number field. We define a Hecke character as a continuous
group morphism

ψ : IK/K× → C×

such that its image is contained in S1 := {z ∈ C | |z| = 1}. Using (the proof of) Propo-
sition 4.12, we see that a Dirichlet character corresponds to a Hecke character with discrete
image (note that in Proposition 4.12 the group G was discrete, here C× is equipped with its
natural topology). Conversely, if the morphism ψv induced by ψ on the infinite places v satisfies
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ψv(R>0) = 1 if v is real and ψv(C×) = 1 if v is complex, then there exists a modulus m such
that ψ induces a Dirichlet character χ : I

S(m)
K → C×.

If ψ : IK/K× → C× is a Hecke character, since it is continuous, there exists a finite set of
places S containing S∞ such that

∏
v∈S{1} ×

∏
v/∈S Uv is contained in the kernel of ψ. For a

place v, we denote by πv the element of IK which has a prime element in the v-position and 1
elsewhere. The Hecke L-series associated to ψ is defined as the product:

LS(s, ψ) =
∏
v/∈S

1

1− ψ(πv)N(p−sv )
.

(5) Artin L-series. Let K be a number field and let L be a finite Galois extension of K with
Galois group G. Let ρ : G → GL(V ) be a finite dimensional complex representation of G.
Recall that the trace of ρ is the morphism Tr(ρ) : G → C sending g ∈ G to the trace of the
endomorphism ρ(g) of V . For g in G, we write Pg(X) ∈ C[X] the characteristic polynomial of
ρ(g), i.e.

Pg(X) = det(1− ρ(g)X) =

dim(V)∏
i=1

(1− ai(g)X),

where the coefficients ai(g) are in C. This depends only on the conjugacy class of g so if p is a
prime of K unramified in L then we can define

Pp(X) := P(q,L/K)(X)

and we write ai(p) for the coefficients ai(q, L/K), where q is any prime of L dividing p. The
Artin L-series corresponding to ρ is given by

L(s, ρ) :=
∏
p unr.

1

Pp(N(p)−s)
=

∏
p unr.

1

(1− a1(p)N(p)−s)(1− a2(p)N(p)−s) · · · (1− adim(V )(p)N(p)−s)
,

where the product is over the primes of K unramified in L.

9.2 Convergence results

In this section we prove various convergence results for Dirichlet series and Euler products.

9.2.1 Dirichlet series and zeta function

We have the following general convergent result for Dirichlet series:

Proposition 9.2. Let f(s) =
∑

n≥1
a(n)
ns be a Dirichlet series and for x ≥ 1 define

S(x) :=
∑

n≤x a(n). Assume that there exist positive constants M , a and b such that for all
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x ≥ M , we have |S(x)| ≤ axb. Then for all ε > 0 and δ > 0, the series f(s) converges
uniformly for s in

D(b, δ, ε) := {s ∈ C | R(s) ≥ b+ δ and |arg(s− b)| ≤ π

2
− ε}.

In particular, the series f(s) defines an analytic function on the half planeR(s) > b.

Proof. The second point follows from the first one since every point s with R(s) > b admits a
neighbourhood of the formD(b, δ, ε). We show the uniform convergence using Cauchy criterion.
Let 1 ≤ n1 < n2 be two integers big enough, we have

|
n2∑

n=n1

a(n)

ns
| = |

n2∑
n=n1

S(n)− S(n− 1)

ns
|

= |
n2∑

n=n1

S(n)

ns
−

n2−1∑
n=n1−1

S(n)

(n+ 1)s
|

= |S(n2)

ns2
− S(n1 − 1)

ns1
+

n2−1∑
n1

S(n)
( 1

ns
− 1

(n+ 1)s
)
|

≤ |S(n2)|
n
R(s)
2

+
|S(n1 − 1)|

n
R(s)
2

+

n2−1∑
n=n1

|S(n)| · |s| · |
∫ n+1

n

dt

ts+1
|

≤ a

n
R(s)−b
2

+
a

n
R(s)−b
1

+

n2−1∑
n=n1

|s| · (anb) · |
∫ n+1

n

dt

ts+1
|

≤ 2a

n
R(s)−b
1

+

n2−1∑
n=n1

|s| · a · |
∫ n+1

n

tbdt

ts+1
|

≤ 2a

n
R(s)−b
1

+ |s| · a ·
∫ ∞

n1

dt

tR(s)−b+1

≤ 2a

n
R(s)−b
1

+
|s|a

(R(s)− b)nR(s)−b
1

.

Write θ(s) := arg(s− b). For s ∈ D(b, δ, ε), we have

|s|
R(s)− b

=
|s− b+ b|
R(s)− b

≤ |s− b|
R(s)− b

+
b

R(s)− b
=

1

cos(θ(s))
+

b

R(s)− b
≤ 1

cos(θ(s))
+
b

δ
.

Since we have assumed that |θ(s)| is less than π
2
− ε, this means that the term 1

cos(θ(s))
is bounded

by some constant C. We obtain

|
n2∑

n=n1

a(n)

ns
| ≤ 2a

n
R(s)−b
1

+
(C + b

δ
)a

n
R(s)−b
1

and we see that when n1 goes to infinity, the term on the left converges to zero. Hence the
uniform convergence follows from Cauchy’s criterion.
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Example 9.3. (1) Riemann zeta function. In the case of the series ζ(s), the sum S(x) is equal
to [x], the integral part of x. Hence b = 1 and the proposition tells us that ζ(s) converges for
R(s) > 1.

(2) Dedekind zeta function. Let K be a number field. For the series ζK(s), the sum S(x)
is equal to the number of integral ideals a of OK such that has norm less than x. We can show
(see for example Proposition 9.10) that we have an inequality S(x) ≤ ax for some constant a.
Hence b = 1 as well in that case and we deduce from Proposition 9.2 that ζK(s) converges for
R(s) > 1.

Note that we also have the following result:

Proposition 9.4. Let f(s) =
∑

n≥1
a(n)
ns be a Dirichlet series with a(n) a real number such that

a(n) ≥ 0. Let b be a real number. Assume that f(s) converges for R(s) > b and there exists
ε > 0 such that it can be extended as an holomorphic function for |s| ≤ ε. Then f(s) converges
onR(s) > b− ε.

Proof. Up to changing s by s − b, we can assume b = 0. Assume that f(s) =
∑

n≥1
a(n)
ns

converges for R(s) > 0 and there exists ε > 0 such that it can be extended as an holomorphic
function for |s| ≤ ε. Let us write f̃(s) this holomorphic function.

On the disk |s| ≤ ε, we can write f̃(s) as its Taylor series

f̃(s) =
∑
k≥0

1

k!
(s− 1)kf̃ (k)(1)

and in particular for s = −ε, we have

f̃(−ε) =
∑
k≥0

1

k!
(−1)k(ε+ 1)kf̃ (k)(1).

But we have

f̃ (k)(1) = f (k)(1) = (−1)k
∑
n≥1

a(n)log(n)k

n

and we obtain

f̃(−ε) =
∑

k≥0,n≥1

1

k!
(ε+ 1)k

a(n)log(n)k

n

(the series converge since both series converge and have positive terms). We can now compute
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this series:

f̃(−ε) =
∑
n≥1

a(n)

n

∑
k≥0

1

k!
(ε+ 1)klog(n)k

=
∑
n≥1

a(n)

n
exp(log(n)(1 + ε))

=
∑
n≥1

a(n)

n−ε = f(−ε).

It follows that the series f(s) converges forR(s) > −ε.

Lemma 9.5. The zeta function ζ(s) has an analytic continuation to a meromorphic function on
the half planeR(s) > 0 with its only possible pole at s = 1.

Proof. Consider the Dirichlet series

ζ2(s) :=
∑
n≥1

(−1)n−1

ns
= 1− 1

2s
+

1

3s
− 1

4s
+ · · ·

For this series, the term S(x) =
∑

n≤x a(n) from Proposition 9.2 is equal to 0 or 1. So in that
case b = 0 and the proposition tells us that ζ2(s) is an analytic function forR(s) > 0. Moreover,
we have the following formula:

ζ(s)− 2

2s
ζ(s) = ζ2(s),

equivalently,

ζ(s) =
ζ2(s)

1− 21−s
.

Hence, we see that ζ(s) is analytic for R(s) > 0 except possibly at points s such that 2s−1 is
equal to 1. In other words the only possible problems are for s such that

(9.2.1) s = 1 +
2kπi

log(2)
, for k ∈ Z.

Consider now the series ζ3(s) =
∑

n≥1
a(n)
ns where a(n) = −2 if n is divisible by 3 and 1

otherwise:
ζ3(s) = 1 +

1

2s
− 2

3s
+

1

4s
+

1

5s
− 2

6s
· · ·

In that case S(x) is equal to 0, 1 or 2, so b = 0 and Proposition 9.2 tells us that ζ3(s) is analytic
onR(s) > 0. In addition, we have:

ζ(s) =
ζ3(s)

1− 31−s
,
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and we see that the only possible poles for ζ(s) are at the points s such that

(9.2.2) s = 1 +
2kπi

log(3)
, for k ∈ Z.

Combining (9.2.1) and (9.2.2), we see that if s is a pole of ζ(s) then we must have

2kπi

log(2)
=

2k′πi

log(3)
,

equivalently,
2k

′
= 3k.

The only solution is k = k′ = 0, so the only possible pole for ζ(s) is s = 1.

Lemma 9.6. Let s be in R such that s > 1, then we have

1

s− 1
≤ ζ(s) ≤ 1 +

1

s− 1
.

In particular, ζ(s) admits a simple pole at s = 1 with residue 1. In other words, in a neighbor-
hood of 1, we can write

ζ(s) =
1

s− 1
+ h(s)

where h(s) is an holomorphic function.

Proof. Assume that s is in R and s > 1. Then for all n ≥ 1, we have∫ n+1

n

dx

xs
≤ 1

ns
≤

∫ n

n−1

dx

xs

and we obtain: ∫ ∞

1

dx

xs
≤ ζ(s) ≤ 1 +

∫ ∞

1

dx

xs
.

Since
∫∞
1

dx
xs

= 1
s−1

, this gives the inequality from the lemma:

(9.2.3)
1

s− 1
≤ ζ(s) ≤ 1 +

1

s− 1
.

From Lemma 9.5, we know that ζ is meromorphic at s = 1 so in a neighborhood of 1, we can
write

ζ(s) =
s0

(s− 1)m
+

h(s)

(s− 1)m−1

where m is an integer, s0 a complex number and h(s) an holomorphic function. Using the
inequalities from (9.2.3), we see that for s real, s > 1, we have

1 ≤ s0
(s− 1)m−1

+
h(s)

(s− 1)m−2
≤ s.
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When s tends to 1+, we have

s0
(s− 1)m−1

→


s0 if m = 1,

∞ if m > 1 and s0 ̸= 0,

0 if s0 = 0 or m < 1,

and
h(s)

(s− 1)m−2
→


h(1) if m = 2,

∞ if m > 2 and h(1) ̸= 0,

0 if h(1) = 0 or m < 2.

If follows that m = 1 and s0 = 1.

Proposition 9.7. Let f(s) =
∑

n≥1
a(n)
ns be a Dirichlet series and S(x) as in Proposition 9.2.

Assume that there exist positive constants s0, a and b with b < 1 such that

|S(x)− s0x| ≤ axb.

Then f(s) extends to a meromorphic function on R(s) > b that admits a simple pole at s = 1
with residue s0. In other words, in a neighborhood of 1, we can write

f(s) =
s0

s− 1
+ h(s)

where h(s) is an holomorphic function.

Proof. Consider the Dirichlet series g(s) := f(s) − s0ζ(s). For this series, by hypothesis,
we have |S(x)| ≤ axb. We can apply Proposition 9.2 and we obtain that g(s) is analytic on
R(s) > b. Since ζ(s) is meromorphic for R(s) > 0 with a simple pole at s = 1, we deduce that
f(s) = g(s) + s0ζ(s) is meromorphic onR(s) > b with a simple pole at s = 1.

9.2.2 Euler products

Recall that we say that a product
∏

n≥1(1 + an) with an in C and an ̸= 1 converges is the finite
products

∏m
n=1(1 + an) converges to a non-zero element in C when m goes to infinity. We say

that
∏

n≥1(1 + an) converges absolutely if the product
∏

n≥1(1 + |an|) converges. If a product∏
n≥1(1 + an) converges absolutely then it converges. If a product

∏
n≥1(1 + an) converges

absolutely, we can change the order of the terms and the product will still converge. absolutely.
Moreover, we have the following lemma:

Lemma 9.8. The product
∏

n≥1(1 + an) converges absolutely if and only if the series
∑

n≥1 an
converges absolutely.

Proof. Write Sn :=
∑n

k=1 |ak| and Pn :=
∏n

k=1 |ak|. They are increasing sequences and for all
n, we have Pn ≥ Sn so if (Pn)n converges, so does (Sn)n. Conversely, we have

exp(Sn) =
n∏
k=1

exp(|ak|) ≥
n∏
k=1

(1 + |ak|) = Pn.

If (Sn)n converges, then (exp(Sn))n also converges and since (Pn)n is an increasing sequence,
the above inequality tells us that it converges.
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Recall that since any integer can be decomposed uniquely as a product of primes, we have the
following (formal) identification: ∏

p

1

1− p−s
=

∑
n≥1

1

ns
.

More generally, we have

Proposition 9.9. Let K be a number field and let m be a modulus. If χ : I
S(m)
K → C× is a

Dirichlet character then for s such that R(s) > 1, the product L(χ, s) =
∏

p∤m
1

1−χ(p)N(p)−s

converges.

Proof. Let s be such thatR(s) > 1. Then we have (formally)

1

1− χ(p)N(p−s)
=

∑
n≥0

χ(pn)

N(pn)s

So if we fix N0 we have an equality∏
(p,m)=1 s.t. N(p)≤N0

1

1− χ(p)N(p−s)
=

∑
(a,m)=1 s.t. N(a)≤N0

χ(a)

N(a)s

where the sum in the right hand side term runs over the integral ideal a with norm less than N0.
When N0 goes to infinity, the right hand side converges absolutely (we use again Proposition 9.2
and the fact that the number of integral ideals with norm less than s is bounded by ax for a some
constant). It follows that the left hand side converges absolutely to L(s, χ).

9.2.3 The residue formula

Let K be a number field and let m be a modulus. For every class c in the ray class group Cm, the
partial zeta function is defined as:

ζ(s, c) =
∑

a integral s.t. a∈c

1

N(a)s
,

so that if χ : I
S(m)
K → C× is a Dirichlet character, we have

L(s, χ) =
∑
c∈Cm

χ(c)ζ(s, c)

and
ζK(s) =

∑
c∈Cm

ζ(s, c).
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Hence, in order to understand L(s, χ) and ζK(s), we are reduced to study the functions ζ(s, c)
for c in the ray class group Cm. To be able to apply Proposition 9.2, we define S(x, c) as the
number of elements of the set

{a ∈ c | a integral ideal s.t. N(a) ≤ x}.

Recall that we have defined

Km,1 := {a ∈ K× |

{
av > 0 for all real place v dividing m

ordp(a− 1) ≥ m(p) for all finite place p dividing m
}.

and Um,1 := UK ∩Km,1. We have seen in the proof of Theorem 2.7 that the index [UK : Um,1] is
finite.

Recall also that we have a morphism (see for example the proof of Proposition 5.16 or Exercise
Sheet 3):

λ :

{
UK → Rr1+r2

u 7→ (log|σ1(u)|, log|σ2(u)|, . . . , log|σr1(u)|, 2log|σr1+1(u)|, . . . , 2log|σr1+r2(u)|)
,

where r1 is the number of real places in K, the morphisms σ1, . . . , σr1 are the corresponding
real embeddings, r2 is the number of complex places and σr1+1, σr1+1, . . . , σr1+r2 , σr1+r2 are the
corresponding complex embeddings. The kernel of λ is the torsion subgroup of UK and its image
λ(UK) is a lattice of rank r1 + r2 − 1. The regulator of K, denoted by reg(K) is defined as

reg(K) =
1√

r1 + r2
covol(λ(UK)).

In practice, we can compute it in the following way: if ε1, . . . , εr1+r2−1 are elements in UK that
lift a basis of UK/µ(K), then we have

reg(K) = |det(log||σi(εj)||)i∈I,1≤j≤r1+r2−1|,

where I is the set {1, . . . , r1 + r2} where we remove one element and we set

||σi(·)|| =

{
|σi(·)| if 1 ≤ i ≤ r1,

|σi(·)|2 if r1 + 1 ≤ i ≤ r1 + r2.

If m is a modulus we define its regulator Reg(m) as

Reg(m) = Reg(K)[UK : Um,1].
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If K is a number field and m = m0m∞ is a modulus for K, we write:

d = [K : Q],

r0 = number of real places in m,

r1 = number of real places in K,
r2 = number of complex places in K,
wm = number of roots of unity in Km,1,

wK = number of roots of unity in K,
N(m) = N(m0) · 2r0 ,
∆K/Q = discriminant of K/Q.

Moreover, we set

gm :=
2r1(2π)r2reg(m)

wmN(m)|∆K/Q|
1
2 .

Proposition 9.10. There exists a constant a such that for all x ≥ 1 and c in Cm, we have
|S(x, c)− gm · x| ≤ ax1−

1
d .

Proof. See for example page 132 sqq of the book Algebraic Number Theory of Lang.

As a consequence, we obtain:

Corollary 9.11. The partial zeta function ζ(s, c) is meromorphic onR(s) > 1− 1
d

with a simple
pole at s = 1 with residue gm.

Proof. This follows immediately from Proposition 9.10 and the general convergence result
Proposition 9.7.

In particular, we see that the residue gm of ζ(s, c) does not depend on the choice of c in Cm.
We derive from the analyticity of the partial zeta function, the following convergence results:

Proposition 9.12. Let K be a number field and m a modulus for K.

(1) If χ : I
S(m)
K → C× is a Dirichlet character for m which is not trivial then L(s, χ) is analytic

on the planeR(s) > 1− 1
d
.

(2) The Dedekind zeta function ζK(s) is meromorphic on the planeR(s) > 1− 1
d

with a simple
pole at s = 1 with residue

2r1(2π)r2reg(K)

wK |∆K/Q|
1
2

hK .

Proof. We need the following general lemma:
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Lemma 9.13. Let A be a finite abelian group and χ : A → C× be a non-trivial morphism of
groups. Then ∑

a∈A

χ(a) = 0.

Proof of Lemma 9.13. Since the character χ is non trivial, we can find an element a0 in A such
that χ(a0) is not 1. Then we have∑

a∈A

χ(a) =
∑
a∈A

χ(aa0) = (
∑
a∈A

χ(a))χ(a0),

in other words,
(χ(a0)− 1)(

∑
a∈A

χ(a)) = 0.

The factor (χ(a0)− 1) is non zero, so we obtain
∑

a∈A χ(a) = 0.

Let us now prove the proposition. Consider first the function L(s, χ). We have

L(s, χ) =
∑
c∈Cm

χ(c) · ζ(s, c),

and we know from Corollary 9.11 that ζ(s, c) is meromorphic on R(s) > 1 − 1
d

with a simple
pole at s = 1 with residue gm. So in a neighborhood of s = 1, we have

L(s, χ) =

∑
c∈Cm

χ(c)gm

s− 1
+ h(s)

where h(s) is holomorphic. But it follows from the lemma that
∑

c∈Cm
χ(c)gm is zero. Hence,

L(s, χ) is holomorphic everywhere onR(s) > 1− 1
d
.

Consider now the function ζK(s). We have

ζK(s) =
∑
c∈Cm

ζ(s, c).

Hence, we see that ζK(s) is meromorphic on R(s) > 1 − 1
d

with a simple pole at s = 1 with
residue ∑

c∈Cm

gm = |Cm| · gm =
2r1(2π)r2reg(K)

wK |∆K/Q|
1
2

hK ,

using the formula from Theorem 2.7.

Example 9.14. If K is an imaginary quadratic field Q(
√
d) with discriminant strictly less than

−4, we can deduce from the residue formula in Proposition 9.12, the following equality:

hK =
1

2− χ(2)
∑

(n,∆K)=1 with 0<n<
|∆K |

2

χ(n).
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9.3 Density of splitting primes

Let K be a number field and T a set of places of K. Consider the function

ζK,T (s) :=
∏
p∈T

1

1−N(p)−s
.

If there exists an integer n such that ζK,T (s)n extends to a meromorphic function in a neighbor-
hood of s = 1 with a pole of order m at s = 1, we say that the set T has polar density and we
define

δpol(T ) =
m

n
.

Proposition 9.15. Let K be a number field. Then:

(1) The set of all prime ideals of K has polar density equal to 1.

(2) If T is a set of places with a polar density then δpol(T ) ≥ 0.

(3) If T, T1, T2 are three set of places such that T = T1 ∪ T2 (disjoint union) and
any two of T, T1, T2 have polar densities then the third one also has polar density and
δpol(T ) = δpol(T1) + δpol(T2).

(4) If T1 and T2 are two sets of places such that T1 ⊂ T2 and such that they have polar density,
then δpol(T1) ≤ δpol(T2).

(5) If T is a finite set then T has polar density and δpol(T ) = 0.

Proof. We first prove (1). Assume that T is the set of all finite places of K. Then ζK,T (s) is
equal to ζK(s) and we know from Proposition 9.12 that it is meromorphic onR(s) with a simple
pole at s = 1. Hence its polar density is 1.

If δpol(T ) < 0, this means that the function ζK,T (s)−n is meromorphic with a pole at s = 1 for
some n > 0. In other words, the function ζK,T (s)n is holomorphic and is equal to 0 for s = 1.
But ζK,T (1) :=

∏
p∈T

1
1−N(p)−1 > 0. This proves (2).

We now show (3). We can write

ζK,T (s) = ζK,T1(s) · ζK,T2(s).

Assume that there exist n and n1 such that ζK,T (s)n and ζK,T1(s)
n1 are meromorphic functions

in a neighborhood of s = 1 with poles at s = 1 of order m and m1 respectively. Then we see
that the function

ζK,T2(s)
nn1 =

ζK,T (s)
nn1

ζK,T1(s)
nn1

extends to a meromorphic function in a neighborhood of s = 1 with poles at s = 1 of order
n1m− nm1. We obtain

δpol(T2) =
n1m− nm1

nn1

=
m

n
− m1

n1

= δpol(T )− δpol(T1).
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The proof is similar if we exchange the roles of T , T1 and T2.

To prove the fourth point, consider the set T0 := T2 \ T1. Then T2 is the disjoint union of T0
and T1 and from the previous point we know that δpol(T2) = δpol(T0) + δpol(T1). By (2), we also
have that δpol(T0) ≥ 0 and it follows that δpol(T1) ≤ δpol(T2).

The proof of the last point is immediate by definition of the density.

We also have:

Proposition 9.16. Let K be a number field. Let us write T0 the set of prime ideals p of K such
that N(p) is a prime number.

(1) If T is a set of places such that T ∩ T0 is empty, then δpol(T ) = 0.

(2) Assume that T1 and T2 are two sets of prime ideals ofK such that they differ only by primes
which are not in T0. Then if one of the two has polar density, the other also has polar density
and δpol(T1) = δpol(T2).

Proof. Assume that T ∩ T0 is empty. For any p in T , we then have N(p) = pf with f ≥ 2. For a
prime number p in Q, there are at most d := [K : Q] prime ideals of K that divide p. Hence we
can write

ζK,T (s) =
d∏
i=1

∏
p prime number

gi(p, s) with gi(p, s) = 1 or
1

1− (pfi)−s
, where fi ≥ 2.

Let us write hi(s) :=
∏

p prime number gi(p, s). We want to show that hi(s) is holomorphic at 1. But
we have

hi(1) ≤
∑
n≥1

1

n2
= ζ(2),

hence the sum is holomorphic. This proves that δpol(T ) is zero.

To prove (2), it suffices to apply the first point to the sets T0,1 := T1 \ (T1 ∩ T2) and
T0,2 := T2 \ (T1 ∩ T2). We have δpol(T0,1) = δpol(T0,2) = 0 and by Proposition 9.15(3),

δpol(T1) = δpol(T0,1) + δpol(T1 ∩ T2) = δpol(T1 ∩ T2)
δpol(T2) = δpol(T0,2) + δpol(T1 ∩ T2) = δpol(T1 ∩ T2).

We obtain the following theorem:

Theorem 9.17. Let K be a number field and L be a finite extension of K. Denote by M the
Galois closure of L in K. Then the set of prime ideals of K that splits completely in L has polar
density equals to 1

[M :K]
.
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Proof. We first prove the following lemma:

Lemma 9.18. LetK be a number field and L be a finite extension ofK. Denote byM the Galois
closure of L in K. A prime ideal p of K splits completely in L if and only if it splits completely
in M .

Proof of Lemma 9.18. Write L = K[X]/(P (X)) with P in K[X] irreducible. Then M is define
as the composite of the Li := K(αi)’s where the elements αi’s are the roots of P . If p is a prime
ideal of K that splits completely in one of the Li, then it splits completely in all of the Li’s. So
to prove the lemma, it suffices to prove that if p is a prime ideal of K that splits completely in
two field extensions L and L′ then it splits completely in the composite L ·L′. But we know that
a prime p in K splits completely in L if and only if L ⊗K Kp is a product of copies of Kp, and
we can see L · L′ as a direct factor of L⊗K L′.

We now come back to the proof of the proposition. By the lemma, we can assume that L/K is
Galois. Let us denote by S the set of all prime ideals of K that split completely in L. We write T
for the set of places of L that divide the places in S. By hypothesis, for each prime p of S, there
exists exactly [L : K] prime ideals q in T that divide p and we have NormL/K(q) = p. Hence
N(q) = N(p) and ζL,T (s) = ζK,S(s)

[L:K]. To prove the proposition, it remains to show that T
has polar density equals to 1.

Consider the set T1 of all prime ideals of L. We know from Proposition 9.15 that it has
density 1. For any q in T1, we have that N(q) is equal to pf(q/p). If f(q/p) is equal to 1, then
f(q/q ∩ OK) = 1 and either q is in T or q ∩ OK ramifies in L. Hence T1 \ T can be written as
the union of a finite set (corresponding to the primes that ramify) and a set of primes q such that
N(q) is not a prime number. By Proposition 9.15 and Proposition 9.16, we obtain that T1 and T
has same density equal to 1. This concludes the proof of the theorem.

We derive from the theorem the following consequences:

Corollary 9.19. Let K be a number field and P (X) be a polynomial in K[X]. If P (X) splits
into linear factors modulo p for almost all prime ideals p ofK, then P (X) itself splits into linear
factors in K.

Proof. Let L be the splitting field of the polynomial P (X). From Theorem 9.17, we know that
the set of prime ideals of K that split completely in L has density 1

[L:K]
. But by hypothesis,

almost all prime ideals of K split completely in L, so by Proposition 9.15, this set has density 1.
Hence L = K.

For K a number field and L a Galois extension of K, we write SplK(L) the set of prime ideals
p of OK that split completely in L.
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Corollary 9.20. Let K be a number field and let L and M be Galois extensions of K. Then we
have,

L ⊂M if and only if SplK(L) ⊃ SplK(M)

and in particular,
L =M if and only if SplK(L) = SplK(M)

We obtain an injective map L 7→ SplK(L) from the set of finite Galois extensions ofK (contained
in K) to the set of subsets of {p prime ideals of K}.

Proof. We obviously have that if L is a subset of M then any prime of K that is completely split
in L is also completely split in M . Let us prove the reverse implication. Recall that sending σ in
Gal(LM/K) to (σ|L, σ|M) defines an injective morphism

Gal(LM/K) ↪→ Gal(L/K)×Gal(M/K),

such that if q is a prime ideal of LM , then (q, LM/K) is sent to
((q ∩ OL, L/K), (q ∩ OM ,M/K)). In particular, we see that

SplK(LM) = SplK(L) ∩ SplK(M).

So if SplK(L) ⊃ SplK(M), we obtain SplK(LM) = SplK(M). From Theorem 9.17, we know
that these two sets have density 1

[LM :K]
and 1

[M :K]
. Hence [LM : K] = [M : K]. This means

L ⊂M , as wanted.

Finally, we can recover the surjectivity of the Artin map:

Corollary 9.21. Let K be a number field and let L be an abelian extension of K. Assume that S
is a finite set of places of K such that S contains S∞ and the set of all primes that ramify in L.
Then the Artin map

ψL/K : ISK → Gal(L/K)

is surjective.

Proof. Let H be the image of ψL/K . If p is not in S, then it is unramified in L so it is unramified
in LH and we also have

(p, LH/K) = (p, L/K)|LH = 1.

In particular, we see that p splits completely in LH .

If we write T the set of primes that split completely in LH , we know by Theorem 9.17 that this
set has polar density equals to 1

[LH :K]
. But we have just seen that all primes of K except a finite

number split completely in LH . So by Proposition 9.15, we see that the set of primes that do
not split completely has density equals to 0 and we obtain that T has density equals to 1. Hence
[LH : K] = 1. This proves that H = Gal(L/K), as wanted.
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9.4 Density of primes in an arithmetic progression

Reminders and notations. Recall that the exponential map exp(z) =
∑

n≥0
zn

n!
defines an

isomorphism from {z ∈ C | − π < I(z) < π} onto C \ {z ∈ R | z ≤ 0} and we write log for
its inverse. We have

log(z) = log(|z|) + i · arg(z) with − π < arg(z) < π.

With this definition we also have

log(
1

1− z
) =

∑
n≥1

zn

n
for |z| < 1.

If f(s) and g(s) are two functions defined for R(s) > 1 and with values in R, we write
f(s) ∼ g(s) if there exists ε > 0 such that f(s) − g(s) is bounded when s is real and
1 < s < 1 + ε. Note that if there exists a real number δ such that f(s) ∼ log( 1

s−1
) then

lims→1+
f(s)

log( 1
s−1

)
= δ.

We also have that if f(s) and g(s) are two meromorphic functions in a neighborhood of s = 1
with a (possible) pole at s = 1 then f(s) ∼ g(s) if and only if f(s) − g(s) is a function that is
holomorphic in a neighborhood of 1.

Definition 9.22. Let K be a number field and let T be a set of places of K. We say that T has
Dirichlet density δ is there exists δ such that∑

p∈T

1

N(p)s
∼ δ · log 1

s− 1
.

We write δD(T ) = δ.

We first show the following lemma:

Lemma 9.23. Let (un)n≥1 be a sequence of real numbers that are ≥ 2 and define
f(s) :=

∏
n≥1

1
1−u−s

n
. Assume that for all ε > 0 and δ > 0, the function f(s) converges uniformly

on
D(1, δ, ε) := {s ∈ C | R(s) ≥ 1 + δ and |arg(s− 1)| ≤ π

2
− ε}.

Then,

log(f(s)) ∼
∑
n≥1

1

usn
.
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Proof. We have the following equalities:

log(f(s)) =
∑
n≥1

log
1

1− u−sn

=
∑
n≥1

∑
m≥1

1

musmn

=
∑
n≥1

1

usn
+
∑
n≥1

∑
m≥2

1

musmn

=
∑
n≥1

1

usn
+ h(s),

where
h(s) :=

∑
n≥1

∑
m≥2

1

musmn
.

We have
|h(s)| ≤

∑
n≥1

∑
m≥2

| 1

musmn
| =

∑
n≥1

∑
m≥2

1

mu
R(s)m
n

and since un ≥ 2 andR(s) > 1,∑
m≥2

1

mu
R(s)m
n

≤
∑
m≥2

1

2

( 1

u
R(s)
n

)m
=

1

2

( 1

1− u−R(s)
n

− u−R(s)
n − 1

)
=

1

2

( u
−2R(s)
n

1− u−R(s)
n

)
<

1

u
2R(s)
n − 1

,

where we have used that 2(u2R(s)
n − uR(s)

n ) > u
2R(s)
n − 1. It follows

|h(s)| ≤
∑
n≥1

1

u
2R(s)
n − 1

.

Since we have assumed that f(s) =
∏

n≥1
1

1−u−s
n

converges uniformly on D(1, δ, ε) for any ε
and δ, we know (by Lemma 9.8) that

∑
n≥1

1
usn−1

converges uniformly on D(1, δ, ε) for any ε
and δ and hence it is holomorphic for R(s) > 1. It follows that

∑
n≥1

1

u
2R(s)
n −1

is holomorphic

forR(s) > 1
2

and so h(s) is bounded when s tends to 1.

We have:
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Proposition 9.24. Let K be a number field and let T be a set of places of K. If the polar density
of T exists then its Dirichlet density exists and the two are equal.

Proof. Assume that δpol(T ) exists, we can write

ζK,T (s)
n =

s0
(s− 1)m

+
h(s)

(s− 1)m−1

where h(s) is holomorphic in a neighborhood of s = 1. We also know that s0 > 0 since when s
is real such that s > 1, then ζK,T (s) is real and > 0. From Lemma 9.23, we obtain

n
∑
p∈T

1

N(p)s
∼ mlog

1

s− 1
.

Hence
δD(T ) =

m

n
,

as wanted.

Remark 9.25. We also have a notion of natural density. We say that T has natural density δ If
there exists δ such that

δ = limx→∞
|{p ∈ T s.t. N(p) ≤ x}|

|{p primes of K s.t. N(p) ≤ x}|
.

We write δnat(T ) = δ. It can be showed that if the natural density of T exists then its Dirichlet
density exists as well and the two are equal. However, there exist sets T that have a Dirichlet
density without having a natural density. Similarly, there exists sets T such that T has a natural
density but not a polar one. This comes from the fact that the polar density is a rational numbers
and we can construct sets with natural density that is not rational.

Our next goal is to prove the following properties:

Proposition 9.26. Let K be a number field. Then:

(1) The set of all prime ideals of K has Dirichlet density equal to 1.

(2) If T is a set of places with a Dirichlet density δ then δ ≥ 0.

(3) If T, T1, T2 are three set of places such that T = T1 ∪ T2 (disjoint union) and any
two of T, T1, T2 have Dirichlet densities then the third one also has Dirichlet density and
δD(T ) = δD(T1) + δD(T2).

(4) If T1 and T2 are two sets of places such that T1 ⊂ T2 and such that they have Dirichlet
density, then δD(T1) ≤ δD(T2).

(5) If T is a finite set then T has Dirichlet density and δD(T ) = 0.
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Proof. The first point follows from Lemma 9.24 and Proposition 9.15. For the second point,
assume that we can write ∑

p∈T

1

N(p)s
∼ δlog

1

s− 1

i.e.

lims→1+
f(s)

log( 1
s−1

)
= δ.

For ε < 1 and s = 1+ ε, we have that log 1
s−1

= −log(ε) is positive. Since 1
N(p)s

is also positive,
we see that necessarily, δ itself is positive.

To prove (3), note that forR(s) > 1, we have∑
p∈T

1

N(p)s
=

∑
p∈T1

1

N(p)s
+

∑
p∈T2

1

N(p)s
.

Assume that δD(T1) and δD(T ) exist and are equal to δ1 and δ, respectively. Then∑
p∈T

1

N(p)s
∼ δlog

1

s− 1
and

∑
p∈T1

1

N(p)s
∼ δ1log

1

s− 1

and we obtain ∑
p∈T2

1

N(p)s
∼ (δ − δ1)log

1

s− 1
.

So δD(T2) exists and is equal to (δ − δ1). The argument is similar if we exchange the roles of T ,
T1 and T2.

Consider now T1 and T2 two sets of places such that T1 ⊂ T2 and such that δD(T1) and δD(T2)
exist. Then δD(T2 \ T1) exists. By (3), we know that δD(T2 \ T1) = δD(T2)− δD(T1) and by (2),
we know that δD(T2 \ T1) is positive. Hence δD(T1) ≤ δD(T2), as wanted.

Let us prove (5). If T is a finite set, then
∑

p∈T
1

N(p)s
is holomorphic and so it is bounded near

s = 1. Hence, δD(T ) = 0.

Proposition 9.27. Let K be a number field and consider T the set of prime ideals p of K such
that the inertia degree f(p/p) of p over Q is equal to 1. Then

(1) we have δD(T ) = 1 and,

(2) for any set S of places of K that has a Dirichlet density, δD(T ∩ S) = δD(S).

Proof. Let us first prove (1). We denote by S0 the set of all finite places of K. We know from
Proposition 9.16 that δpol(S0 \ T ) is zero. So by Lemma 9.24, we also have δD(S0 \ T ) is zero.
Since δD(T ) = δD(S0)− δD(S0 \ T ), we obtain that δD(T ) = δD(S0) = 1.
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To prove the second point, let us write T ′ := S0 \ T . Since S ∩ T ′ ⊂ T ′ and T ′ has density
equal to zero, it follows from the properties proved above that δD(S ∩ T ′) is zero. Since we can
write S as the disjoint union of S ∩ T and S ∩ T ′, it follows that δD(T ∩ S) = δD(S).

We can finally prove:

Theorem 9.28. Let K be a number field and let m be a modulus for K. Let H be a subgroups of
I
S(m)
K such that H contains Km,1. Then,

δD({p ∈ H}) =

{
1

[I
S(m)
K :H]

if L(1, χ) is non zero for all non trivial character χ of IS(m)
K /H ,

0 otherwise.

Proof. We need the following general lemma:

Lemma 9.29. Let A be a finite abelian group and let a be an element of A. Then

∑
χ∈A∨

χ(a) =

{
|A| if a = 1,

0 otherwise.

where A∨ = Hom(A,C×).

Proof of Lemma 9.29. Since A is abelian and finite, A∨ has the same number of elements as A.
Hence if a = 1 is trivial, we have∑

χ∈A∨

χ(a) =
∑
χ∈A∨

1 = |A∨| = |A|.

If a is not trivial, then there exists a character χ1 such that χ1(a) ̸= 1. We have∑
χ∈A∨

χ(a) =
∑
χ∈A∨

(χ1χ)(a) =
∑
χ∈A∨

χ1(a)χ(a) = χ1(a)
∑
χ∈A∨

χ(a).

Since χ1(a) ̸= 1, we obtain
∑

χ∈A∨ χ(a) = 0.

Let us now prove the theorem. Let χ : I
S(m)
K → C× be a character such that χ(H) is trivial.

Consider the L-function
L(s, χ) =

∏
p∤m

1

1− χ(p)N(p)−s.

From Lemma 9.23, we know that

log(L(s, χ)) ∼
∑
p∤m

χ(p)

N(p)s
.
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Let us now take the sum over all characters χ : I
S(m)
K /H → C×. We have∑

χ

log(L(s, χ)) ∼
∑
χ

∑
p∤m

χ(p)

N(p)s
=

∑
p∤m

1

N(p)s

∑
χ

χ(p),

and from the previous lemma,

∑
χ

χ(p) =

{
[I
S(m)
K : H] if p ∈ H

0 if p /∈ H
.

Hence,

(9.4.1)
∑
χ

log(L(s, χ)) ∼ [I
S(m)
K : H]

∑
p∈H

1

N(p)s
.

If χ is non trivial, we know by Proposition 9.12 that L(s, χ) is holomorphic in a neighborhood
of s = 1, so we can write L(s, χ) = (s− 1)m(χ)h(s) with m(χ) ≥ 0 and h(1) ̸= 0. This gives

(9.4.2) log(L(s, χ)) ∼ m(χ)log(s− 1) = −m(χ)log
1

s− 1
.

If χ is trivial, then we can write

L(s, χ) =
(∏

p|m

1

1−N(p)−s

)−1

ζK(s)

and we obtain

(9.4.3) log(L(s, χ)) ∼ logζK(s) ∼ log
1

s− 1
.

Combining (9.4.1), (9.4.2) and (9.4.3), we get

[I
S(m)
K : H]

∑
p∈H

1

N(p)s
∼

(
1−

∑
χ non trivial

m(χ)
)
log

1

s− 1
.

This yields

δD({p ∈ H}) =
1−

∑
χ non trivial m(χ)

[I
S(m)
K : H]

.

If L(1, χ) ̸= 0, then m(χ) = 0, so we obtain δD({p ∈ H}) = 1

[I
S(m)
K :H]

if L(1, χ) is non zero

for all non trivial character χ. If one of the m(χ) is non zero, then since δD({p ∈ H}) ≥ 0, we
see that all the other m(χ)’s are zero and the non-zero one is equal to 1. In that case we have
δD({p ∈ H}) = 0, as claimed.
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9.5 The Second Inequality: alternative proof

In this section we give a new proof of the second inequality using Theorem 9.28.

Theorem 9.30 (Second Inequality). Let K be a number field and L a Galois extension of K. If
m is a modulus for K then

[I
S(m)
K : Km,1 · NormL/K(I

S(m)
L )] ≤ [L : K].

Proof. Set H := Km,1 · NormL/K(I
S(m)
L ). We can apply Theorem 9.28 to H and we obtain that

δD({p ∈ H}) is either 0 or 1

[I
S(m)
K :H]

. We claim that it cannot be zero. To see that, note that if p is

a prime ideal of K which is completely split in L then f(q/p) = 1 for any ideal q of L dividing
p and in particular, p = NormL/K(q). So H contains the set of prime ideals of K that split
completely in L and that do not divide m. Since the latter set is finite, we know by Theorem 9.17
that this set has (polar, hence Dirichlet) density equal to 1

[L:K]
. This yields

δD({p ∈ H}) ≥
1

[L : K]
,

and we see that it cannot be zero. Hence δD({p ∈ H}) = 1

[I
S(m)
K :H]

and we obtain

[I
S(m)
K : H] ≤ [L : K].

Remark 9.31. Note also that in the proof of Theorem 9.30, we have also obtained that for all non
trivial character χ : I

S(m)
K /Km,1 · NormL/K(I

S(m)
L )→ C×, we have L(1, χ) ̸= 0.

9.6 Chebotarev Density Theorem

We will now use global class field theory to prove Chebotarev’s density theorem. Let us first
note that we have the following result:

Theorem 9.32. Let K be a number field and let m be a modulus for K. For any non-trivial
character χ : Cm → C×, we have L(1, χ) ̸= 0.

Proof. Let χ : Cm → C× be a non-trivial character. From Existence Theorem (Theorem 2.10)
we know that there exists L/K a finite abelian extension such that

ker(χ) = NormL/K(Cm,L).

The result then follows from Remark 9.31.
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Theorem 9.33. Let K be a number field and let m be a modulus for K. Let H be a subgroup
of IS(m)

K such that H contains Km,1. For any class c in IS(m)
K /H , then the set of prime ideals in c

has Dirichlet density equal to 1

[I
S(m)
K :H]

.

Proof. By Theorem 9.28, it suffices to prove that for any non-trivial character χ : I
S(m)
K → C×

trivial on cH , we have L(1, χ) is non zero. This follows from Theorem 9.32.

Corollary 9.34. Let L/K be a finite abelian extension with Galois group G and let g be a
fixed element in G. Then the set of prime ideals p in K that are unramified in L and for which
(p, L/K) = g has Dirichlet density equal to 1

[L:K]
.

Proof. From Reciprocity Law (Theorem 2.9), we know that there exists a modulus m of K such
that the Artin map induces an isomorphism

I
S(m)
K /Km,1 · NormL/K(I

S(m)
L )

∼−→ Gal(L/K).

The corollary follows from Theorem 9.33 applied to the group H = Km,1 ·NormL/K(I
S(m)
L ) and

to c equal to the inverse image of the element g.

Theorem 9.35 (Chebotarev’s density theorem). Let L be a finite Galois extension of a number
field K with Galois group G, and let C be a subset of G stable under conjugation. Let T be the
set of prime ideals p of K such that p is unramified in L and (p, L/K) is in C. Then,

δD(T ) =
number of elements in C
number of elements in G

.

Proof. Let us denote by d the degree [L : K] and c the order of C so that we have to show that
δD(T ) =

c
d
. Note that if C =

⋃
iCi is the union of distinct conjugacy classes, then we can write

T =
⋃
i Ti where Ti is the set of prime ideals p of K such that p is unramified in L and (p, L/K)

is in Ci. Hence, it suffices to prove the theorem for each one of the Ci. Let us then assume that
C is the conjugacy class of an element g of G:

C := {hgh−1 | h ∈ G}.

Let us denote by f the order of g in G and let M := L⟨g⟩ so that L is a cyclic extension of M of
degree f . From Reciprocity Law (Theorem 2.9), we know that there exists a modulus m of M
such that the Artin map induces an isomorphism

I
S(m)
M /Mm,1 · NormL/M(I

S(m)
L )

∼−→ Gal(L/M) ≃ ⟨g⟩.

Consider the set

TM,g := {qM prime ideal of M | qM ∤ m, (qL, L/M) = g, f(qM/qM ∩ OK) = 1}.
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Note that when it comes to density problem the condition qM ∤ m does not matter since the set
of places dividing m is finite. Corollary 9.34 states that the set of prime ideals qM such that
(qL, L/M) = g has density 1

f
and reasoning as in the proof of Proposition 9.27, we see that in

fact δD(TM,g) =
1
f

. We define also the set:

TL,g := {qL prime ideal of L | qL ∩ OM ∤ m, (qL, L/K) = g}.

We make the following claim:

Claim 9.36. (1) The map qL 7→ qL ∩ OM induces a bijection between TL,g and TM,g.

(2) The map qL 7→ qL ∩ OK from TL,g to T sends exactly d
cf

primes of TL,g to each prime of
T .

Assuming that the claim is true, we obtain that the map qM 7→ qM ∩OK is a ( d
cf

: 1)-map from
TM,g to T . For qM in TM,g, we have NormM/K(qM) = qM ∩OK and so N(qM) = N(qM ∩OK).
Thus, we obtain∑

p∈T

1

N(p)s
=
cf

d

∑
qM∈TM,g

1

N(qM)s
∼ cf

d

1

f
log

1

s− 1
=
c

d
log

1

s− 1
,

and this proves the theorem.

Proof of Claim 9.36. We first prove (1). We first prove that the map TL,g → TM,g is well defined.
Let us take qL in TL,g and write qM := qL ∩ OM and p := qL ∩ OK . Since the Galois group of
LqL/Kp is equal to ⟨g⟩ (because qL is in TL,g) and since g fixes MqM , we obtain that MqM = Kp.
Thus f(qM/p) is equal to 1 and qM is in TM,g, as wanted.

Let us show that this map is bijective. We have

f(qL/qM) = f(qM/p)
−1f(qL/p) = f,

and we see that qL is the only prime ideal of L dividing qM . So the map is injective. For the
surjectivity, note that if qM is in TM,g, then for any qL dividing it, we have

(qL, L/M) = (qL, L/K)f(qM/p)

and since f(qM/p) = 1, we obtain

(qL, L/M) = (qL, L/K).

Since qM is in TM,g, then (qL, L/M) = g and so (qL, L/K) = g. It follows that qL is in TL,g, as
wanted.

Let us now show the second point. Let p be in T . We want to show that there are
exactly d

cf
primes in TL,g dividing p. Fix qL,0 a prime in TL,g dividing p. Let us write

CG(g) = {h ∈ G | hg = gh} the centralizer of g in G. Since

(h · qL,0, L/K) = h(qL,0, L/K)h−1,
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the map h 7→ h · qL,0 defines a bijection

CG(g)/GqL,0
→ {qL ∈ TL,g | qL ∩ OK = p}

where GqL,0
is the decomposition subgroup. But we have GqL,0

= ⟨g⟩, in particular, it has order
f . Since h 7→ hgh−1 gives a bijection G/CG(g)

∼−→ C, we also have that CG(g) has order d
c
.

Hence CG(g)/GqL,0
has order d

cf
. It follows that

|{qL ∈ TL,g | qL ∩ OK = p}| = d

cf
,

as wanted.

Remark 9.37. It can be proved that the above theorem also holds if we replace Dirichlet densities
δD by the natural densities δnat.

10 Restricted ramification

Let K be a number field. For S a (possibly infinite) set of places of K that contains S∞,
we write KS/K the maximal extension which is unramified outside of S. We also define
GS := Gal(KS/K). If v is a finite place of K and w a place of KS that divides v (i.e. a
prolongation of v to KS) then we write

KS,w := colimKS/L/KLwL
,

where the colimit runs over the subextensions L ⊂ KS of K and wL := w ∩ L.

From now on, we will specify the field in the notation for the S-units, i.e. we will write

UK(S) := {x ∈ K× | ordv(x) = 0 for all v /∈ S},
UL(S) := {x ∈ L× | ordw(x) = 0 for all w such that w ∩K /∈ S} for L/K finite extension,

UKS
(S) :=

⋃
KS/L/K

UL(S).

We define the group of S-idèles of K as the restricted product

IK,S :=
∏
v∈S

(K×
v ,O×

v ),
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i.e. its elements are sequences of the form (av)v∈S such that av is in K×
v for all v in S and av

is in Uv for almost all v. Recall from Lemma 5.12 that if L/K is a finite Galois extension with
Galois group G and v a place of K and w(v) any place of L that divides v, we have:∏

w|v

L×
w

∼−→ IndGGw(v)
(L×

w(v)) and
∏
w|v

UL,w
∼−→ IndGGw(v)

(UL,w(v)).

Hence, if L/K is finite Galois with Galois group G, we define IL/K,S as the restricted product:

(10.0.1) IL/K,S :=
∏
v∈S

(IndGGw(v)
(L×

w(v)), Ind
G
Gw(v)

(UL,w(v))).

We define the group of S-idèles of KS as the colimit

IKS ,S := colimL/KIL/K,S,

where the colimit runs over the subextensions L ⊂ KS of K.

Let us consider the following class groups:

CK,S := IK,S/UK(S), and CKS ,S := colimL/KCL,S,

where the colimits run over the subextensions L ⊂ KS of K. Since taking colimit is exact, we
have:

(10.0.2) 0→ UKS
(S)→ IKS ,S → CKS ,S → 0.

We would like this group CK,S to play the same role as CK in the restricted ramification theory,
however it does not satisfy Galois descent, i.e. in general it is not true that for L/K finite Galois,
the group CK,S is isomorphic to (CL,S)

Gal(L/K). Instead, we need to consider the following
variant:

UK,S :=
∏
v∈S

{1} ×
∏
v/∈S

Uv, and UKS ,S := colimL/KUL,S,

CS(K) := CK/UK,S ≃ IK/K× · UK,S, and CS(KS) := colimL/KCS(L).

We have:

Proposition 10.1. The group CK,S is an open subgroup of CS(K). Moreover, there is an exact
sequence

0→ CK,S → CS(K)→ CK,S → 0

where CK,S is the ideal class group of the ring OK,S := {x ∈ K | ordv(x) ≥ 0 for all v /∈ S}
(in other words, CK,S is the quotient of the usual ideal class group CK of K by the subgroup
generated by the classes of all places in S). In particular, if S omits only finitely many primes
then CK,S is trivial and hence CK,S = CS(K).
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Proof. There is a canonical injection IK,S ↪→ IK which induces a morphism

j : IK,S → IK/K×UK,S = CS(K)

and the set j(IK,S) is closed. We claim that its kernel is equal to

(10.0.3) Ker(j) = UK(S).

Indeed, if we take α an element in IK,S such that j(α) = 1 and if we write α̃ its image in IK , we
can write α̃ = λ · u with λ in K× and u in UK,S . In other words, we have

αv = α̃v = λ if v ∈ S,
1 = α̃v = λ · uv if v /∈ S.

So we can write α = λ with λ in UK(S) and this proves (10.0.3). We obtain an injective map
with closed image

j : CK,S ↪→ CS(K).

We need to compute its cokernel. We have

IK/(IK,SUK,SK×) =
(⊕
v/∈S

K×
v /Uv

)
/K×

=
(⊕
v/∈S

Z
)
/K×

≃ CS,K ,

as wanted. Since the ideal class group is finite, we see also that CK,S has finite index in CK , so
it is open.

When S is almost all places, then OK,S is a Dedekind ring1 with only finitely many prime
ideals and in particular, it is a principal ideal domain. It follows that CK,S is trivial and
CK,S = CS(K).

Let us write N(S) := {n ∈ N | n ∈ UK(S)}.

Lemma 10.2. If n is in N(S), there is an exact sequence of GS-modules:

(10.0.4) 0→ µn → UKS
(S)

n−→ UKS
(S)→ 0.

Proof. If v is not in S, then ordv(n) = 0 so Kv(µn)/Kv is unramified. This means that
K(µn) ⊂ KS . Choose x in UKS

(S) and consider the extension L := K(µn, x). If v is not
in S then both n and x are units in Lv so the extension Lv(x

1
n )/Lv is unramified. In other words

L(x
1
n )/L is a subextension of KS/L and so x

1
n is in UKS

(S), as wanted.
1If S contains at least one finite place, then OK,S is always a Dedekind ring. This is because OK,S is equal to

the localization of OK with respect to the set of prime p which are not in S. The properties of being noetherian
and integrally closed are preserved by localization. Since we have assumed that at least one prime ideal survives
localization, then we see that the dimension 1 property is also satisfied.
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We have the following result:

Proposition 10.3. There are a natural isomorphisms CS(KS) ≃ CKS ,S and CGS
KS ,S

≃ CS(K).

Proof. Let K0 be the abelian maximal extension of K inside KS in which all primes of S split
completely. Then the Artin map induces an isomorphism between CK,S and Gal(K0/K) (see
Claim 11.14), in other words, every ideal of OK,S becomes a principal ideal in K0/K. Hence

lim−→
L/K

CS,L = 0.

Passing the colimit in the exact sequence from Proposition 10.1, we obtain

(10.0.5) CKS ,S ≃ CS(KS),

as wanted.

For the second part of the statement, consider the exact sequence

0→ UKS ,S → lim−→
L/K

CL → CKS ,S → 0

coming from (10.0.5). Taking the GS-cohomology, we obtain a long exact sequence:

0→ UK,S → CK → CGS
KS ,S

→ H1(GS, UKS ,S).

But for L/K subextension of KS/K, a place v not in S and w dividing v, then Uw has no higher
cohomology so H1(GS, UKS ,S) = 0. We obtain CGS

KS ,S
≃ CK/UK,S = CS(K).

If L/K is Galois, there is an exact sequence of Gal(L/K)-modules,

0→ UL,S → CL → CS(L)→ 0.

If L/K is moreover a subextension of KS/K and v not in S, then we know that for w dividing
v, then Uw is cohomologically trivial2. It follows that UL,S itself is cohomologically trivial and
we obtain:

Proposition 10.4. Let L/K be a finite Galois subextension of KS/K. Then for all i in Z, we
have

Ĥ i(Gal(L/K),CS(L)) ≃ Ĥ i(Gal(L/K),CL).

We can now compute the cohomology of the S-idèles and the S-class group:

2i.e. the higher cohomology groups Hi(H,Uw) are trivial for any closed subgroup H of Gv .
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Proposition 10.5. Let K be a number field. Then we have,

H0(GS, IKS ,S) = IK,S,
H1(GS, IKS ,S) = 0,

H2(GS, IKS ,S)(p) =
⊕
v∈S

Br(Kv)(p) for all prime numbers p in N(S),

H3(GS, IKS ,S) = 0,

and,

H0(GS,CKS ,S) = CS(K),

H1(GS,CKS ,S) = 0,

H2(Gal(L/K),CL/K,S) =
1

|Gal(L/K)|
Z/Z, for all finite Galois extension KS/L/K,

H3(GS,CKS ,S) = 0.

Proof. We only prove the results for i in {0, 1, 2}.

To compute the cohomology of the idèles, we proceed exactly as in the proofs of Proposi-
tion 5.13 and Corollary 5.14 and we get that for L/K a finite Galois subextension of KS/K, we
have

H0(Gal(L/K), IL,S) = IK,S,
H1(Gal(L/K), IL,S) = 0,

H2(Gal(L/K), IL,S) =
⊕
v∈S

Br(Lw(v)/Kv) ≃
⊕
v∈S

1

nv
Z/Z

where we choose some place w(v) above v and nv := [Lw(v) : Kv].

We then take the limit over L/K. The result for i = 0 and i = 1 immediately follows. If p is
a prime number in N(S), then K(µpn)/K is contained in KS/K for all n and so we have

lim−→
KS/L/K

Br(Lw(v)/Kv)(p) ≃ Qp/Zp

when v is non-archimedean (in the colimit the transitive maps are the natural maps

Br(Lw,1) =
1

[Lw,1 : Kv]
Z/Z→ 1

[Lw,2 : Kv]
Z/Z = Br(Lw,2) for Lw,2/Lw,1/Kv

and we have used that Qp/Zp = colim 1
pn
Z/Z).

When v is infinite, the group H2(Gal(Lw/Kv), L
×
w) is either trivial or has order 2. If 2 is in

N(S) then L := K(i) is in KS/K and we have H2(Gal(Lw/Kv), L
×
w) =

1
2
Z/Z when v is real.
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In any case we obtain
H2(GS, IKS ,S)(p) =

⊕
v∈S

Br(Kv)(p).

Let us now compute the cohomology of CKS ,S . The H0-group was computed in Proposi-
tion 10.3. We have also seen in Proposition 10.3 that CKS ,S ≃ lim−→KS/L/K

CS(L) and from
Proposition 10.4, we know that for i ≥ 1,

H i(Gal(L/K),CS(L)) ≃ H i(Gal(L/K),CL).

So the result follows from Theorem 6.1.

The above proposition together with exact sequence (10.0.2) yields:

Proposition 10.6. Let K be a number field. Then we have,

H0(GS, UKS
(S)) = UK(S),

H1(GS, UKS
(S)) = CK,S where CK,S is the ideal class group of OK,S ,

H2(GS, UKS
(S))(p) = Ker

(⊕
v∈S

H2(Gal(Kv/Kv), µp∞)→ H2(GS,CKS ,S)(p)
)

=

{
Ker

(⊕
v∈S\S∞

Qp/Zp
Σ−→ Qp/Zp

)
if p ̸= 2

Ker
((⊕

v∈S\S∞
Q2/Z2 ⊕

⊕
v∈SR

1
2
Z/Z

) Σ−→ Q2/Z2

)
if p = 2

,

for all prime numbers p in N(S),
H3(GS, UKS

(S))(p) = 0, for all prime numbers p in N(S),

Proof. We only do the proof for i ∈ {0, 1, 2}. The case i = 0 is trivial. In higher degree, we use
the exact sequence:

0→ UKS
(S)→ IKS ,S → CKS ,S → 0

and the computations from Proposition 10.5. If i = 1, we obtain an exact sequence

IK,S → CS(K)→ H1(GS, UKS
(S))→ 0

and we have already seen in the proof of Proposition 10.1 that the quotient
CS(K)/IK,S = IK/(IK,SUK,SK×) is isomorphic to CK,S .

For i = 2 and if p ̸= 2, we have a commutative diagram where the first row is exact:

0 // H2(GS, UKS
(S))(p) // H2(GS, IKS ,S)(p)

//

∼
��

H2(GS,CKS ,S)(p)

∼
��⊕

v∈S\S∞
Qp/Zp

∑
//Qp/Zp
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If p = 2, the above diagram becomes

0 // H2(GS, UKS
(S))(2) // H2(GS, IKS ,S)(2)

//

∼
��

H2(GS,CKS ,S)(2)

∼
��⊕

v∈S\S∞
Q2/Z2 ⊕

⊕
v∈SR

1
2
Z/Z

∑
//Q2/Z2

.

Using Tate’s theorem (Theorem 5.1), we obtain the global reciprocity law for restricted rami-
fication.

Theorem 10.7. Let L/K be a finite Galois extension inside KS . Then there is a canonical
isomorphism

CS(K)/NormL/K(CS(L)) ≃ Gal(L/K).

11 Duality for cohomology of number fields

In this section we investigate duality theorems for number fields. In particular, we prove Poitou-
Tate duality, which allows to relate local and global duality results.

11.1 Global duality

The notations are the same as in the previous section: K is a number field and S a (possibly
infinite) set of places of K that contains S∞. We write KS/K the maximal extension which is
unramified outside of S and GS := Gal(KS/K). If v is a finite place of K and w a place of KS

that divides v (i.e. a prolongation of v to KS) then we write

KS,w := colimKS/L/KLwL
,

where the colimit runs over the subextensions L ⊂ KS of K and wL := w ∩ L.

11.1.1 General duality result

Let us recall the general duality result for cohomology of profinite groups. Let G be a profinite
group and let M be a discrete module for G such that for all open subgroups V ⊂ U ⊂ G such
V is normal in U ,

(i) there exists an invariant isomorphism invU/V : H2(U/V,MV )
∼−→ 1

[U :V ]
Z/Z,

(ii) the group H1(U/V,MV ) is trivial,
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(iii) if W ⊂ V is an open normal subgroup of U , the invariant morphisms are compatible, i.e.
there is a commutative diagram:

H2(U/V,MV ) inf //

inv ∼
��

H2(U/W,MW ) res //

inv ∼
��

H2(V/W,MW )

inv ∼
��

1
[U :V ]

Z/Z can // 1
[U :W ]

Z/Z
[U :V ]

// 1
[V :W ]

Z/Z

Then, if A is a discrete G-module which is finitely generated and free as a Z-module, for all
i ∈ Z, the cup-product

Ĥ i(G,Hom(A,M))× Ĥ2−i(G,A)
∪−→ H2(G,M),

induces a topological isomorphism

Ĥ i(G,Hom(A,M))
∼−→ Ĥ2−i(G,A)∨,

where the topology on each side is defined in the following way:

(•) if i > 0, the groups Ĥ i(G,A) are equipped with the discrete topology,

(•) if i ≤ 0, the groups Ĥ i(G,A) = lim←−U Ĥ
i(G/U,AU) are equipped with the profinite

topology,

(•) if i > 0, the groups Ĥ i(G,Hom(A,M)) are equipped with the discrete topology,

(•) if i ≤ 0, the groups Ĥ i(G,Hom(A,M)) = lim←−U Ĥ
i(G/U,Hom(A,M)U) are equipped

with the profinite topology.

Here (·)∨ denote the Pontryagin dual, i.e. Hom(−,Q/Z) equipped with the compact-open
topology.

11.1.2 Duality theorem for number fields

Let L/K be a Galois extension of number fields with Galois group G. It can be checked that the
conditions (i), (ii) and (iii) from Section 11.1.1 are satisfied by the G-module CS(L). Hence, we
have the following duality result:

Theorem 11.1. Let L/K be a Galois extension of number fields, which is unramified outside
S. Let G be its Galois group and A be a G-module, which is finitely generated and free as a
Z-module. Then for all i in Z, the cup-product

Ĥ i(G,Hom(A,CS(L)))× Ĥ2−i(G,A)
∪−→ H2(G,CS(L)),

induces a topological isomorphism

Ĥ i(G,Hom(A,CS(L)))
∼−→ Ĥ2−i(G,A)∨,
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11.2 Passage from global to local

Let K be a number field and S be a set (possibly infinite) of places of K.

If v is a place of K, we write Gv for the Galois group Gal(Kv/Kv). If A is a Gv-module, we
say that A is unramified if AIv = A, where Iv := Gal(Kv/K

unr
v ). If A is a GS-module which

is finitely generated as a Z-module then there exists a finite extension KS/K
′/K such that A is

fixed by Gal(KS/K ′). In particular, A is an unramified Gv-module for all primes v which are
unramified in K ′/K. Hence, A is unramified at v for almost all primes v of K.

We denote by ModS(GS) the category of discrete GS-modules A which are finitely generated
as Z-modules and whose torsion has order in N(S).

11.2.1 Case of finite modules

If A is in ModS(GS) and A finite then we define its dual GS-module A′ by

A′ := Hom(A,UKS
(S)) = Hom(A, µ(KS)) ∈ ModS(GS).

Let us write n the order of A. Note that since n in N(S) by assumption, the field KS contains all
the n-th roots of 1 in K (since for v not in S, the extension Kv(µn)/Kv is unramified) and we
see that A′ is finite of order n. We also have (A′)′ = A.

If A is in ModS(GS), we set

H i(Kv, A) :=

{
H i(Gv, A) if v is non-archimedean,
Ĥ i(Gv, A) if v is archimedean.

If v is non-archimedean and A unramified at v, we define the unramified cohomology groups as

H i
unr(Kv, A) := Im

(
H i(Gv/Iv, A)→ H i(Gv, A)

)
.

If A is finite and unramified at v non-archimedean, then,

H0
unr(Kv, A) ≃ H0(Kv, A)

H1
unr(Kv, A) ≃ H1(Gal(kv/kv), A)

H2
unr(Kv, A) = 0

H i
unr(Kv, A) = H i(Kv, A) = 0 for all i ≥ 3.

Since in general A is unramified at almost all v, we can define the restricted product:

P i(GS, A) :=
∏
v∈S

(
H i(Kv, A), H

i
unr(Kv, A)

)
,
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where the cohomology groups are given the discrete topology (recall that when A is finite, the
groups H i(Kv, A) are finite). In particular, we obtain:

P 0(GS, A) =
∏

v∈S\S∞

H0(Kv, A)×
∏
v∈S∞

Ĥ0(Kv, A) is compact,

P 1(GS, A) =
∏
v∈S

(
H1(Kv, A), H

1
unr(Kv, A)

)
is locally compact,

P 2(GS, A) =
⊕
v∈S

H2(Kv, A) is discrete,

P i(GS, A) =
⊕
v∈S∞

H i(Kv, A) is finite for all i ≥ 3.

For A in ModS(GS) finite and v non-archimedean, we know from local duality theorem that for
0 ≤ i ≤ 2, the cup-product

H i(Kv, A)×H2−i(Kv, A
′)

∪−→ Br(Kv)
invv−−→ Q/Z

induces isomorphisms
Θi
v : H

i(Kv, A)→ H2−i(Kv, A
′)∨

We have:

Proposition 11.2. Let A be in ModS(GS) and assume that it is finite. Then for 0 ≤ i ≤ 2, the
maps Θi

v induce an isomorphism

Θi : P i(GS, A)
∼−→ P 2−i(GS, A

′)∨.

Proof. We use the following result about restricted products:

Proposition 11.3. Let (Xi)i∈I be a family of locally compact topological spaces and let (Ui)i∈I
be a family of open subsets Ui ⊂ Xi such that all but finitely many Ui are compact. Then there is
a topological isomorphism: (∏

i∈I

(Xi, Ui)
)∨ ≃∏

i∈I

(X∨
i , (Xi/Ui)

∨).

Proof. Exercise.

In our case we know from local theory that H2−i(Kv, A
′)∨ ≃ H i(Kv, A). Moreover, if A is

an unramified Gv-module which is finitely generated as a Z-module and assume that the order
of the torsion subgroup of A is prime to the characteristic of the residue field of Kv, then the
groups H2−i

unr (Kv, A
′) and H i

unr(Kv, A) annihilate each other in this pairing and this induces a
topological isomorphism

H i
unr(Kv, A) ≃

(
H2−i(Kv, A

′)/H2−i
unr (Kv, A

′)
)∨ ⊂ H2−i(Kv, A

′)∨.
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Hence we deduce from Proposition 11.3 a topological isomorphism:∏
v∈S

(
H i(Kv, A), H

i
unr(Kv, A)

)
=

(∏
v∈S

(
H2−i(Kv, A

′), H2−i
unr (Kv, A

′)
))∨

.

11.2.2 Case of infinite modules

This subsection will not be used in the following of the notes. It can be ignored.

If A is not finite the GS-dual A′ := Hom(A,UKS
(S)) is still defined but it is not in ModS(GS)

anymore and we do not have the identification (A′)′ = A. Instead for any place v of K, we set:

H i(Kv, A
′) := H i(Kv,Hom(A,K

×
v )).

Note that when A is finite, this corresponds to the previous definition. As Gv-modules, we have
an injective map A′ ↪→ Hom(A,K

×
v ), so we obtain a map

H i(GS, A
′)→ H i(Kv, A

′).

If A is unramified at a place v, we define

H i
unr(Kv, A

′) := H i
unr(Kv,Hom(A,O×

Kunr
v

)).

As before, we define the restricted products:

P i(GS, A) :=
∏
v∈S

(
H i(Kv, A), H

i
unr(Kv, A)

)
and P i(GS, A

′) :=
∏
v∈S

(
H i(Kv, A

′), H i
unr(Kv, A

′)
)

where the cohomology groups are all equipped with the discrete topology except forH0(Kv, A
′),

which is endowed with the topology induced by the compact-open topology on Hom(A,K
×
v ).

In particular, H0(Kv, A
′) is locally compact and H0

unr(Kv, A
′) is compact when A is unramified.

Hence, when A and S are infinite, in general only the following groups are locally compact:

(•) the group P 1(GS, A), since H1(Kv, A) is finite,

(•) the group P 0(GS, A
′), since H0

unr(Kv, A
′) is compact and H0(Kv, A

′) is locally compact,

(•) the group P 1(GS, A
′), since H1(Kv, A

′) is finite.

Remark 11.4. If A is free as a Z-module and unramified at v, then

H1
unr(Kv, A) = H1(Kv, A) and H i

unr(Kv, A
′) = 0 for i ≥ 1.

We obtain that P 1(GS, A) is a product of finite groups so it is compact and for i ≥ 1, the groups
P i(GS, A

′) are a direct sum of discrete groups so they are discrete.
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Let A be a module in ModS(GS). In degree i = 1, we have an isomorphism of finite groups:

H1(Kv, A
′)

∼−→ H1(Kv, A)
∨.

In degree i = 0, we have an injective map

H0(Kv, A
′) ↪→ H2(Kv, A)

∨,

which has dense image, the group of the left is locally compact and the one on the right is
compact.

Passing to the dual, we obtain an isomorphism of finite groups:

Θ1
v : H

1(Kv, A)
∼−→ H1(Kv, A

′)∨,

and an injective map:
Θ2
v : H

2(Kv, A) ↪→ H0(Kv, A
′)∨,

which has dense image, the group of the left is discrete and the one on the right is locally compact.

We have:

Proposition 11.5. Let A be in ModS(GS). For i in {1, 2}, the map Θi
v induces a continuous

morphism:
Θi : P i(GS, A)→ P 2−i(GS, A

′)∨.

Moreover,

(1) the map Θ1 is an isomorphism of locally compact groups,

(2) the map Θ2 is injective with dense image.

Proof. This follows from the following result for local fields: if A is an unramified Gv-
module which is finitely generated as a Z-module and assume that the order of the torsion
subgroup of A is prime to the characteristic of the residue field of Kv, then the groups
H i

unr(Kv,Hom(A,OKunr
v

)) and H2−i
unr (Kv, A) annihilate each other in the pairing inducing the

maps Θi
v and we obtain a map

H i
unr(Kv, A)→

(
H2−i(Kv, A

′)/H2−i
unr (Kv, A

′)
)∨

which is an isomorphism for i = 1. Moreover as before we have(∏
v∈S

(
H2−i(Kv, A

′), H2−i
unr (Kv, A

′)
))∨

=
∏
v∈S

(
H2−i(Kv, A

′)∨,
(
H2−i(Kv, A

′)/H2−i
unr (Kv, A

′)
)∨)

.
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11.3 Digression: Ext-groups

In the next subsection, we will prove Poitou-Tate duality and to do so, we need some results
about Ext-groups. In this subsection G is a profinite group. All the G-modules are assumed to
be discrete nut not necessarily finitely generated.

11.3.1 Extensions of G-modules

If M and N are G-modules, we define ExtiG(M,N) as the the set of homotopy classes of mor-
phisms M• → N• of degree i, where M• is any resolution of M by G-modules and N• is any
resolution of N by injective G-modules.

Hence we see that ExtiG(M,−) is the i-th right derived functor of the functor
N 7→ HomG(M,N) from the categroy of discrete G-modules ModG to the category of abelian
groups. In other words, for N a G-module and N• a resolution of N by injective G-modules, we
have

ExtiG(M,N) = H i(HomG(M,N•)).

For M = Z, we recover the group cohomology:

ExtiG(Z, N) = H i(G,N).

There is a canonical product

ExtiG(N,P )× ExtiG(M,N)→ ExtiG(M,P )

sending a pair (f, g) of extensions to f ·g defined in the following way: letN• and P • be injective
resolutions of N and M respectively and choose f : N• → P • and g :M → N• representatives
of f and g respectively, then f · g is defined as the class represented by f ◦ g. In degree zero, we
recover the usual composition (f, g) 7→ f ◦ g:

HomG(N,P )× HomG(M,N)→ HomG(M,P ).

When M = Z, we obtain a pairing

(11.3.1) ExtiG(N,P )×Hj(G,N)→ H i+j(G,P ).

11.3.2 Spectral sequence

Let M and N be G-modules. In general, the module Hom(M,N) is not discrete for the action
given by

(g · φ)(x) = g · φ(g−1 · x) for g ∈ G,φ ∈ Hom(M,N), x ∈M.
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Let H be a closed normal subgroup of G. Consider the discrete G/H-module:

HomH(M,N) =
⋃

H⊂U⊂G open

Hom(M,N)U

= {φ ∈ Hom(M,N) | ∃U s.t. g · φ = φ for all g ∈ U}.

We define ExtiH(M,−) the i-th right derived functor of N 7→ HomH(M,N) from ModG to
ModG/H . If H is trivial we drop the H from the notation. If M is finitely generated, note that
we have

ExtiH(M,N) = ExtiH(M,N).

Theorem 11.6. Let H be a closed normal subgroup of G and let N and P be G-modules. Let
M be a G/H-module such that TorZi (M,N) = 0 for i ≥ 1. Then there is a spectral sequence:

ExtiG/H(M,ExtjH(N,P ))⇒ Exti+jG (M ⊗Z N,P ).

In fact, as we will see in the proof below, TorZi (M,N) = 0 is always zero for i ≥ 2, so it
suffices to assume that TorZ1 (M,N) = 0.

To prove the theorem, we first prove the following three lemmas.

Lemma 11.7. Let H be a closed normal subgroup of G and let N and P be G-modules. Let M
be a G/H-module. Then there is a canonical isomorphism:

HomG/H(M,HomH(N,P ))
∼−→ HomG(M ⊗Z N,P ).

Proof. We can check that the map which sends a morphism φ in HomG/H(M,Hom(N,P )) to
x⊗ y 7→ φ(x)(y) in Hom(M ⊗Z N,P ) induces an isomorphism:

(11.3.2) HomG/H(M,Hom(N,P ))
∼−→ Hom(M ⊗Z N,P )

(its inverse is obtained by sending a morphism ψ from Hom(M ⊗Z N,P ) to the morphism
x 7→ (y 7→ ψ(x⊗ y))). We then take the G-invariants. We have(

HomG/H(M,Hom(N,P ))
)G

= HomG(M,Hom(N,P ))

= HomG(M,HomH(N,P ))

= HomG(M,HomH(N,P )),

where in the second equality we use the fact that M is a G/H-module and for the third one, we
use the fact that M is a discrete G/H-module.

Taking the G-invariants on the right of (11.3.2) gives HomG(M ⊗Z N,P ), hence the lemma.
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Lemma 11.8. If I is an injectiveG-module andN is a torsion-freeG-module, then HomH(N, I)
is an injective G/H-module.

Proof. To prove that HomH(N, I) is injective, it suffices to prove that the functor

HomG/H(−,HomH(N,P )) : ModG/H → Ab

is exact. But Lemma 11.7 tells us that it is the composite of the functors−⊗ZN and HomG(−, I)
which are exact (since N is torsion-free and I is injective).

Lemma 11.9. Let N and I be G-modules with I injective and let M be a G/H-module. Then
there is a canonical isomorphism

ExtiG/H(M,HomH(N, I))
∼−→ HomG(Tor

Z
i (M,N), I).

Proof. Choosing a set of generators forN as Z[G]-modules gives us a resolution ofN by torsion-
free G-modules:

0→ N1 → N0 → N → 0.

We can use this resolution to compute TorZi (M,N) and it follows that TorZi (M,N) is zero for
i ≥ 2 and the first terms fit into an exact sequence:

0→ TorZ1 (M,N)→M ⊗Z N1 →M ⊗Z N0 → TorZ0 (M,N) =M ⊗Z N → 0.

For each open subgroup U of G containing H , we have a short exact sequence

0→ HomU(N, I)→ HomU(N0, I)→ HomU(N1, I)→ 0

(we have used that I is injective as a G-module, so also as a U -module) and taking the limit, we
obtain an injective resolution of HomH(N, I) (it is injective by the previous lemma since N0 and
N1 are torsion-free):

0→ HomH(N, I)→ HomH(N0, I)→ HomH(N1, I)→ 0

We use this resolution to compute ExtiG/H(M,HomH(N, I)). Consider the diagram

(11.3.3) HomG/H(M,HomH(N0, I))
α //

∼
��

HomG/H(M,HomH(N1, I))

∼
��

HomG(M ⊗Z N0, I)
β

// HomG(M ⊗Z N1, I)

where the vertical maps are isomorphisms by Lemma 11.7. We have

Ker(α) = Ext0G/H(M,HomH(N, I))

Ker(β) = HomG(Tor
Z
0 (M,N), I)

CoKer(α) = Ext1G/H(M,HomH(N, I))

CoKer(β) = HomG(Tor
Z
1 (M,N), I).

and since the vertical maps in (11.3.3) are isomorphisms, we obtain the isomorphisms from the
statement of the lemma.
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We can now prove the theorem.

Proof of Theorem 11.6. From Lemma 11.7, we see that HomG(M ⊗Z N,−) can be written as
the composite of the functors HomH(N,−) and HomG/H(M,−). Lemma 11.9 shows that the
first of these functors maps injective objects to objects that are acyclic for the second functor
(since we have assumed TorZi (M,N) = 0 for i ≥ 1). Then the spectral sequence of the theorem
is the Grothendieck spectral sequence for this composite.

We derive from the theorem the following consequences.

(•) When M = N = Z, the spectral sequence corresponds to the Hochschild-Serre spectral
sequence

H i(G/H,Hj(H,P ))⇒ H i+j(G,P ).

(•) If M = Z and H = {1}, the spectral sequence becomes

(11.3.4) H i(G,Extj(N,P ))⇒ Exti+jG (N,P ).

In particular, we see that when Extj(N,P ) = 0 for j ≥ 1

(11.3.5) H i(G,Hom(N,P )) = ExtiG(N,P ).

(•) When N = Z, the spectral sequence becomes

(11.3.6) ExtiG/H(M,Hj(H,P ))⇒ Exti+jG (M,P ).

When i = 0, the map Ext0G/H(M,PH) → Ext0G(M,P ) is obviously an isomor-
phism. If moreover we assume that H1(H,P ) = 0, we obtain an isomorphism
Ext1G/H(M,PH) → Ext1G(M,P ). More generally, if H i(H,P ) = 0 for all i > 0, we have
an isomorphism

(11.3.7) ExtiG/H(M,PH)→ ExtiG(M,P ),

for all i > 0.

11.3.3 Shapiro’s lemma

We will also use the following generalization of Shapiro’s lemma:

Proposition 11.10. Let G be a group and H be a subgroup of G. Let M be a G-module and N
a H-module. Then for all i ≥ 0,

ExtiG(M, IndGH(N)) ≃ ExtiH(M,N).

Similarly,
ExtiH(N,M) ≃ ExtiG(Ind

G
H(N),M).

Proof. Exercise.
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11.4 Poitou-Tate duality

Let us go back to P i(GS, A). To simplify the proofs, in the following, we will assume that A is
finite.

Let us first prove the following factorization:

Proposition 11.11. Let A be in ModS(GS). Assume that A is finite. Then for any i ≥ 0, the
restriction morphism

Resi : H i(GS, A)→
∏
v∈S

H i(Kv, A)

factors through P i(GS, A).

Proof. We need to show that if x is a class in H i(GS, A) then for almost all places v of S, the
image xv := Resv(x) by the restriction map Resv : H i(GS, A) → H i(Kv, A) is contained in
H i

unr(Kv, A). Since the inflation maps induce an isomorphism

colimKS/L/KH
i(Gal(L/K), AGal(KS/L))

∼−→ H i(GS, A),

there exists a subextention Lx/K of KS/K and y in H i(Gal(Lx/K), AGal(KS/Lx)) such that
x = Inf(y).

Since A is finitely generated over Z, there exists LA a finite Galois subextension of KS/K
such that A is fixed by Gal(KS/LA). In particular, A is fixed by Gal(KS/Lx ·LA). Assume that
v is a place of S such that v is unramified in the composite Lx · LA/K. We obtain that Resv(x)
is the image by

Inf : H i(Gal(Kunr
v /Kv), A)→ H i(Gal(Kv/Kv), A)

of the element ỹv, which is the image of yv := Resv(y) via the map

H i(Gal((Lx · LA)v/Kv), A)→ H i(Gal(Kunr
v /Kv), A).

Hence xv is in H i
unr(Kv, A), as wanted.

Hence if M is A or A′, we thus obtain localization maps

λi : H i(GS,M)→ P i(GS,M).

We define
Xi(GS,M) := Ker(λi).

Example 11.12. We have the following result:
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Lemma 11.13. If n is in N(S), then there are natural isomorphisms

X1(GS,Z/nZ) ≃ Hom(CK,S,Z/nZ)

X1(GS,Z
′) ≃ CK,S,

where as before CK,S is the ideal class group of the ring OK,S and Z′ is the S-dual of Z.

Note that in the above, we are assuming that we have prove Proposition 11.11 in the infinite
case as well and that X1(GS,Z

′) is well-defined.

Proof. First note that we have the following:

Claim 11.14. Let K0 be the abelian maximal extension of K inside KS in which all primes of S
split completely. Then the Artin map induces an isomorphism between CK,S and Gal(K0/K).

Proof of the claim. Let us recall that the Artin map gives an isomorphism between the ideal
class group CK ofK and the Galois group of the Hilbert class field E ofK which is the maximal
abelian unramified extension of K. Recall also that CK,S is the quotient of CK by the subgroup
generated by all the primes of S, which we will denote by JK,S . Hence, to prove the claim,
it suffices to show that the image of JK,S by the Artin map is exactly the group Gal(E/K0).
But if L/K is a finite abelian subextension of E, then the Artin map sends exactly JK,S to the
group D(L/K) generated by all the decomposition subgroups D(p, L/K) for p in S. Since
Gal(E/K0) ≃ lim←−K0/L/K

D(L/K), the result follows.

Let us go back to the proof of the lemma. For the first point, by definition, we have

X1(GS,Z/nZ) = Ker(H1(GS,Z/nZ)→
∏
v∈S

H1(Kv,Z/nZ)),

in other words it is the intersection (for v in S) of the kernels of the restriction maps:

H1(GS,Z/nZ)→ H1(Kv,Z/nZ).

By the restriction-inflation exact sequence, we know that each of this kernel is equal to
H1(GS/Gv,Z/nZ) ≃ Hom(GS/Gv,Z/nZ). Hence, taking the intersection, we obtain

X1(GS,Z/nZ) ≃ Hom(Gal(K0/K),Z/nZ) ≃ Hom(CK,S,Z/nZ).

For the second point, we have

H1(Kv,Z
′) = H1(Gv,Hom(Z, K

×
v )) ≃ H1(Gv, K

×
v ) = 0

by Hilbert’s Theorem 90. Hence

X1(GS,Z
′) = H1(GS,Z

′) = H1(GS,Hom(Z, UKS
(S))) ≃ H1(GS, UKS

(S)) ≃ CK,S

by Proposition 10.6.
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In degree 1, the localization map λ1 has the following property:

Lemma 11.15. If A is finite then the inverse image of every compact subspace of P 1(GS, A) by
λ1 : H1(GS, A)→ P 1(GS, A) is finite.

Proof. Choose L/K a finite subextension of KS/K such that Gal(KS/L) acts trivially on A.
Since the inflation maps are continuous, it follows from the commutative diagram:

H1(GS, A)
λ1 //

��

P 1(GS, A)

��

H1(Gal(KS/L), A)
λ1 // P 1(Gal(KS/L), A)

that it suffices to prove the result for the map λ1 : H1(Gal(KS/L), A) → P 1(Gal(KS/L), A).
Hence we can assume that GS acts trivially on A.

Let us then assume that A is a finite module with a trivial GS-action. By definition of the
restricted product, any compact neighborhood of 1 in P 1(GS, A) is of the form

P (T ) =
∏
v∈S\T

H1(Kv, A)×
∏
v∈T

H1
unr(Kv, A),

where T a subset of S such that S \ T is finite (note P (T ) is indeed compact by Tykhonov’s
theorem). So it suffices to show that the inverse image of P (T ) by λ1 is finite. Since we have
assumed that the action of GS is trivial, we can identify the group H1(GS, A) with Hom(GS, A).
If an element f : GS → A in Hom(GS, A) is sent to an element of P (T ) via λ1, this means that
for all v in T , the morphism f is trivial on Iv ⊂ Gv. In other words, the group Iv is contained in
Ker(f), or equivalently the extension KKer(f)

S is unramified at all places v in T . Hence we see
that the extension KKer(f)

S of K is unramified outside a finite number of places. Note also that its
degree [KKer(f)

S : K] = [GS : Ker(f)] divides the order of A. We can then conclude by applying
the following lemma:

Lemma 11.16. Let L be a number field and SL a finite set of places of L. For any fixed integer
r, there is only a finite number of extensions of L of degree r that are unramified outside of SL.

Proof of Lemma (11.16). Exercise.

If A is finite, by duality, we see that the localization maps λi for the module A′ induce maps

µi : P i(GS, A)→ H2−i(GS, A
′)∨, for i ∈ {0, 1, 2}.

We can now state our main result:
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Theorem 11.17 (Poitou-Tate duality). Let A be in ModS(GS). Assume that A is finite. Then,

(1) The groups X1(GS, A) and X2(GS, A
′) are finite and there is a perfect pairing of finite

groups
X1(GS, A)×X2(GS, A

′)→ Q/Z.

(2) The map λ0 is injective, the map µ2 is surjective and for i in {0, 1, 2}, we have

Im(λi) = Ker(µi).

(3) For i ≥ 3, the map

Res : H i(GS, A)
∼−→

⊕
v∈SR

H i(Gv, A)

is an isomorphism.

In other words, there is a canonical exact sequence of locally compact groups (with continuous
morphisms):

0→H0(GS, A)→ P 0(GS, A)→ H2(GS, A
′)∨ →

H1(GS, A)→ P 1(GS, A)→ H1(GS, A
′)∨ →

H2(GS, A)→ P 2(GS, A)→ H0(GS, A
′)∨ → 0.

The exact sequence from the theorem is called Poitou-Tate exact sequence. Note that the
groups in the sequence have the following topological properties:

0→ finite → compact → compact →
discrete → locally compact → compact →
discrete → discrete → finite → 0.

Remark 11.18. In the above, since we have assumed that A is finite, we can replace A by A′ and
we obtain a perfect pairing of finite groups

(11.4.1) X1(GS, A
′)×X2(GS, A)→ Q/Z.

It can be proved (but it is more complicated) that for any A in ModS(GS) we still have a perfect
pairing of finite groups (11.4.1). However, when A is not finite, we cannot exchange A and A′

and it is not necessarily true in general that there is a perfect pairing

X1(GS, A)×X2(GS, A
′)→ Q/Z.
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The idea of the proof of Theorem 11.17 is to apply the functor HomGS
(A′,−) to the exact

sequence:
0→ UKS

(S)→ IKS ,S → CKS ,S → 0,

and to identify the terms ExtGS
(A′,−) of the induced long exact sequence with the terms appear-

ing in the exact sequence from the theorem. Hence, we need to compute the terms ExtiGS
(A′,M)

for M ∈ {UKS
(S), IKS ,S,CKS ,S}. This is done in the following three lemmas.

Lemma 11.19. We have:

(1) For all i ≥ 0, we have an equality

ExtiGS
(A,UKS

(S)) = H i(GS, A
′).

(2) If v is not in S, then

H i(Gal(kv/kv), A
′) = Exti

Gal(kv/kv)
(A,Ounr,×

v )

and they are equal to 0 in degree i ≥ 2.

Proof of Lemma 11.19. The first point is a direct consequence of formula (11.3.5) applied to
the group G = GS and the modules N = A and P = UKS

(S). Note that here we have
Ext1(A,UKS

(S)) = 0 since we have assumed the torsion of A is a unit outside of S and UKS
(S)

is divisible by such integers.

The first statement of the second point is again a consequence of (11.3.5): as before we know
that the torsion of A is a unit outside of S, so in particular it is a unit in Ounr

v if v is not in S so
Ext1(A,Ounr,×

v ) = 0.

Let us now write gv := Gal(kv/kv) and we want to show that the group Extigv(A,O
unr,×
v ) is

zero in degree i ≥ 2. We can use the following claim (the proof is left as an exercise, see Sheet
11):

Claim 11.20. Let G be a profinite group such that given any n, there exists only finitely many
open normal subgroups of G with index n. Let M be Z[G]-module which is finitely generated
as a Z-module. Then M is cohomologically trivial3 if and only if there exists an exact sequence

0→M → I0 → I1 → 0

where I0 and I1 are injective Z[G]-modules.

Since we know from local theory that Ounr,×
v is cohomologically trivial, it follows that we can

write
0→ Ounr,×

v → I0 → I1 → 0

with I0 and I1 injective Z[gv]-modules. We obtain Extigv(A,O
unr,×
v ) = 0 for i ≥ 2, as wanted.

3i.e. the higher cohomology groups vanish for every closed subgroup.
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We also have:

Lemma 11.21. Let A be in ModS(GS). Assume that A is finite. Then,

HomGS
(A, IKS ,S) =

∏
v∈S

H0(GS, A
′),

ExtiGS
(A, IKS ,S) = P i(GS, A

′) for i ≥ 1.

Proof of Lemma 11.21. We consider finite subsets T of S such that T contains all archimedean
places of K and all the non-archimedean places at which A is ramified, T is such that the order
of A is a T -unit (i.e. it is a unit at all the places not in T ). For such a set and L/K finite, we set

IL/K,T⊂S :=
∏

w dividing elements of T

L×
w ×

∏
w dividing elements of S\T

Uw.

Hence we can write
IL/K,S = lim−→

T⊂S
IL/K,T⊂S,

where the colimit runs over the subsets T as above and L/K is a subextension of KT/K (where
KT is the maximal extension of K unramified outside T ). Since A is finitely generated the
functor HomGS

(A,−) commutes with the colimit. We obtain:

ExtiGS
(A, IKS ,S) = lim−→

L,T

ExtiGal(L/K)(A, IL/K,T⊂S).

We need to compute the terms on the right. Fix L/K a finite Galois subextension of KS/K.
Since the functor HomGal(L/K)(A,−) commutes with the product (and using Proposition 11.10)
we have

ExtiGal(L/K)(A, IL/K,T⊂S) =
(∏
v∈T

ExtiGal(Lw(v)/Kv)(A,L
×
w(v))

)
×
( ∏
v∈S\T

ExtiGal(Lw(v)/Kv)(A,Uw(v))
)
,

where for each place v of K we have fixed w(v) a place of L that divides v. If v is in S \ T
and w divides v, then Lw is unramified and since Ounr,×

v has no cohomology in higher degrees,
it follows from (11.3.7), that we have an equality

ExtiGal(Lw/Kv)(A,Uw) = Extigv(A,O
unr,×
v ).

Using Lemma 11.19, we obtain

(11.4.2) ExtiGal(L/K)(A, IL/K,T⊂S) =
(∏
v∈T

ExtiGal(Lw(v)/Kv)(A,L
×
w(v))

)
×
( ∏
v∈S\T

H i(gv, A
′)
)
.

Assume now that i is in {0, 1}. In that case, since we know that H1(Gal(Lw(v)/Lw(v)), L
×
w(v))

is trivial, (11.3.7) gives an equality:

ExtiGal(Lw(v)/Kv)(A,L
×
w(v)) = Exti

Gal(Kv/Kv)
(A,K

×
v ).
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Moreover, since K
×
v is divisible, we also have Ext1(A,K

×
v ) = 0 and (11.3.5) gives

Exti
Gal(Kv/Kv)

(A,K
×
v ) = H i(Gal(Kv/Kv), A

′).

So we can take the limit of the equations (11.4.2) and if i = 0, we obtain (recall that when a
module M is unramified at v, we have H0(gv,M) = H0(Gv,M) since the inertia subgroup acts
trivially):

Ext0GS
(A, IKS ,S) =

∏
v∈S

H0(Gv, A
′)

and if i = 1,
Ext1GS

(A, IKS ,S) = P 1(GS, A),

as wanted.

Assume that i ≥ 2. We know from Lemma 11.19 that the terms on the right in the equa-
tion (11.4.2) are all zero, so we can write

ExtiGS
(A, IKS ,S) = lim−→

T,KT /L/K

(∏
v∈T

ExtiGal(Lw(v)/Kv)(A,L
×
w(v))

)
= lim−→

KS/L/K

(⊕
v∈S

ExtiGal(Lw(v)/Kv)(A,L
×
w(v))

)
=

⊕
v∈S

(
lim−→

KS/L/K

ExtiGal(Lw(v)/Kv)(A,L
×
w(v))

)
.

Claim 11.22. We have an isomorphism

lim−→
KS/L/K

ExtiGal(Lw(v)/Kv)(A,L
×
w(v)) ≃ Exti

Gal(Kv/Kv)
(A,K

×
v ).

Proof of Claim 11.22. Since A is finite with order in N(S), the groups appearing in the claim are
torsion with torsion in N(S), hence is suffices to prove that we have an isomorphism between the
p-torsion part

lim−→
KS/L/K

ExtiGal(Lw(v)/Kv)(A,L
×
w(v))(p) ≃ Exti

Gal(Kv/Kv)
(A,K

×
v )(p),

for any p in N(S).

We use the spectral sequence (11.3.6). In our case, when KS/L/K is fixed, it becomes:

ExtiGal(Lw(v)/Kv)(A,H
j(Gal(Kv/Lw(v)), K

×
v ))⇒ Exti+j

Gal(Kv/Kv)
(A,K

×
v ).

Taking the colimit, we have
(11.4.3)

Ei,j
2 = lim−→

KS/L/K

ExtiGal(Lw(v)/Kv)(A,H
j(Gal(Kv/Lw(v)), K

×
v ))⇒ Exti+j

Gal(Kv/Kv)
(A,K

×
v ).
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We also have4

lim−→
KS/L/K

ExtiGal(Lw(v)/Kv)
(A,Hj(Gal(Kv/Lw(v)),K

×
v )) = Extilim←−L

Gal(Lw(v)/Kv)
(A, lim−→

L

Hj(Gal(Kv/Lw(v)),K
×
v )).

From local theory, we know that

Hj(Gal(Kv/Lw(v)), K
×
v ) =


L×
w(v) if j = 0

0 if j = 1

Q/Z if j = 2

0 if j ≥ 3.

We claim that for p in N(S)

lim−→
KS/L/K

H2(Gal(Kv/Lw(v)), K
×
v )(p) = 0.

Indeed, the transition maps in the colimit are given by

[Lw,2 : Lw,1] · Res : H2(Gal(Kv/Lw,1), K
×
v )→ H2(Gal(Kv/Lw,2), K

×
v ), for KS/L2/L1.

But when p is in N(S), the extension K(µp∞)/K is contained in KS/K so for any Lw,1 we can
find Lw,2/Lw,1 such that p divides [Lw,2 : Lw,1]. It follows that the p-torsion part of the colimit is
zero, as wanted.

We have then showed that in the spectral sequence (11.4.3), all the rows (Ei,j
2 )i are zero except

for j = 0 where we have Ei,0
2 = lim−→KS/L/K

ExtiGal(Lw(v)/Kv)(A,L
×
w(v)). We thus obtained the

isomorphism from the claim.

Since we also have that Exti
Gal(Kv/Kv)

(A,K
×
v ) = H i(Gv, A

′) (apply again (11.3.5)), we obtain

ExtiGS
(A, IKS ,S) =

⊕
v∈S

H i(Gv, A
′) = P i(GS, A

′),

as wanted.
4This follows from (11.3.4): since Exti(N,P ) is always zero when i ≥ 2, if we assume that the modules are

finitely generated then the spectral sequence (11.3.4) will induce a long exact sequence:

0→ H1(G,Hom(N,P ))→ Ext1G(N,P )→ H0(G,Ext1(N,P ))→ H2(G,Hom(N,P ))→ · · ·

So if we assume that G and P can be written compatively as G = lim←−i
Gi and P = lim−→i

Pi (with Pi a Gi-
module) such that the action of G on N factors through each Gi then

ExtjG(N,P ) = lim−→
i

ExtjGi
(N,Pi).
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Lemma 11.23. Let A be a finite GS-module such that its order is an S-unit. Then, for all i ≥ 1,
there is an isomorphism

ExtiGS
(A,CKS ,S) ≃ H2−i(GS, A)

∨.

Proof. The proof will be done in the next subsection.

We can now go back to the proof of Theorem 11.17.

Proof of Theorem 11.17. The fact that X1(GS, A) is finite follows immediately from
Lemma 11.15, since it is defined as the inverse image of {0}. Consider the short exact sequence:

0→ UKS
(S)→ IKS ,S → CKS ,S → 0,

and apply the functor HomGS
(A′,−). This gives a long exact sequence:

· · · → Exti−1
GS

(A′,CKS ,S)→ ExtiGS
(A′, UKS

(S))→ ExtiGS
(A′, IKS ,S)→ ExtiGS

(A′,CKS ,S)→ Exti+1
GS

(A′, UKS
(S))→ · · ·

Using Lemmas 11.19, 11.21 and 11.23 to identify the terms, we obtain an exact sequence:

0→ H0(GS, A)→
∏
v∈S

H0(Kv, A)→ HomGS
(A′,CKS ,S)

→ H1(GS, A)→ P 1(GS, A)→ H1(GS, A
′)∨

→ H2(GS, A)→ P 2(GS, A)→ H0(GS, A
′)∨

→ H3(GS, A)→
⊕
v real

H3(Gv, A)→ 0,

and if i ≥ 4, isomorphisms:

H i(GS, A)
∼−→

⊕
v real

H3(Gv, A).

In particular, this proves point (3) of the theorem. Let us prove that the map

P 2(GS, A)→ H0(GS, A
′)∨

is surjective. This is the dual of the map

H0(GS, A
′)→ P 0(GS, A

′) =
∏

v∈S\S∞

H0(Gv, A
′)×

∏
v∈S∞

Ĥ0(Gv, A
′),

which is injective (here we need to assume that S contains at least one finite place). In summary,
we have obtained the following exact sequence:

0→ H0(GS, A)→
∏
v∈S

H0(Kv, A)→ HomGS
(A′,CKS ,S)

→ H1(GS, A)→ P 1(GS, A)→ H1(GS, A
′)∨

→ H2(GS, A)→ P 2(GS, A)→ H0(GS, A
′)∨ → 0.
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To conclude, we have to show that there is an exat sequence:

0→ H0(GS, A)→ P 0(GS, A)→ H2(GS, A
′)∨ → H1(GS, A)→ P 1(GS, A).

But we can do the same reasoning as above replacing A′ by A and taking the dual and this gives
an exact sequence:

0→ H0(GS, A)→ P 0(GS, A)→ H2(GS, A
′)∨

→ H1(GS, A)→ P 1(GS, A)→ H1(GS, A
′)∨

→ . . .

The first five terms give the desired sequence. In summary we have obtained a nine terms exact
sequence:

0→H0(GS, A)
λ0−→ P 0(GS, A)

µ0−→ H2(GS, A
′)∨

δ−→(11.4.4)

H1(GS, A)
λ1−→ P 1(GS, A)

µ1−→ H1(GS, A
′)∨ →

H2(GS, A)
λ2−→ P 2(GS, A)

µ2−→ H0(GS, A
′)∨ → 0,

and we have proved point (2) of the theorem. It remains to check that there is a perfect pairing:

X1(GS, A)×X2(GS, A
′)→ Q/Z.

and that X2(GS, A
′) is a finite group. The latter will follow from the perfect pairing. We have:

X1(GS, A) = Ker(λ1 : H1(GS, A)→ P 1(GS, A)),

X2(GS, A
′)∨ =

(
Ker(λ2 : H2(GS, A

′)→ P 2(GS, A
′))
)∨

≃ CoKer(µ0 : P 0(GS, A)→ H2(GS, A
′)∨).

But from (11.4.4), we also have

Ker(λ1) = Im(δ)

CoKer(µ0) = CoIm(δ).

And the duality is induced by the ismorphism:

δ : CoIm(δ)
∼−→ Im(δ).
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11.5 Proof of Lemma 11.23

In this section we proof the following result:

Theorem 11.24. Let A be a finite GS-module such that its order is an S-unit. Then, for all i ≥ 1
and for any prime number p, there is an isomorphism

αi(A) : ExtiGS
(A,CKS ,S) ≃ H2−i(GS, A)

∨.

We will need the following generalization of Tate’s theorem (Theorem 5.1).

Theorem 11.25 (Tate-Nakayama Theorem). Let G be a finite group and for any prime p, let us
fix Gp a p-Sylow of G. Let M be a G-module. We consider an element u of H2(G,M). Assume
that for all primes p, the following assumptions hold:

(1) We have H1(Gp,M) = 0.

(2) The cohomology group H2(Gp,M) has order mp := |Gp| and is generated by the restric-
tion up of u to H2(Gp,M).

Then for each torsion-free G-module D and each subgroup H of G, the cup-product by
uH = ResH(u) ∈ H2(H,M) induces isomorphisms

− ∪ uH : Ĥ i(H,D)
∼−→ Ĥ i+2(H,M ⊗D), for all i ∈ Z.

As a consequence, we obtain:

Proposition 11.26. Let L/K be a finite Galois subextension of KS/K. For D
any torsion-free Gal(L/K)-module, if we write uL/K the canonical generator of
Ĥ2(Gal(L/K),CS(L)) ≃ 1

[L:K]
Z/Z, then the cup product with uL/K induces an isomorphism:

− ∪ uL/K : Ĥ i(Gal(L/K), D)
∼−→ Ĥ i+2(Gal(L/K),CS(L)⊗D), for all i ∈ Z.

Proof. This follows from Proposition 10.4 and Theorem 11.25 (using the second inequality (The-
orem 6.1) for the computation of the cohomology of CL).

We first prove the following lemma:

Lemma 11.27. Let A be in ModS(GS). Then for i ≥ 4, the group ExtiGS
(A,CKS ,S) is zero. If

moreover A is torsion free then ExtiGS
(A,CKS ,S) is zero for i ≥ 3.

Proof. SinceA is a finitely generated, we can find a resolution by finitely generatedGS-modules:

0→ A1 → A0 → A→ 0
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such that A0 is torsion-free. Hence to prove the lemma, it suffices to show that
ExtiGS

(A,CKS ,S) = 0 for i ≥ 3 and A torsion-free.

Since A is torsion-free, we have that Ext1(A,CKS ,S) = 0 and (11.3.5) gives us

ExtiGS
(A,CKS ,S) ≃ H i(GS,Hom(A,CKS ,S)).

Let us write B := Hom(A,Z). We have an isomorphism between the G-modules B ⊗ CKS ,S

and Hom(A,CKS ,S) given by

φ⊗ c 7→ (a 7→ φ(a)c), for c ∈ CKS ,S, a ∈ A and φ ∈ B.

Since B is finitely generated, there exists an open normal subgroup H ⊂ GS such that BH = B.
Let us write LH the corresponding subextension of KS/K. We have

H i(GS, B ⊗ CKS ,S) = colimH⊂GS s.t. BH=BH
i(Gal(LH/K), B ⊗ (CKS ,S)

H)

= colimHH
i(Gal(LH/K), B ⊗ CS(LH))

≃ colimHH
i−2(Gal(LH/K), B),

where the last equality is given by Proposition 11.26 (we have used that i ≥ 3 to identify Tate’s
cohomology groups with the usual ones).

We claim that this colimit is zero. This is because the inductive maps are given by

[H1 : H2] · Inf : H i−2(GS/H1, B)→ H i−2(GS/H2, B), for H1 ⊂ H2.

For α an element in H i−2(GS/H1, B), we know that α is torsion with torsion in N(S). So there
exists m in N(S) such that m · α = 0. But for any prime p in N(S), the extension K(µp∞)/K is
in KS/K so we can find H2 an open subgroup of H1 such that [H1 : H2] is divisible by m and
the image of α in H i−2(GS/H2, B) is zero. This concludes the proof of the lemma.

If A is a GS-module, using (11.3.1) we obtain a pairing (setting H i(G,A) := 0 if i ≤ 0):

ExtiGS
(A,CKS ,S)×H2−i(GS, A)→ H2(GS,CKS ,S) for all i ≥ 0

and this last group is equal to Q/Z by Proposition 10.5. It follows that we can define morphisms
for all i ≥ 0,

αi(A) : ExtiGS
(A,CKS ,S)→ H2−i(GS, A)

∨.

We have the following duality result:

Theorem 11.28. Let A be in ModS(GS). For i ≥ 2, the map

αi(A) : ExtiGS
(A,CKS ,S)→ H2−i(GS, A)

∨

is an isomorphism. In particular, for i ≥ 3,

ExtiGS
(A,CKS ,S) = 0.

If moreover A is torsion-free, α1(A) is also an isomorphism.
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Proof. From Lemma 11.27, we know the result is true for i ≥ 4. Assume that i ≤ 3.

Step 1: Let us first assume that A has trivial GS-action. Then we can write A as a direct sum
of GS-module isomorphic to Z or Z/nZ for some n and it is enough to prove that αi(Z) and
αi(Z/nZ) are isomorphisms.

Let us first do the case A = Z. For i = 3, the result is contained in Lemma 11.27. Ir remains
to prove the isomorphism for i = 1 and i = 2. For i = 1, both source and target of α1(A) are
zero: indeed we have

Ext1GS
(Z,CKS ,S) = H1(GS,CKS ,S) = 0,

by Proposition 10.5 and H1(GS,Z) = Homcont(GS,Z) = 0 since GS is compact and Z discrete
and torsion-free. When i = 2, the map

α2(A) : Ext2GS
(Z,CKS ,S) = H2(GS,CKS ,S)→ H0(GS,Z)

∨ = Q/Z

coincides with the usual invariant isomorphism H2(GS,CKS ,S) ≃ Q/Z.

Assume now that A = Z/nZ for some integer n. If i = 3, the fact that
Ext3GS

(Z/nZ,CKS ,S) = 0 follows from the exact sequence:

0→ Ext2GS
(Z,CKS ,S)/n→ Ext3GS

(Z/nZ,CKS ,S)→ Ext3GS
(Z,CKS ,S),

since we know that Ext3GS
(Z,CKS ,S) = 0 and Ext2GS

(Z,CKS ,S) ≃ Q/Z is divisible. If i = 2,
using the exact sequence:

Ext1GS
(Z,CKS ,S)→ Ext2GS

(Z/nZ,CKS ,S)→ Ext2GS
(Z,CKS ,S)[n]→ 0

and the fact that Ext1GS
(Z,CKS ,S) = H1(GS,CKS ,S) = 0, we obtain

Ext2GS
(Z/nZ,CKS ,S) = Ext2GS

(Z,CKS ,S)[n] = H2(GS,CKS ,S)[n].

Then we can check that the map

α2(A) : Ext2GS
(Z/nZ,CKS ,S) = H2(GS,CKS ,S)[n]→ H0(GS,Z/nZ)

∨ =
1

n
Z/Z

actually corresponds to the restriction of the usual invariant isomorphism
H2(GS,CKS ,S) ≃ Q/Z to the n-torsion parts.

This concludes the proof of the theorem in the case where the module A has trivial action.

Step 2: If A is a finitely generated GS-module, then we can find H an open normal subgroup
of GS such that AH = A. Consider the exact sequence:

0→ A→ IndGS
H (A)→ A1 → 0

where A1 is the obvious quotient. Shapiro’s lemma for cohomology (Lemma 5.11) tells
us that H i(G, IndGS

H (A)) ≃ H i(H,A) and the one for Ext-groups (Lemma 11.10) that
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ExtiH(A,CKS ,S) = ExtiGS
(IndGS

H (A),CKS ,S). We obtain a commutative diagram with exact
rows:
(11.5.1)
· · · // ExtiGS

(A1,CKS ,S) //

αi
GS

(A1)

��

ExtiH(A,CKS ,S) //

αi
H(A)

��

ExtiGS
(A,CKS ,S) //

αi
GS

(A)

��

Exti+1
GS

(A1,CKS ,S) //

αi+1
GS

(A1)

��

· · ·

· · · // H2−i(GS , A1)
∨ // H2−i(H,A)∨ // H2−i(GS , A)

∨ // H1−i(GS , A1)
∨ // · · ·

Recall that we want to prove that αiGS
(A) is an isomorphism for i ∈ {2, 3} and also i = 1 when

A is torsion-free.

Assume first that i = 3. We need to show that Ext3GS
(A,CKS ,S) is zero. In the first row of

the diagram (11.5.1), we know that the term on the right Ext4GS
(A1,CKS ,S) is zero (we apply

Lemma 11.27 to the module A1). But since the action of H on A is trivial, we also know by Step
1 that the group Ext3H(A,CKS ,S) is zero. Hence Ext3GS

(A,CKS ,S) is zero.

Assume that i = 2. From the previous case (i = 3) applied to the module A1 we know that
α3
GS

(A1) : Ext
3
GS

(A,CKS ,S) → H−1(GS, A1)
∨ is zero (both source and target are zero). Since

the action of H on A is trivial, we also know by Step 1 that the map α2
H(A) is an isomorphism.

Hence it follows from (11.5.1) (for i = 2) that α2
GS

(A) is surjective. Since this is true for
any module, this also proves that α2

GS
(A1) is surjective. We then obtain that α2

GS
(A) is an

isomorphism using the five lemma.

Assume that i = 1 and A is torsion-free. The previous point gives us that α2
GS

(A1) is an
isomorphism and we also know that α1

H(A) and α2
H(A) are isomorphisms from Step 1. It follows

from (11.5.1) (for i = 1) that α1
GS

(A) is surjective. Since this is true for any module which are
torsion-free and since A1 is torsion-free, this also proves that α1

GS
(A1) is surjective. We then

obtain that α1
GS

(A) is an isomorphism using the five lemma.

This concludes the proof of the theorem.

We can now prove Theorem 11.24.

Proof. Let A be in ModS(GS) and assume that A is finite. We want to show that the map

αi(A) : ExtiGS
(A,CKS ,S) ≃ H2−i(GS, A)

∨

is an isomorphism for i ≥ 1. From the previous theorem, we already know that it is the case for
i ≥ 2. So we are left to prove that if A is finite, then α1(A) is an isomorphism. Reasoning as
in the proof of Theorem 11.28, we see that it suffices to show the result for A = Z/pmZ for p a
prime number and m > 0.

We apply ExtGS
(−,CKS ,S) the the exact sequence

0→ Z
pm−→ Z→ Z/pmZ→ 0
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and using the fact that ExtiGS
(Z,CKS ,S) = H i(GS,CKS ,S), we obtain

0→ H0(GS,CKS ,S)/p
m → Ext1GS

(Z/pmZ,CKS ,S)→ H1(GS,CKS ,S)[p
m]→ 0.

But the term on the right is zero and the one on the left is CS(K)/pm by Proposition 10.5. The
target of α1(Z/pmZ) is

H1(GS,Z/p
mZ)∨ = Homcont(GS,Z/p

mZ)∨ = Gab
S /p

m

(this last equality comes from the usual Pontryagin duality: the evaluation map g 7→ (χ 7→ χ(g))
induces an isomorphism:

Gab/pm
∼−→ Homcont(Homcont(GS,

1

m
Z/Z),Q/Z).)

We can check that the map
α1(A) : CS(K)/pm → Gab

S /p
m

corresponds to the reciprocity map of Theorem 10.7 and we will see later that this an isomor-
phism. [In fact this will follow from the fact that the kernel of the Artin map

CS(K)→ Gab
S

is divisible. Note that without taking the quotient by pm, the result is not true anymore, so the
finiteness hypothesis is needed here.]

This concludes the proof of the theorem.

The proof of the Poitou-Tate duality result is now complete.

11.6 Some consequences

We collect here some consequences of Theorem 11.17.

Corollary 11.29. If the set S is finite and A is a finite module in ModS(GS), then the groups
H i(GS, A) are finite for all i.

Proof. If S and A are finite then the groups H i(Gv, A) are all finite so we directly obtain from
point (3) of Theorem 11.17 that H i(GS, A) is finite for i ≥ 3. It also follows that the groups
P i(GS, A) are finite (they are equal to the finite product of the H i(Gv, A)). Then point (2) of
Theorem 11.17 implies that H0(GS, A) is finite. For i ∈ {1, 2}, we have an exact sequence

0→Xi(GS, A)→ H i(GS, A)→ P i(GS, A)

and we see that H i(GS, A) has to be finite.
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Corollary 11.30. Let A be a finite module in ModS(GS). Then for any finite subset T of S such
that S \ T contains at least one finite place, the map

H2(GS, A)→
⊕
v∈T

H2(Gv, A)

is surjective. In particular, it is the case for the map

H2(GS, A)→
⊕
v real

H2(Gv, A).

Proof. Let v0 be a finite place in S \ T . Recall that when A is finite, the group P 2(GS, A) is just
the direct sum

⊕
v∈S H

2(Gv, A). Let us take an element (av)v∈T in
⊕

v∈T H
2(Gv, A) and extend

it arbitrarily to an element a = (av)v∈S in
⊕

v∈S H
2(Gv, A) = P 2(GS, A). We will see that we

can modify the component av0 in such a way that a will be in the image of

λ2 : H2(GS, A)→
⊕
v∈S

H2(Gv, A).

By duality between P 2(GS, A) and P 0(GS, A
′) (Proposition 11.2), we know that a corresponds

to a character χa : P 0(GS, A
′) → Q/Z and we still write χa its restriction to H0(GS, A

′). The
inflation map

H0(GS, A
′)→ H0(Gv0 , A

′)

is injective. So we are in the following situation:

H0(GS, A
′) �
�

//

χa

��

H0(Gv0 , A
′)

χ̃a
ww

Q/Z

and the dotted arrow χ̃a exists since Q/Z is a divisible abelian group (so it is injective as an
abelian group).

We have obtained a character χ̃a of H0(Gv0 , A
′). But by local duality such a character corre-

sponds to an element a′′v0 of H2(Gv0 , A). Consider the element (a′v)v∈S of P 2(GS, A) such that
a′v0 = av0 − a′′v0 and a′v = av for any v ̸= v0. We claim that this element (a′v)v∈S is in the image
of λ2. From the exact sequence (11.4.4), it suffices to prove that (a′v)v∈S is in the kernel of

µ2 : P 2(GS, A)→ H0(GS, A
′)∨.

But the image of a′ by µ2 is by construction a character χa′ : H0(GS, A
′) → Q/Z making the

following diagram commute:

H0(GS, A
′) �
�

//

χa′

��

H0(Gv0 , A
′)

χ̃a′ww

Q/Z,
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where χ̃a′ corresponds to the element a′′v0 − a
′′
v0

= 0. Hence χ̃a′ = 0 and χa′ = 0 as wanted.

Example 11.31. The perfect pairing

X1(GS, A)×X2(GS, A
′)→ Q/Z

can be described explicitly.

Let us denote by Z1(GS, A) and Z2(GS, A
′) the corresponding groups of cocycles. For ele-

ments a in X1(GS, A) and a′ in X2(GS, A
′) we choose representatives α in Z1(GS, A) and α′

in Z2(GS, A
′) and for v in S, we write αv and α′

v their respective restrictions to Gv. By defini-
tion of the X-groups, we have that for any v in S, the projections [αv] and [α′

v] of αv and α′
v in

H1(Gv, A) and H2(Gv, A
′) are zero, so there exist a 0-cochain βv and a 1-cochain β′

v such that

αv = d(βv) and α′
v = d(β′

v).

Moreover, since we have A ⊗ A′ ≃ UKS
(S), the cup-product α ∪ α′ gives us an element in

Z3(GS, UKS
(S)). But from Proposition 10.6, we know that H3(GS, UKS

(S))(p) = 0 for all p in
N(S). Recall that we have assumed that the order of A is in N(S). It follows that α ∪ α′ comes
from a 2-cochain γ with coefficients in UKS

(S):

α ∪ α′ = d(γ).

We have
d(βv ∪ α′

v) = d(βv) ∪ α′
v = αv ∪ α′

v = d(γv)

and similarly
d(αv ∪ β′

v) = d(γv).

On the other hand, we also have

d(βv ∪ β′
v) = d(βv) ∪ β′

v − βv ∪ d(β′
v) = αv ∪ β′

v − βv ∪ α′
v.

Then we see that βv ∪ α′
v − γv and αv ∪ β′

v − γv are cocycles in Z2(Gv, K
×
v ) representing the

same class cv in H2(Gv, K
×
v ).

We define:
⟨a, a′⟩ :=

∑
v∈S

invv(cv).

Proposition 11.32. The pairing ⟨a, a′⟩ described above is independant of the choices and it
coincides with the perfect pairing from Theorem 11.17.

Proof. Exercise.
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12 Complements

In this section we first study the connected component of the idèles class group. We then use the
previous results to completely determine the Gal(K/K)-cohomology of Z.

12.1 The connected component of CK

In this section K is a number field.

Proposition 12.1. Any open subgroup of the idèle class group CK has finite index.

Proof. LetW ⊂ CK be an open subgroup. Then the pre-image ofW by the projection IK → CK

is open and so it contains an open of the form

V =
∏
v

Vv

with Vv ⊂ Uv is an open subgroup such that Vv = Uv for almost all v, if v is real, Vv is R×,+

and if v is complex Vv is C×. Since when v if finite all open subgroups of Uv have finite index
(because in that case Uv is compact), we see that V has finite index in the group

Ũ :=
∏
v finite

Uv ×
∏

v complex

C× ×
∏
v real

R×,+.

Then to prove the proposition, it suffices to show that IK/K×Ũ is finite. But we see that this Ũ
is equal to the open Wm from (4.1.1) where the modulus m is equal to m =

∏
p real place p. Hence

from Proposition 4.11, we know that IK/K×Ũ ≃ Cm for this modulus. Since we have seen that
Cm is finite (Theorem 2.7), this concludes the proof.

(In fact IK/(K×Ũ) corresponds to the narrow class field of K, see Example 2.5(2)).

Let us denote by DK the connected component of the identity in the idèle class group CK .

Proposition 12.2. Let K be a number field. There is an exact sequence:

0→ DK → CK
ψK−−→ Gab

K → 0,

where ψK : CK → Gab
K is induced by the Artin maps

ψL/K : CK → Gal(L/K)

for L/K finite abelian extension of K.
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Proof. By reciprocity law (Theorem 4.17), we know that the Artin map is surjective and that
the kernel of ψL/K is exactly equal to NormL/K(CL). So it suffices to prove that the ker-
nel of the Artin map is equal to the identity component DK . The existence theorem (Theo-
rem 4.18) tells us that any open subgroup of CK of finite index corresponds to a norm group
NormL/K(CL) = ker(ψL/K). So the kernel of ψK is equal to the intersection of all open sub-
groups of finite index of CK , which is the same as all open subgroups by Proposition 12.1. Then
we conclude using the following general lemma (the proof is left as an exercise):

Lemma 12.3. In every locally compact group G, the identity component G0 is the intersection
of all open subgroups of G.

Recall that there is a continuous surjective morphism of groups

(12.1.1) | · | :

{
CK → (R>0,×)
a 7→ |a| :=

∏
v |av|v.

and we denote by C1
K the kernel of | · |, i.e.

C1
K := {a ∈ CK | |a| = 1}.

We also set D1
K := C1

K ∩DK . Recall also that we have seen in Theorem 4.7 that C1
K is compact.

Moreover, the morphism (12.1.1) admits a continuous section s : R>0 → CK : in fact, for any
infinite prime v of K, the restriction of | · | to the subgroup R>0 of K×

v ⊂ CK is an isomorphism
and we can define s as its inverse. Since R>0 is connected then the image of s is contained in
DK and we have compatible decompositions:

(12.1.2) CK ≃ C1
K ×R>0 and DK ≃ D1

K ×R>0.

Lemma 12.4. Let K be a number field. Then,

(1) We have D1
K =

⋂
L/K NormL/K(C1

L),

(2) For any finite extension L/K, the norm maps

NormL/K : DL → DK ,

NormL/K : D1
L → D1

K ,

are surjective.

Proof. We have already seen that DK =
⋂
L/K NormL/K(CL). Let us write

NormK/K(C) :=
⋂
L/K

NormL/K(CL) and NormK/K(C
1) :=

⋂
L/K

NormL/K(C1
L).
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Using the decomposition (12.1.2) (by construction of the section s), we see that for any L/K
finite Galois,

C1
K/NormL/K(C1

L) ≃ CK/NormL/K(CL).

This implies
NormK/K(C

1) = C1
K ∩ NormK/K(C) = C1

K ∩ DK = D1
K ,

which proves (1).

Let us now prove that the norm maps are surjective on DK and D1
K . Let L/K finite, we want

to show that
NormL/K : D1

L → D1
K

is surjective. Let x in D1
K . Consider the family of sets

{PM := NormM/L(C1
M) ∩ Norm−1

L/K(x)}M/L finite.

For any M/L finite, since C1
M is compact then PM is also compact. It is non-empty (it contains

x). Moreover if PM1 and PM1 are two such sets, they both contain PM1·M2 and hence their
intersection is non empty. It follows that the intersection

⋂
M/L finite PM is non-empty. But if y is

an element of
⋂
M/L finite PM , then it is an element of D1

L =
⋂
M/LNormM/L(C1

M) such that its
image by the norm map is x. Hence NormL/K is surjective on D1

K .

The surjectivity of
NormL/K : DL → DK

follows then from the commutative diagram:

0 // D1
L

//

NormL/K

��

DL
//

NormL/K

��

R>0
//

NormL/K

��

0

0 // D1
K

// DK
//R>0

// 0

using the fact that the norm map NormL/K : R>0 → R>0 is given by x 7→ x[L:K], which is
surjective.

Proposition 12.5. Let K be a number field. Then,

(1) The group DK is equal to the group of all divisible elements of CK .

(2) The group DK is divisible.

Proof. For (1), note that CK/DK is equal to C1
K/D1

K and so it is compact, totally disconnected
and Hausdorff (i.e. it is a profinite group). Let x be a divisible element of CK . Then its image in
the quotient CK/DK is contained in every open subgroup, so it is trivial. In other words, x is in
DK .
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To prove (2), since the group (R>0,×) is divisible, we see from the decomposition (12.1.2)
that it suffices to prove that D1

K is divisible. Let p be a prime number. For L a finite extension of
K that contains a p-th root of unity and S a finite set of places of L, consider the Kummer ex-
tension M := L(UL(S)

1
p ) corresponding to the group UL(S) ·L×p/L×p ≃ UL(S)/UL(S)∩L×p.

Recall that we have seen in the proof of Theoreom 8.7 that for S large enough we have

W (S)L×/L× = NormM/L(CM)

where
W (S) :=

∏
v∈S

K×p
v ×

∏
v/∈S

Uv.

So we obtain
DL ⊂ W (S)L×/L× = (CL)

p · (UL,SL×/L×),

where
UL,S =

∏
v∈S

{1} ×
∏
v/∈S

Uv.

Since the morphism | · | is trivial on (UL,SL
×/L×), it follows that we have the inclusion

D1
L ⊂ W (S)L×/L× = (C1

L)
p · (UL,SL×/L×).

This is true for all set S large enough, hence

D1
L ⊂

⋂
S "large enough"

(C1
L)
p · (UL,SL×/L×) = (C1

L)
p.

By the previous lemma we know that D1
K = NormL/K(D1

L) and we finally obtain

(12.1.3) D1
K ⊂ (NormL/K(C1

L))
p.

Let x be an element of D1
K , we want to show that there exists y in D1

K such that yp = x. Let us
write fp for the map C1

K → C1
K , a 7→ ap. Consider the family of sets

{XL := NormL/K(C1
L) ∩ f−1

p (x)}L/K s.t. ζp∈L

The spaces XL are compact and non-empty by (12.1.3) and any intersection of two of them
contains a third. Hence

⋂
L/K XL is non empty. If y is in

⋂
L/K XL, then by construction, y is an

element of D1
K such that yp = x. This concludes the proof of the proposition.

ForK be a number field and S be a (possibly infinite) set of places ofK, we denote by DS(K)
the identity component of the group CS(K).

Proposition 12.6. Let K be a number field and S be a set of places of K. Then

DS(K) = DKUK,S/UK,S
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and the group DS(K) is divisible. Moreover there is an exact sequence:

0→ DS(K)→ CS(K)
ψS−→ Gab

S → 0,

where ψS : CS(K)→ Gab
K is induced by the Artin maps

ψL/K : CS(K)→ Gal(L/K)

for L/K finite abelian extension of K in KS .

Proof. Recall that the group CS(K) is defined as the quotient CK/UK,S . So the identity compo-
nent DS(K) is equal to the closure of DK via the map CK → CK/UK,S = CS(K). But UK,S is
compact so the projection CK → CS(K) is proper and the image of DK is already closed. We
have showed

DS(K) = DKUK,S/UK,S

as wanted. The fact that DS(K) is divisible follows then from the same statement for DK (Propo-
sition 12.5(2)).

To obtain the exact sequence from the lemma, first note that the image of the subgroup
UK,S ⊂ CK via the Artin map CK → Gab

K is equal to the subgroup of Gab
K fixing the subex-

tensions of KS which are abelian, i.e. the subgroup fixing KS ∩Kab. But this subgroup is also
equal to the kernel of the map

Gab
K → Gab

S .

Hence, if we apply the snake lemma to the commutative diagram with exact rows:

UK,S //

��

Gal(Kab/KS ∩Kab) //

��

0

0 // DK
// CK

// Gal(Kab/K) // 0,

we obtain the desired exact sequence.

12.2 An example: the cohomology of Z

Let us now give an example of a concrete computation of cohomology.

Proposition 12.7. Let K be a number field and let GK be its absolute Galois group. Let r be the
number of real primes of K. Then,

H0(GK ,Z) = Z,

H1(GK ,Z) = 0,

H2(GK ,Z) = Hom(CK/DK ,Q/Z),

H2i(GK ,Z) = (Z/2Z)2r for i ≥ 2,

H2i+1(GK ,Z) = 0 for i ≥ 2.
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Note that this is also true that H3(GK ,Z) is trivial but we will not prove it here.

Proof. The result for i = 0 is obvious. For i = 1, we have

H1(GK ,Z) = Homcont(GK ,Z) = 0

since GK is profinite hence compact and Z is discrete and without torsion. For i = 2, consider
the exact sequence:

0→ Z→ Q→ Q/Z→ 0.

Since H1(GK ,Q) = H2(GK ,Q) = 05, we obtain

H2(GK ,Z) = H1(GK ,Q/Z) = Homcont(GK ,Q/Z) = Homcont(G
ab
K ,Q/Z).

By Proposition 12.2, we can identify Gab
K with CK/DK and we obtain the desired formula for

H2(GK ,Z).

Assume that i ≥ 4. Then we have (using again that Hj(GK ,Q) = Hj(Gv,Q) = 0 for j > 0
and all places v):

H i(GK ,Z) = H i−1(GK ,Q/Z)

= lim−→
n

H i−1(GK ,
1

n
Z/Z)

= lim−→
n

∏
v real

H i−1(Gv,
1

n
Z/Z)

=
∏
v real

lim−→
n

H i−1(Gv,
1

n
Z/Z)

=
∏
v real

H i−1(Gv,Q/Z)

=
∏
v real

H i(Gv,Z),

where the third equality is given by Theorem 11.17. But then since Gal(C/R) is cyclic, the
groups H i(Gv,Z) can be computed by the usual formulas for cyclic groups. We have

H i−1(Gv,Z) =

{
Z/2Z if i is even,
0 if i is odd.

5Recall that if G is a profinite group, then for any G-module V which is a Q-vector space, the cohomology groups
Hi(G,V ) are zero for i > 0. This follows from the fact that the groups Hi(G,M) are torsion for any G-module
M and i > 0.
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12.3 The global Euler-Poincaré characteristic

Let K be a number field and let S be a finite set of places such that S contains all infinite places
of K. As before we write KS for the maximal extension of K unramified outside of S and
GS := Gal(KS/K). Recall that we denote by UK(S) ⊂ K× (respectively UKS

(S) ⊂ K×
S ) the

group of S-units.

12.3.1 Statement of the main theorem

For A a finite GS-module such that its order is an S-unit, we know from Corollary 11.29 that the
groups H i(GS, A) are finite for all i ≥ 0. We define the Euler-Poincaré characteristic of A as

χ(GS, A) =
|H0(GS, A)| · |H2(GS, A)|

|H1(GS, A)|
.

Theorem 12.8. We have:

χ(GS, A) =
∏
v∈S∞

|H0(Gv, A)|
|#A|v

.

Recall that if Kv is a non-archimedean local field and A a finite Gv-module, we also define the
Euler-Poincaré characteristic as the quotient

χ(Gv, A) =
|H0(Gv, A)| · |H2(Gv, A)|

|H1(Gv, A)|
.

Then we have the following result:

(12.3.1) χ(Gv, A) = |#A|v.

When Kv is R or C and Gv = Gal(C/Kv) then we have

(12.3.2)
|H0(Gv, A)| · |H0(Gv, A

′)|
|H1(Gv, A)|

= |#A|v.

In that case we define the Euler-Poincaré characteristic as

χ(Gv, A) =
|Ĥ0(Gv, A)| · |Ĥ2(Gv, A)|

|Ĥ1(Gv, A)|
.

Since the Herbrand quotient of a finite module is equal to 1 (Proposirion 5.2(2)), we obtain

(12.3.3) χ(Gv, A) = |Ĥ0(Gv, A)|.
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12.3.2 Proof of Theorem 12.8

The idea of the proof is similar to the one of the equivalent local result. Recall that we assume
that S and A are finite. We define

φ(A) := χ(GS, A) ·
( ∏
v∈S∞

|H0(Gv, A)|
|#A|v

)−1

and our goal is to show that φ(A) = 1.

Lemma 12.9. We have φ(A) · φ(A′) = 1.

Proof. Recall (see Exercise Sheet 5) that for Mi with 0 ≤ i ≤ r finite groups such that there is
en exact sequence of groups:

0→M0 →M1 → · · · →Mr−1 →Mr → 0

then ∏
0≤i≤r s.t. i even

|Mi| =
∏

0≤i≤r s.t. i odd

|Mi|.

We apply this result to the nine terms exact sequence (11.4.4) and we obtain

χ(GS, A) · χ(GS, A
′) =

|P 0(GS, A)| · |P 2(GS, A)|
|P 1(GS, A)|

.

But S is finite so
|P 0(GS, A)| · |P 2(GS, A)|

|P 1(GS, A)|
=

∏
v∈S

χ(Gv, A).

Formulas (12.3.1) and (12.3.3) then yield

χ(GS, A) · χ(GS, A
′) =

( ∏
v∈S finite

|#A|v
)
·
( ∏
v∈S infinite

|Ĥ0(Gv, A)|
)
.

From the product formula and the fact that |#A|v = 1 when v /∈ S, we also have∏
v∈S finite

|#A|v =
( ∏
v∈S∞

|#A|v
)−1

.

Hence,

χ(GS, A) · χ(GS, A
′) =

∏
v∈S∞

|Ĥ0(Gv, A)|
|#A|v

.

Since A is finite |Ĥ0(Gv, A)| = |Ĥ1(Gv, A)| = |H1(Gv, A)| and formula (12.3.2) finally gives
us

χ(GS, A) · χ(GS, A
′) =

∏
v∈S∞

|H0(Gv, A)| · |H0(Gv, A
′)|

(|#A|v)2
,

as wanted.
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Hence, to prove Theorem 12.8, it suffices to prove the following proposition:

Proposition 12.10. We have φ(A) = φ(A′).

Let us denote by ModfS(GS) the subcategory of ModS(GS) which consists of finite modules.

Lemma 12.11. The map φ : ModfS(GS)→ (Q>0,×) is additive, in the sense that if

0→ A1 → A→ A2 → 0

is a short exact sequence of in ModfS(GS) then,

φ(A) = φ(A1)φ(A2).

Proof. Applying H i(GS,−) to the exact sequence from the lemma and using Theorem 11.17 in
degrees i ≥ 3, we obtain an exact sequence of finite groups:

0→ H0(GS, A1)→ H0(GS, A)→ H0(GS, A2)

→ H1(GS, A1)→ · · · → H2(GS, A2)

→
⊕
v real

H3(Gv, A1)→
⊕
v real

H3(Gv, A)→
⊕
v real

H3(Gv, A2)

→
⊕
v real

H4(Gv, A1)→
⊕
v real

H4(Gv, A)→
⊕
v real

H4(Gv, A2)

→ Ker
(⊕
v real

H5(Gv, A1)→
⊕
v real

H5(Gv, A)
)
→ 0.

But since we are assuming that the modules are finite and Gv is cyclic, we have

|H3(Gv,M)|
|H4(Gv,M)|

= 1 and H5(Gv,M) = H1(Gv,M) for M ∈ {A,A1, A2}

So the above exact sequence gives

χ(GS, A1) · χ(GS, A2) = χ(GS, A) · |C|

where
C := Ker

(⊕
v real

H1(Gv, A1)→
⊕
v real

H1(Gv, A)
)
.

Then the order of C can be computed using the following exact sequence:

0→
⊕
v real

H0(Gv, A1)→
⊕
v real

H0(Gv, A)→
⊕
v real

H0(Gv, A2)→ C → 0.

We have

|C| =
∏
v real

|H0(Gv, A1)| · |H0(Gv, A2)|
|H0(Gv, A)|

.
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Since we also know that |A1| · |A2| = |A|, we obtain

φ(A1) · φ(A2) = φ(A),

as wanted.

Before proving our main result, let us recall a few facts about the Grothendieck group of finite
dimensional Fp[G]-modules, where G is a finite group and p a prime number. We denote by
RFp(G) this group. This is the abelian group generated by isomorphism classes [M ] of Fp[G]-
modules where we impose the following relations: if

0→M1 →M →M2 → 0

is an exact sequence then
[M ] = [M1] + [M2].

Note that since HomFp(−,Fp) is exact, it defines a functor:

(−)∗ : RFp(G)→ RFp(G).

Moreover, there is a morphism θ : RFp(G) → Q>0 sending the class of a module [M ] to the
order of MG.

We can describe generators for this group. More precisely, we have:

Lemma 12.12. Let G be a finite group and for any subgroup H of G consider

IndGH : RFp(H)→ RFp(G)

be the morphism taking the class of an H-module to the class of the corresponding induced G-
module. Then RFp(G) ⊗ Q is generated by the images of the IndGH as H runs over the set of
cyclic subgroups of G of order prime to p.

We can also endow the group RFp(G) with a multiplicative structure, setting

[M1] · [M2] = [M1 ⊗M2]

where the identity is the class of Fp (with the trivial action).

Proof of Proposition 12.10 (and hence of Theorem 12.8). Let A be in ModfS(GS). Recall that
we want to show that φ(A) = φ(A′). From Lemma 12.11, we see that it suffices to prove
the result for A killed by a prime p with p a S-unit. Choose L/K a finite Galois subex-
tension of KS/K such that Gal(KS/L) fixes A. Up to changing L by some L(ζp) (since
Gal(KS/L(ζ)) ⊂ Gal(KS/L)), we can assume that L contains a primitive p-th root of 1 (or a
primitive 4-th root of 1 if p = 2). Write G := Gal(L/K). The groups A and H i(Gal(KS/L), A)
define classes [A] and [H i(Gal(KS/L), A)] in the Grothendieck group RFp(G). In view of
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Lemma 12.12, let us consider a cyclic subgroup H ⊂ G of order prime to p and assume that
A is equal to IndGH(M) for some H-module M in RFp(H). Let us also denote by K ′ = LH the
corresponding extension. Since L is a totally imaginary field then it follows from Theorem 11.17
that H i(Gal(KS/L),M) = 0 for i ≥ 3. We obtain that there exists a well-defined morphism

χ′ : RFp(H)→ RFp(H)

sending a class [M ] in RFp(H) to

[H0(Gal(KS/L),M)]− [H1(Gal(KS/L),M)] + [H2(Gal(KS/L),M)].

Now recall that we have a map θ : RFp(H)→ Q>0 sending [M ] to the order of MH .

Claim 12.13. We have (θ ◦ χ′)(M) = χ(GS, A).

Proof of Claim 12.13. By definition we have

(θ ◦ χ′)(M) =
|H0(Gal(KS/L),M)H | · |H2(Gal(KS/L),M)H |

|H1(Gal(KS/L),M)H |
.

Since H is cyclic of order prime to p and M is killed by p (since A is), we have
H i(H,Hj(Gal(KS/L),M)) = 0 for i > 0 and j ≥ 0. So the Hochschild-Serre spectral se-
quence

H i(H,Hj(Gal(KS/L),M))⇒ H i+j(Gal(KS/K
′),M)

induces isomorphisms

H i(Gal(KS/K
′),M) ≃ H i(Gal(KS/L),M)H

and we obtain
(θ ◦ χ′)(M) = χ(Gal(KS/K

′),M).

Let us write G′
S := Gal(KS/K

′). By Shapiro’s lemma, we also have

H i(GS,Res
GS
G (A)) = H i(GS,Res

GS
G (IndGH(M)))

= H i(GS, Ind
GS

G′
S
(M))

= H i(G′
S,M),

which proves that χ(G′
S,M) = χ(GS, A). This concludes the proof of the claim.

Let us come back to the proof of the proposition. We want to show that φ(A) = φ(A′). We
first prove that χ(GS, A) = χ(GS, A

′). This will follow from the following computation:

Lemma 12.14. Let M be a finite Fp[H]-module. Then

(1) χ′(M ′) = [M ]∗ · χ′(µp),

(2) [M ] · [Fp[H]] = dimFp(M) · [Fp[H]].

(Here we are setting M ′ := Hom(M,µp), which is consistent with our previous notation).
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Proof of Lemma 12.14. We claim that for all i ≥ 0, there are isomorphisms

H i(Gal(KS/L), µp)⊗ Hom(M,Fp)
∼−→ H i(Gal(KS/L),M

′)

In degree 0, this isomorphism is induced by the product

(ζp, f) 7→ (x 7→ ζf(x)p ) : µp × Hom(M,Fp)→M ′

(recall that the action of Gal(KS/L) on M and µp is trivial). In higher degree, note that if we
choose a resolution µp → I• by injective modules, then I• ⊗ Hom(M,Fp) will then define an
injective resolution of M ′ via the above product. The isomorphism in higher degrees follow and
this proves the first point.

For the second point, let us denote M0 the module M with a trivial H-action. Then the map
g ⊗ x 7→ g ⊗ g(x) induces an isomorphism of Fp[H]-modules:

Fp[H]⊗M0
∼−→ Fp[H]⊗M.

This proves (2).

Using first (1) then (the dual of) (2) we obtain:

χ′(M ′) · [Fp[H]]∗ = [M ]∗ · [Fp[H]]∗ · χ′(µp) = dimFp(M) · [Fp[H]]∗ · χ′(µp),

and since dimFp(M) = dimFp(M
′) we also have

χ′(M) · [Fp[H]]∗ = dimFp(M) · [Fp[H]]∗ · χ′(µp).

Applying θ and using Claim 12.13, we obtain

χ(GS, A
′) = χ(GS, A).

To show that φ(A) = φ(A′), it remains to show that for all v real,

(12.3.4)
|AGv |
|#A|v

=
|(A′)Gv |
|#A′|v

.

For v real, eitherGv ≃ Z/2Z orGv is trivial. In the case whereGv is trivial, (12.3.4) is obviously
satisfied. Assume Gv ≃ Z/2Z = ⟨1, σ⟩. Recall that we have also assumed that A is finite and
killed by some prime p. If p is not 2 then the norm map N = 1 + σ induces an isomorphism

A/(σ − 1)
∼−→ Aσ.

(For the surjectivity: we have x = (1+σ)(x
2
)+ (1−σ)(x

2
). For the injectivity, if (1+σ)(x) = 0

and (1− σ)(x) = 0 then 2x = 0 so x = 0.)
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We can then check that the duality between A and A′ induces a duality between A/(σ − 1)
and (A′)σ and the equality (12.3.4) follows.

Assume now that p = 2. Recall that we have assumed that A = IndGHM where
H = Gal(L/K ′) is a cyclic group of order prime to 2. For v a real place in S, choose v0
and w places of K ′ and L above v. Then Gal(Lw/K

′
v0
) is trivial so Gal(Kv/K

′
v0
) fixes M . Let

us write G′
v := Gal(Kv/K

′
v0
). By Shapiro’s lemma, we have H0(G′

v,M) = H0(Gv, A) and we
see that A is fixed by Gv. Hence A′ is also fixed by Gv and equality (12.3.4) follows.

This proves that φ(A) = φ(A′), as wanted.

12.3.3 Consequences

Recall that in this section we are assuming that both S and A are finite.

Corollary 12.15. We have:

χ(GS, A) =
∏
v∈S∞

|Ĥ0(Gv, A
′)|

|H0(Gv, A)|
.

Proof. From Theorem 12.8, we have

χ(GS, A) =
∏
v∈S∞

|H0(Gv, A)|
|#A|v

and replacing |#A|v using (12.3.2), we obtain

χ(GS, A) =
∏
v∈S∞

|H1(Gv, A)|
|H0(Gv, A′)|

.

Then the following (local archimedean) duality result gives us that |H1(Gv, A)| = |H1(Gv, A
′)|:

Proposition 12.16. For any finitely generated Gal(C/R)-module M with dual
M ′ := Hom(M,C×), the cup product defines a non degenerate pairing of finite groups

Ĥ i(Gal(C/R),M ′)× Ĥ2−i(Gal(C/R),M)→ H2(Gal(C/R),C×) ≃ 1

2
Z/Z

for all i ≥ 0.

And since A′ is finite, its Herbrand quotients are equal to 1, which implies
|H1(Gv, A

′)| = |Ĥ0(Gv, A
′)|.
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Corollary 12.17. We have:

χ(GS, A) · χ(GS, A
′) =

∏
v∈S

χ(Gv, A).

Proof. This computation was done in the proof of Lemma 12.9.

Example 12.18. Theorem 12.8 is often used to compute the order of H1(GS, A). In fact from
the theorem, we have

|H1(GS, A)| = |H0(GS, A)| · |H2(GS, A)| ·
∏
v arch.

|#A|v
|H0(Gv, A)|

.

and from Theorem 11.17, we know that H2(GS, A) fits into an exact sequence

0→X2(GS, A)→ H2(GS, A)→
⊕
v∈S

H2(Kv, A)→ H0(GS, A
′)∨ → 0.

Since by duality |X2(GS, A)| = |X1(GS, A
′)| and |H0(Kv, A

′)| = |H2(Kv, A)|, we obtain

|H1(GS, A)| = |X1(GS, A
′)| · |H

0(GS, A)|
|H0(GS, A′)|

·
∏
v∈S

|H0(Kv, A
′)| ·

∏
v arch.

|#A|v
|H0(Gv, A′)|

.

Remark 12.19. In the above we have assumed that the set S is finite. In fact a similar result can be
proved when S is infinite as well. Since in that case the cohomology groups are not necessarily
finite, we need to work with Haar measures instead of orders.
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